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Abstract
Dynamic wetting and dewetting behaviours in multiphase flow have a significant influence on
many geotechnical applications, such as unsaturated soil mechanics, carbon geosequestration,
and oil recovery. In this paper, a smoothed particle hydrodynamics (SPH) method with an
inter-particle force formulation is applied to simulate capillary interactions, involving surface
tension and dynamic contact angle effects. In particular, the frictional boundary condition at
liquid-solid interface is critical in dynamic simulations, while the traditional treatment
requiring arbitrary friction or dragging force can neither reflect the complex interaction
between different phases nor contain direct links to physical quantities. Therefore, we
introduced an interfacial viscous force in the SPH to replicate realistic dynamic behaviour of
fluid-solid interactions. The interface of fluids with different surface tension and wettability
between different phases can be reproduced by adjusting liquid-liquid and liquid-solid interparticle force parameters respectively. Through parametric studies, other physical properties
predicted from the model including density, viscosity and compressibility are also
implemented and can be altered for various constituents. The capillary tube scenario was
studied, containing fluid particles with shifting substrate to generate wetting and dewetting
phenomena. Dynamic contact angles were recorded under different moving speeds of the
contact line. After analysing results from different moving speeds, the dynamic contact angles
and corresponding capillary numbers can be correlated by a power law. This result is in a
good agreement with the experimental observations under dynamic loading conditions. The
simulations have demonstrated that the proposed numerical model accounts for the pore-scale
effects, including dynamic contact angle and surface tension, and can be used for simulating
multiphase flow in geomaterials.
Keywords: Smoothed particle hydrodynamics, multiphase flow, surface tension, capillary
number, contact angle dynamics.

1. INTRODUCTION
Complex interactions among gas, liquid and solid phases in unsaturated geomaterials are of
significant importance in many geoenvironmental applications, such as groundwater
contamination, landslides, oil recovery, and carbon sequestration (Sorbino and Nicotera 2013,
Zhao et al 2016). Rate-dependent wetting and dewetting effects play a substantial role in
understanding the multiphase behaviours of porous media and can thus further shed light on
identifying solutions to these abovementioned problems. A number of experimental studies
and theoretical models suggested that the apparent contact angle varies with the velocity of
moving contact line (Schäffer and Wong 2000). However, the experimental findings are
limited by the available experimental conditions and facilities. With this consideration, the
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numerical approach is used as a powerful tool to study the capillary interactions and
investigate the fundamental mechanisms.
In this study, a smoothed particle hydrodynamics (SPH) model is employed to simulate
dynamic contact angle in a capillary tube at pore scale. A particle-particle interaction with
short range repulsive and long range attractive force has been adopted to generate the surface
tension effects and various contact angles. Moreover, an interfacial viscous force is
implemented between the liquid-solid interface to modify the tangential boundary condition
from smooth to friction. The capacity of the model is demonstrated by accurately simulating a
wide range of surface tension and contact angles as well as the frictional boundaries. Then,
dynamic advancing or receding contact angles are simulated by rising up or pulling down,
respectively, the bottom substrate of the capillary tube with different speeds. By analysing the
corresponding relations between the moving contact line velocity and contact angle, an
empirical equation is obtained for describing dynamic contact angle under a wide range of
capillary number Ca.

2. NUMERICAL MODELS
1.1. Governing Equations
For an incompressible Newtonian fluid, the Lagrangian form of Navier-Stokes equation reads
as
𝑑𝑑𝒗𝒗𝒊𝒊
𝑑𝑑𝑑𝑑

∇𝑃𝑃

= − 𝜌𝜌 + 𝜇𝜇
𝑖𝑖

∇2 𝒗𝒗𝒊𝒊
𝜌𝜌𝑖𝑖

+ 𝑭𝑭

where 𝒗𝒗𝒊𝒊 is flow velocity, 𝑃𝑃 is pressure, 𝜌𝜌 is fluid density, 𝜇𝜇

(1)
∇2 𝒗𝒗𝑖𝑖
𝜌𝜌𝑖𝑖

is viscous term, and 𝑭𝑭

corresponds to total volumetric force acting on unit mass. To represent the conservation of
mass of fluid flow, the continuity equation is usually written in the following form:
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝜌𝜌∇ ∙ 𝒗𝒗𝑖𝑖

