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Notation 

The following is a list of the symbols used in this thesis. 

𝐹e  Total force (mN) 

𝐹c  Capillary force (mN) 

𝐹v  Viscous force (mN) 

γ  Surface tension (mN/m) 

𝐴  Surface area (mm2) 

𝜂  Viscosity (g/cms) 

𝜌  Density (g/cm3) 

∆𝑃  Pressure difference (mN/mm2) 

𝜃Y  Young’s angle ( ° ) 

𝜃rec  Receding angle ( ° ) 

𝜃adv  Advancing angle ( ° ) 

𝑣   Substrate moving speed (mm/s) 

𝜃d  Dynamic contact angle ( ° ) 

𝑃inside  Liquid pressure (mN/mm2) 

𝑃outside   Air pressure (mN/mm2) 

𝜓  Matric suction (mN/mm2) 

𝑆r   Degree of saturation ( % ) 

𝑃0   Equilibrium vapour pressure (mN/mm2) 

𝑃  Actual vapour pressure (mN/mm2) 

𝑉molar   Liquid molar volume (dm2/mol) 

𝑅m   Universal gas constant (J/mol·K) 

𝑅1, 𝑅2  Radii of liquid curvature (mm) 

𝑟k  Mean radius of liquid curvature (mm) 

𝑙cap  Capillary length (mm) 

𝑇  Kelvin temperature (K) 

𝐸  Total interfacial energy (J) 

𝑓rec, 𝑓adv  Surface friction (mN) 

𝑓d  Dynamic friction (mN) 

Ca  Capillary number  
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Abstract 

The wet granular material, a mixture of solid grains, liquid and air, has been studied in many 

industrial applications. Understanding the mechanical properties of wet granular materials is 

extremely important in geotechnical engineering. The cohesion in these materials arising from a 

liquid bridge between a pair of grains is produced by the capillary force and the viscous force. 

Thus, investigating the behaviour of liquid bridges between grains helps people obtain a better 

understanding of the factors influencing the cohesion, including the geometry and topological 

distribution of liquid bridges, the size of grains, or the liquid flow rate. This thesis focuses on the 

static and dynamic behaviour of liquid bridges connecting two solid substrates. The aims of our 

study are to (1) explore the quasi-static and dynamic force arising from liquid bridges when two 

substrates move at various speeds and (2) established an analytical model to describe and predict 

the behaviour of liquid bridge when it moves at different speeds. Our work can be divided into 

three parts: parallel plates experiments, analytical modelling and extended experiments. The 

working content and the main results are presented in the below. 

1. A series of parallel plates experiments are conducted to systematically investigate the capillary 

force and the contact angle hysteresis of a liquid bridge which forms between two moveable 

parallel plates under the quasi-static and dynamic conditions. The experimental results show 

that the contact angle hysteresis can be divided into pinning and slipping stages in both of the 

extension and compression processes. With the increase of plate moving speeds, it is observed 

that in the slipping stage, the receding angle becomes smaller and the advancing angle becomes 

larger. The capillary force hysteresis also changes correspondently. The liquid bridge 

hysteresis can be used to predict the cohesion behaviour of wet granular material during the 

wetting and drying processes. Moreover, in some geotechnical events such as the seepage in 

soil or the shear movement of the grains, the rate effect on the contact angle and the force 

between grains can provide a potential direction to investigate the failure criterion of soils and 

their dynamic behaviour. 

 

2. In the quasi-static regime, an analytical model has been first established based on the 

geometrical shape of liquid bridges. According to the pinning and slipping stages of liquid 

bridge hysteresis, the proposed model describes the geometrical characteristics of a liquid 
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bridge being extended and compressed under the quasi-static condition. The models have been 

compared to the experimental results and the analytical model can particularly predict the 

quasi-static contact angle and contact radius hysteresis. In the dynamic regime, an empirical 

rate-dependent contact angle fitting function has been established to capture the change of 

dynamic contact angle with respect to the loading rate. Furthermore, the dynamic analytical 

model has been established to predict the variation of viscous force and dynamic contact angle 

hysteresis with the increase of plate moving speeds. The model predictions are in a good 

agreement with the experiments.  