(2)

We approximate the incompressibility of fluids using the weakly-compressible approach by
applying a stiff equation of state with the form stated in Becker and Teschner (2007) as
𝑃𝑃 =

𝑐𝑐 2 𝜌𝜌0
𝛾𝛾

𝜌𝜌

[(𝜌𝜌 )𝛾𝛾 − 1]
0

(3)

where c is artificial speed of sound, 𝜌𝜌0 is reference density, and γ is equation parameter. In this
work, we choose the artificial speed of sound as 𝑐𝑐 > 10𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 along with 𝛾𝛾 = 7, where 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 is
the expected maximum particle velocity (Monaghan JJ 1994, Becker M and Teschner M
2007).
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1.2. SPH Discretisation and Inter-Particle Force
The SPH method is based on the idea that a continuous field 𝐴𝐴(𝒓𝒓) at position r can be
smoothed by a convolution integral with a smoothing function or smoothing kernel, 𝑊𝑊(𝒓𝒓 −
𝒓𝒓′ , ℎ), allowing the value of any function to be obtained at a given point considering its
neighbouring points as
𝐴𝐴(𝒓𝒓) = ∫𝛺𝛺 𝐴𝐴(𝒓𝒓′ )𝑊𝑊(𝒓𝒓 − 𝒓𝒓′ , ℎ)𝑑𝑑𝒓𝒓′

(4)

where 𝐴𝐴(𝒓𝒓) is the smoothed field, 𝒓𝒓′ is radius vector, Ω is the volume of the integral that
contains 𝒓𝒓, ℎ is smoothing length, and function 𝑊𝑊(𝒓𝒓 − 𝒓𝒓′ , ℎ) should satisfy the conditions
explained in Monaghan (1992). The integral in Equation 4 is cast in discrete form for
computational use as
𝑚𝑚

𝐴𝐴(𝒓𝒓𝑖𝑖 ) = ∑𝑗𝑗 𝐴𝐴�𝒓𝒓𝑗𝑗 � 𝜌𝜌 𝑗𝑗 𝑊𝑊�𝒓𝒓𝑖𝑖 − 𝒓𝒓𝑗𝑗 , ℎ�
𝑗𝑗

(5)

In this study, a Gaussian kernel is used in this SPH model to improve accuracy of smoothing.
The density of a fluid particle 𝑖𝑖 is calculated via summation over all its neighbor particles j,
i.e., 𝜌𝜌𝑖𝑖 = ∑𝑗𝑗 𝑚𝑚𝑗𝑗 𝑊𝑊(𝒓𝒓𝑖𝑖𝑖𝑖 , ℎ). The pressure driven part of the momentum equation is implemented
following the approach proposed by Monaghan (1992), in which the pressure gradient is
symmetrised by rewriting ∇𝑃𝑃/𝜌𝜌 in Equation 1 to ensure momentum conservation. For the
viscous term, a Monaghan style artificial viscosity model is implemented to stabilise the
numerical algorithm. The time step ∆t is set to satisfy the constraint detailed in Morris et al
(1997).
Furthermore, an inter-particle force formulation proposed by Li et al. (2017) is applied to
reproduce the interfacial properties, including the surface tension and wettability between
different phases. In their work, pair potential energy is constructed by a linear combination of
cubic splines. The resulted short range repulsive and long-range attractive particle-particle
interaction force can be adjusted to reproduce surface tension and wetting behaviours. In
addition, to prevent the unphysically penetration of liquid particles into the solid particles,
additional repulsive boundary forces are added on fluid particles similar to those implemented
in Monaghan and Kajtar (2009).
1.3. Frictional boundary conditions
In most SPH simulations, the boundaries of rigid bodies have been prescribed with different
mechanisms, such as ghost particles, fluid particles, and boundary particle forces (Monaghan
and Kajtar 2009). However, all the above methods are only appropriate for perfectly smooth
boundaries, i.e., no net tangential force with respect to the relative motion between solid and
fluid SPH particles. In this work, considering the force balance of particle-particle interaction
at liquid-solid interface, the net force of short range repulsive and long range attractive force
acting on one liquid particle is approximately zero in the tangential direction, as shown in
Figure 1. Thus, the surface of the simulated solid boundary is perfectly smooth, ignoring a thin
boundary layer (𝐿𝐿0 /2) of liquid under shearing when a relative tangential motion is present at
the interface. In order to implement the frictional boundary condition, we introduce a new
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algorithm which imposes a viscous force, 𝑭𝑭𝑣𝑣𝑣𝑣𝑣𝑣
𝑙𝑙 , on the liquid particles that directly contact
with the solid phase as
𝑭𝑭𝑣𝑣𝑣𝑣𝑣𝑣
= 𝐴𝐴 ∙ 𝜏𝜏 = 𝐿𝐿0 ∙ 𝜂𝜂 ∙ 𝛾𝛾̇
𝑙𝑙