 

3. Moreover, to consider the effects of surface curvature and roughness, we extended the 

experiments forming liquid bridges between various substrates: (1) two plates with different 

surface roughness; (2) two spheres; (3) a sphere and a plate. The influence of surface properties 

and curvatures on the behaviour of liquid bridges has been discussed and possible future 

research directions are provided.    

As the cohesion between gains is influence by many factors such as the volume, size, contact angle 

of a liquid bridge, as well as the flow speeds and the grain movement, this study provides a good 

start to investigate the capillary force and the contact angle hysteresis under the quasi-static and 

dynamic conditions. In this work, the experimental observation of liquid bridge hysteresis is 

presented and the analytical models are established to predict the force and contact angle hysteresis 

at a given moving speed. This study demonstrates potential to use this microscopic information 

towards the macro scale properties of wet granular materials, such as the soil-water retention 

hysteresis under different wetting and drainage rates. 
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Chapter 1 Introduction  

Granular materials are collections of macroscopic particles, such as glass beads, sand, coals, rice, 

fertilizer and ball bearings, which are visible by the naked eyes [1]. In the past few decades, most 

studies, especially in the physics field, have focused on dry [2-4] or fully immersed granular 

materials [5, 6]. Within the dry granular materials, the dominant interactions are inelastic collisions 

and friction, which are short-range and non-cohesive [2]. However, the partially wet granular 

material, consisting of solid grains, liquid and air, plays an important role in many industrial 

applications such as geotechnical engineering [7], construction [8], pharmaceutics [9], rain-

induced landslide [10, 11], mining and food processing [12]. When water enters into the pore space, 

the mechanical properties of granular materials change dramatically. One of the most common 

phenomena is that the sand castle is easier to be built when the sand is wet, i.e., in a partially 

saturated state. It is because the formation of inter-granular liquid bridges between grains produces 

cohesion [13, 14], which plays significant role in the static and quasi-static regimes. In the dynamic 

regime, the liquid viscosity may induce a rate-dependent behaviour of granular materials such as 

the underwater experiments [15]. Furthermore, how liquid flows through the granular media has 

been studied [16]. All these effects have significant influence on the mechanical properties of wet 

granular materials. Overall, the liquid bridge produces the capillary force and the viscous force on 

the micro-scale level under the quasi-static and dynamic regimes will drastically modify the 

mechanical properties of the granular media on the macro-scale.  

The liquid bridges have been the subjects of many investigations within the last several decades. 

The behaviour of a liquid bridge when it is compressed and extended, e.g., the capillary force 

generated and the contact angle hysteresis, are in need to be systematically explored under quasi-

static and dynamic conditions. The concept of capillary force was established by Young (1805) 

[17] and Laplace (1805) [18] who first introduced the concept of surface tension and formulated 

the capillary equation, named as the Young–Laplace equation. Based on the previous research, the 

Laplace-Young equation can be calculated analytically in terms of elliptic integral [19]. The 

capillary force can be obtained from calculating the derivative of the total interfacial free energy 

with respect to the separation distance [20] or from numerical model [21]. Some approximations 

have been proposed to estimate the capillary force between two identical spheres [22] or between 

a sphere and a plate [23, 24]. Most approximation methods or numerical methods mentioned above 
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require a fixed contact angle. However, the contact angle changes within the range of advancing 

angle to receding angle during the solid grain movement. The influence of contact angle hysteresis 

on the capillary force has not been fully considered in modelling capillary bridges. Qian and Breuer 

(2011) [25] obtained the profiles of a liquid bridge both theoretically and experimentally and 

mentioned the effects of contact angle hysteresis on the behaviour of liquid bridges. Nevertheless 

they did not establish a systematic investigation on the hysteresis of liquid bridges. Chen et al. 

(2013) [26] presented a model for the contact angle hysteresis when a liquid bridge is compressed 

and stretched in a quasi-static condition. However, their study did not consider the viscous force 

arising from the liquid bridge when it moves under the dynamic condition, and their model results 

have not been compared to the experimental results. Pitois et al. (2000) [27] examined 

experimentally changes of capillary force and the viscous force of a liquid bridge forms between 

two identical spheres under different stretching speeds. But they did not record the contact angle 

hysteresis when liquid bridge moves under different speeds. In conclusion, the deformation of 

contact angle hysteresis when liquid bridge moves under dynamic condition has not systematically 

studied. The influence of dynamic contact angle hysteresis on the behaviour of liquid bridge also 

needs to be explored. 

As stated above, previous studies have typically separated the experimental force from imaging 

the liquid bridge geometries during the substrates movement. Consequently, how contact angle 

hysteresis influences the capillary force during extension and compression processes needs to be 

systematically studied. The contact angle is not stable under the dynamic condition but such 

phenomenon has not been extensively studied yet. As a result, the dynamic contact angle and the 

contact angle hysteresis under both the quasi-static and the dynamic conditions needs to be further 

studied.  

The aim of this thesis is to explore the behaviour of liquid bridges when being compressed or 

extended under the quasi-static and dynamic conditions. In Chapter 4 and 5, we experimentally 

investigated the contact angle hysteresis, as well as the capillary force and the viscous force arising 

from the liquid bridge when it is connected between two parallel plates. In order to create the quasi-

static or dynamic conditions, different moving speeds of the plates were applied to test the change 

of the forces and the liquid bridge geometries with respect to the deformation. In the experiments, 

the capillary force and the contact angle hysteresis have been measured for three different types of 
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liquids having distinct viscosity. Then, an analytical model is proposed to consider the contact 

angle hysteresis under the quasi-static condition and the capillary force is calculated based on this 

quasi-static model. In the following, the empirical dynamic contact angle model was established 

to capture the changing contact angle when the liquid bridge is deformed at various speeds. Based 

on the dynamic contact angle model, the quasi-static liquid bridge model has been further extended 

to the dynamic regime for describing the rate-dependent behaviour. Both the quasi-static and the 

dynamic models have been compared to the experimental results and the applicability of them has 

been demonstrated. To consider the effects of surface curvature and roughness, we extended the 

experiments using solid substrates having different surface roughness and curvatures in Chapter 6. 

Furthermore, the analytical liquid bridge model for two parallel plates proposed earlier has been 

modified into the system with two identical spheres, with a good agreement with the experimental 

data. Finally, the potential implications of our investigation and the conclusions are discussed in 

Chapter 7. 
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Chapter 2 Literature review 

Nowadays, geohazards have influenced human’s social life heavily, such as landslides or debris 

flow. It has been widely known that rainfall is one of the most important factors causes this 

phenomenon. In the field of soil mechanics, it has been increasingly aware that rainfall has close 

relationship with landslide occurrence. Most slopes were initially unsaturated before rainfall but 

falls during or after the heavy rain. The water in unsaturated soil forms liquid bridges which 

generate cohesion between soil grains. Such cohesion greatly improves the shear strength of the 

soil. However, during or after raining, water infiltrates into soil pores and increases saturation 

degree. Consequently, matric suction between soils decreases dramatically and therefore, shear 

strength of the soil decreases.  

This chapter introduces the mechanical properties of unsaturated soil macroscopically and 

microscopically. Later on, the phenomenon and the properties of liquid bridges in granular 

materials and between various substrates are introduced. A systematic flow diagram is shown in 

Fig. 2.1 to explain the framework of this project. An unsaturated soil is commonly referred to as a 

three-phase mixture (i.e., solids, air, and water) in Fig. 2.1 (a). When water content between soil 

grains is low, particles are held by liquid bridges in Fig. 2.1 (b). The liquid bridge forming between 

two grains produces cohesion in Fig. 2.1 (c). Thus, investigating the behaviour of the liquid bridge 

between different substrates help people to have a better understanding of the properties of liquid 

bridges and even wet granular materials, when external conditions change.   