(6)

where 𝐴𝐴 is liquid-solid interface area (per particle interaction), in 2D case being the length of
particle spacing 𝐿𝐿0 , 𝜏𝜏 is shear stress, 𝜂𝜂 is the viscosity of fluid, and 𝛾𝛾̇ is shear rate. In principle,
the parameter 𝜂𝜂 in Equation 6 should equal to the bulk viscosity of fluid for the stick
condition. However, in this slip contact scenario, viscosity at interface would be smaller than
bulk viscosity. Therefore, 𝜂𝜂 is replaced by 𝜂𝜂 ∗ which has a different value depending on the
actual flow profile within the boundary layer. Finally, we have interfacial viscous force
implemented with the following form:
𝑭𝑭𝑣𝑣𝑣𝑣𝑣𝑣
𝑙𝑙

=�

−𝐿𝐿0 ∙ 𝜂𝜂∗ ∙

0

𝒗𝒗𝑙𝑙 −𝒗𝒗𝑠𝑠
𝐿𝐿0
2

, 𝑟𝑟𝑙𝑙𝑙𝑙 ≤ 𝐿𝐿𝑆𝑆0
𝑟𝑟𝑙𝑙𝑙𝑙 > 𝐿𝐿𝑆𝑆0

(7)

where 𝒗𝒗𝑙𝑙 -𝒗𝒗𝑠𝑠 is the relative velocity of liquid and solid particles, and 𝐿𝐿𝑆𝑆0 is the smoothing
length for 𝑭𝑭𝑣𝑣𝑣𝑣𝑣𝑣
𝑙𝑙 .

Figure 1. Schematic drawing for the force balance of fluid particle at the solid-liquid interface.

3. RESULTS AND DISCUSSION
In this section, after validating the surface tension effect, the significance of interfacial viscous
force is demonstrated by conducting capillary tube simulations with and without the viscous
force. Next, dynamic behaviour of contact angle is studied and the correlation between the
dynamic contact angles and capillary number is derived.
1.1. Validating Surface Tension
To examine the surface tension scheme used in this study, the evolution of a 2D droplet with
zero gravity in vacuum is modelled. The simulation is conducted with the condition in which a
square droplet (l = 1 mm) with density of 1000 kg/m3 and surface tension coefficient of 0.073
N/m. It can be seen in Figure 2 that, the shape of the droplet transforms from square to round
due to the surface tension effect. More details about this implementation can be found in Li et
al. (2017). This SPH scheme is then used for the dynamic contact angle simulations.
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Figure 2. Shape evolution of a water droplet with zero gravity.

1.2. Dynamic Contact Angle
A number of empirical relationships and theoretical models for dynamic wetting and
dewetting have been discussed in the literature, expressing the dynamic contact angle 𝜃𝜃𝑑𝑑 as a
function of the capillary number Ca and the quasi-static advancing/receding contact angle 𝜃𝜃𝑎𝑎/𝑟𝑟
during spreading. For Ca < 10−2 , the most commonly suggested relationship is (Schäffer and
Wong 2000)
�cos𝜃𝜃𝑎𝑎/𝑟𝑟 − cos𝜃𝜃𝑑𝑑 � = 𝐴𝐴Ca𝐵𝐵

(8)

where 𝐴𝐴 and 𝐵𝐵 are constants, the non-dimensional number Ca is defined as the ratio between
viscous and interfacial forces as
Ca = 𝜂𝜂𝜂𝜂/𝛼𝛼