  

           (a)   (b)            (c)   (d) 

Figure 2.1 Systematic flow graphs from unsaturated soil to liquid bridge models. 
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2.1     Background 

2.1.1 Behaviour of unsaturated soils 

Unsaturated soil can be defined as a soil which has three phases (air, water and solid) and the pore-

water pressure is negative relates to the pore-air pressure [28]. The negative pore-water pressure 

in unsaturated soil is highly influenced by the influx boundary condition changes such as 

infiltration, evaporation and transpiration. Water infiltration brings an increase in pore-water 

pressure, causes a reduction in matric suction in unsaturated soils, which results in a decrease of 

soil shear strength [29]. The matric suction (𝜓) is described as the difference between the air and 

the water pressure (𝜓 = 𝑈a − 𝑈w). The decrease of matric suction along a potential slip surface in 

a soil results in the reduction of slope stability [30]. The relationship between matric suction of 

soil and the water content is called the soil water characteristic curve (SWCC) [31]. The amount 

of water is usually defined as the volumetric water content (𝜃w), the gravimetric water content (𝑤) 

or the degree of saturation (𝑆r). The SWCC gives an idea of the pore size distribution of the soil 

and concerning the hydraulic as well as the mechanical characteristics and behaviour of 

unsaturated soils [32]. Many soil properties can be related to the soil-water characteristic curve 

such as the shear strength [31, 33, 34], permeability [35] and the water volume storage [36] of the 

soil.  

Several water retention curve models have been proposed in this field recently [36-38]. A 

numerical model of water flow and its retention hysteresis was developed with the aid of discrete 

element method (DEM) techniques and has been effectively employed to describe the capillary 

interactions at different conditions of saturation [39]. In Fig. 2.2, the shape of hysteresis under 

different degree of saturation shows that the scanning curves are determined by the dynamics of 

contact angles. In the transition between drainage and wetting, the distribution of local contact 

angles determines water retention relations between water potential and saturation.  
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(a)                                                     (b)                                                    (c)  

Figure 2.2 Water retention curves: (a) fixed contact angle; (b) hysteresis using 𝜃min =

5°  and 𝜃max = 60°  for different scanning windows; (c) hysteresis for different pairs of 

receding and advancing angles. The arrows in (b) shows the directions of drainage and 

wetting processes [39]. 

The scientific study of granular media has a long history, and are important in the industries such 

as pharmaceuticals, food processing and most significantly engineering field [40, 41]. Adding even 

a little amount of liquid into dry granular material, the mechanical properties of the granulate 

change dramatically. It is because the formation of liquid bridges between the grains plays an 

important role [42]. Dry and wet granular material have many aspects in common, but there is one 

big difference: wet granular materials are cohesive due to the surface tension [43]. Even humidity 

in the air may results in a tiny liquid bridge at the contact point, which introduces cohesion. The 

cohesion occurs in wet granular material unless the system becomes over wet. The tensile strength 

[44], flow properties [45, 46], agglomeration [47] and mixing behaviour [48] of granular materials 

are strongly influenced by the presence of liquid. In this chapter, we mainly focus on the partially 

wetted granular material, which is a mixture of solid grains, liquid and air. The presence of such 

microscopic liquid bridges between particles gives rise to an adhesive force [21], which increases 

the cohesion of the material. Under dynamic conditions, an additional force arises due to viscous 

dissipation within the liquid bridge [49].  

Cohesion in wet granular materials depends on the amount of liquid in the system. The following 

four regimes of liquid content have been distinguished in wet granular media [47, 50]: 

1. Pendular state: Particles are held together by liquid bridges at their contact points. 
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2. Funicular state: Some pores are fully saturated by liquid, but there still remain voids filled with 

air. 

3. Capillary state: All voids between particles are filled with liquid, but the surface liquid is drawn 

back into the pores under capillary action. 

4. Droplet state: Particles are fully immersed in liquid and the surface of liquid is convex, i.e. no 

capillary action at the surface. 

The four regimes are shown in Fig. 2.3. Cohesion arises in the pendular, funicular and capillary 

states. The mechanical properties of these three states are qualitatively different. In the case of the 

pendular state, the cohesive force between a pair of grains acts through a liquid bridge; while in 

the capillary state the interface between the liquid and the air is pressed due to the suction and that 

pressure keeps together all the grains in the liquid phase. Both the two-body cohesion due to liquid 

bridges and the suction at the liquid-air interfaces play important roles in the funicular state. This 

chapter mainly focuses on the pendular state, which liquid bridge connects the grains. 

 

Figure 2.3 The different states of saturation of liquid-bound granules [47].  

2.1.2 Capillary phenomenon and its application 

As the decrease of length scales, the relative importance of physical laws drastically changes. An 

example of this principle is that surface tension is able to support water insects, while this is 

impossible for humans. A more exhaustive overview of how other physical laws scale with size is 

summarised in Fig. 2.4. Circles (o) indicates experimental results which have been published 

previously for various physical effects (weights, magnetic and electrostatic forces, acoustic and 

magnetic levitation, capillary force, dielectrophoretic effects etc.) and dashed lines (--) figure out 

the scaling law in a log-log diagram plotting the forces as a function of the system size [51]. We 

can clearly see that when the scale decreases to micrometer level (10-7 m ~ 10-2 m) the capillary 

force plays a significant role when comparing with other forces. The adhesion force is actually 
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composed of different components: electrostatic force, van der Waals force, chemical forces and 

capillary force [52] . Electrostatic force can be reduced by choosing material properly. Van der 

Waals force arises from the intrinsic constitution of matter, due to the presence of instantaneous 

dipoles. It becomes non-negligible at the nanometer scale. Chemical forces are due to the bonding 

between objects and active when objects are in contact. Capillary force between two objects is due 

to the presence of liquid between them. We will introduce the parameters of capillary forces and 

other properties thereafter.    

 

Figure 2.4 Forces arising from downscaling: all the points (o) represents different 

experimental data, while the dashed straight lines (--) represents scaling laws of various 

phenomena [51]. 

Capillarity is the study of the interfaces between two immiscible liquids, or between a liquid and 

air. It enables a liquid to flow in narrow spaces without the assistance of, and in opposition to, 

external forces like gravity. Pierre de Laplace (1805) [17] and Thomas Young (1805) [18] created 

the field in the early part of the 19th century. In the mid-1920 s, Fisher (1926) [53] and Haines 

(1925) [54] were the first to realize the significance of capillary forces. Haines (1925) [54] 

mentioned that surface tension forces that rise from water films have frequently applied to the 

problem of soil-water movement and he developed certain trigonometrically formulae connecting 

the cohesive force developed with the percentage of the soil volume occupied by water, i.e., the 

degree of saturation. The interfaces are deformable: they are free to change their shape in order to 

minimise their surface energy. In short, the capillary action is due to the pressure of cohesion (the 

http://en.wikipedia.org/wiki/Liquid
http://en.wikipedia.org/wiki/Gravitation


9 

 

tendency of similar or identical particles/surfaces to cling to one another) and adhesion (the 

tendency of dissimilar particles or surfaces to cling to one another), which cause the liquid to work 

against gravity. Contrary to macro-world ruled by gravity, small-scale applications are governed 

by surface and interface forces. Indeed, when size diminishes and the objects are scaled down, 

surface forces become more important and the major opposing force to pick up and release micro- 

and nanocomponents becomes the force of adhesion [55]. For example, capillary adhesion is 

important in micro-manufacturing [56] or in assembly of small components [57]. At nanoscale, 

the liquid comes may come from capillary condensation of ambient moisture (Fig. 2.5). 

 

(a) (b)  (c)    (d) 

Figure 2.5 Some case studies in which capillary condensation can occur: (a) adhesion 

between tip and a substrate; (b) capillary bridges between roughness asperities and a-rough 

or not- substrate; (c) suction of a cantilevered beam, and (d) solids are linked by a capillary 

bridge [52].  