(9)

where 𝑣𝑣 is the contact line velocity, 𝛼𝛼 is the surface tension, and 𝜂𝜂 is the viscosity of the
liquid.
In order to study the dynamic contact angle behaviours, a 2D capillary tube with a moving
substrate, shown in Figure 3, is modelled in vacuum with the following parameters. The size
of the capillary tube is 4 mm × 1.36 mm and the domain of fluid is 1.8 mm × 1.2 mm. The
resolution 𝐿𝐿0 for both liquid and solid particle is 0.025 mm. The fluid is simulated with
density of 997 kg/m3, surface tension coefficient of 0.073 N/m, viscosity of 0.1 Pa∙s, and
interfacial viscous force parameter of 0.002 Pa∙s. The time step ∆𝑡𝑡 is 4.15×10-7 s and the
gravity acceleration is 9.81 m/s2. The capillary tube is under stable condition before bottom
substrate start moving. The bottom substrate moves along the vertical direction at a speed
ranging from 0.002 mm/s to 20 mm/s.

Figure 3. Capillary tube with a moving substrate.

All simulations started with same initial configuration under stable status of the capillary tube
system. The contact angle was measured by fitting the liquid surface at the triple line region
throughout the dynamic process. The dynamic advancing and receding angle (𝜃𝜃𝑑𝑑𝑎𝑎𝑎𝑎𝑎𝑎 and 𝜃𝜃𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟 )
is obtained by pushing up and dragging down the substrate at different velocity, and the quasi-
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static advancing and receding contact angles (𝜃𝜃𝑠𝑠𝑎𝑎𝑎𝑎𝑎𝑎 and 𝜃𝜃𝑠𝑠𝑟𝑟𝑟𝑟𝑟𝑟 ) is obtained with extremely slow
velocity of 0.0002 mm/s.

(a)

(b)

(c)

Figure 4. (a) Simulations of dynamic contact angle with and without the interfacial viscous force;
(b) Power law fitting of advancing case; (c) Power law fitting of receding case

The effectiveness of interfacial viscous force 𝑭𝑭𝑣𝑣𝑣𝑣𝑠𝑠
𝑙𝑙 is investigated by conducting two series of
dynamic simulations shown in Figure 4(a). In the case of no viscous force is incorporated, no
rate dependent behaviour of dynamic contact angle is observed. After adding 𝑭𝑭𝑣𝑣𝑣𝑣𝑠𝑠
𝑙𝑙 in the inter
particle force model, the contact angles are shown to be varied with the velocity of moving
contact line. The correlation between the dynamic contact angle and capillary number is
plotted in log-log scale as shown in Figure 4(b) and (c). The quasi-static advancing and
receding angles are 67.31° and 62.63°, respectively. The dynamic advancing angle ranges
from 69.27° to 94.53° with the increase of moving contact line velocity and 38.33° to 60.77°
for dynamic receding angles. The capillary number Ca ranges between 10−5 and 10−1. Based
on Equation 9, two power-law fitting curves are derived for advancing and receding case,
respectively. The values of parameter B in this study, 0.3615 and 0.4489, is in good agreement
compared with experimental results and theoretical predictions, which usually ranges from 0.4
to 0.7 (Ishimi et al 1986, Stokes et al 1990, Ström et al 1990). Note, the case without the
newly introduced interfacial viscous force shows almost no dependency on Ca, i.e., B≈0. This
quantitative agreement demonstrated that our model has the ability to successfully reproduce
the rate-dependent behaviour of moving contact line as well as the potential to predict
dynamic advancing/receding angle.

4. CONCLUSION
In this study, we introduce an interfacial viscous force into multiphase SPH numerical scheme
to capture the rate-dependent wetting and dewetting phenomena. This numerical scheme is
employed to simulate static and dynamic behaviours of contact angle in a capillary tube under
different flow rates. An empirical correlation between capillary number and dynamic contact
angle is established and share good agreements with experimental findings and theoretical
analysis. These preliminary numerical results demonstrated the potential of using this
proposed method for accounting the pore-scale effects, including the hysteretic contact angle,
and for simulating multiphase flow in geomaterials under dynamic conditions.
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