A liquid meniscus forms for two reasons: (1) capillary condensation and (2) deposited liquids on 

surfaces. If the two solid surfaces are lyophilic with respect to vapor present in the intervening 

medium, the vapor will condense into a liquid phase if the gap is sufficiently close. This 

phenomenon is called capillary condensation and it is quantified by Kelvin’s equation [58]. For 

non-volatile liquids, capillary condensation cannot occur because the vapor pressure is negligible.  

Menisci of non-volatile liquids can form only when a thin film of the liquid is deposited on the 

surfaces. Once the opposing surfaces get into contact, liquid will be drawn from the thin film into 

the meniscus.  

Nowadays, capillarity plays a significant role in numerous scientific endeavors such as powders 

technologies, soil science, drug, delivery technologies and other applications involving wet 

granular materials. In the field of medical, the delivery of therapeutic drugs via the respiratory tract 

using dry power inhalers (DPIs) has become an effective means of treating respiratory ailments 

and, more recently, systemic disorders. In most cases, a lower dose of drug is required with 

http://en.wikipedia.org/wiki/Surfaces
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inhalation devices in achieving a pharmacological equivalence to orally administered medicine 

[59]. Adhesion of insects, spiders, forges, and geckos is another important capillarity application 

in life. The study of biological attachment mechanism has a long history since it not only provides 

insights into biological systems but may also yield general principles employed in nature as 

inspiration and guidance for the development of biomimetic adhesive force [60]. Different 

hypothesis of bio-adhesion mechanisms, such as hooks, micro-suckers and electrostatic forces, 

have been proposed [61]. However, it has been concluded that van der Waals interactions (dry 

adhesion) and capillary interaction (wet adhesion) are the two main mechanisms attributable to 

biological attachments [62]. Although dry adhesion is adopted by geckos, jumping spiders, etc. 

[63]. Animals like beetle, blowflies, aphid, frogs and ants have not evolved the same attachment 

terminal as geckos [64-69]. When they attach to surface, some secretory fluid is produced and 

delivered to the bottom of the attachment pads. The fluids footprints left behind by the animals are 

simply the replica pattern of their adhesive pads [64]. Capillary force also plays a significant role 

in friction, and sintering of ceramic and metallic particle, as well as in the field of designing 

technological interfaces. 

2.2 Liquid bridge properties 

This section introduces the properties of the liquid bridge when it forms between two parallel 

plates, as well as the forces arising from the liquid bridges.  

2.2.1 Surface tension and contact angle 

Ideally, the shape of a liquid droplet is determined by the surface tension of the liquid. In a pure 

liquid, each molecule in the bulk is pulled equally in every direction by neighboring liquid 

molecule, resulting in a net force of zero. However, the molecules exposed at the surface do not 

have neighboring molecules in all directions to provide a balanced net force. Instead, the 

neighboring molecules, creating an internal pressure, pull them inward. As a result, the liquid 

contracts its surface area to maintain the lowest surface free energy, which makes them acquire 

the least surface area possible. For example, a drop of oil in water or a soap bubble forms a perfect 

sphere that is smooth on an atomic scale and is hardly deformable. This intermolecular force to 

contract the surface is called the surface tension. The surface tension 𝛾 is the energy that must be 

http://en.wikipedia.org/wiki/Surface_area
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supplied to increase the surface area by one unit. It can also be viewed as a force per unit length 

and it is responsible for the shape of liquid droplets. Dimensionally, [γ] = 𝐸𝐿−2 = 𝐹𝐿−1.  

It is observed that in most instances liquid placed on a solid substrate will not wet it but remains 

as a drop having a definite angle of contact between the liquid and solid phases. The contact angle 

is the angle, conventionally measured through the liquid, where a liquid/vapor interface meets a 

solid surface. It quantifies the wettability of a solid surface by a liquid via the Young equation. 

The interface where solid, liquid and vapor co-exist is referred to as the “three phase contact line”. 

Fig. 2.6 shows that a small contact angle is observed when the liquid spreads on the surface, while 

a large contact angle is observed when the liquid beads on the surface. More specifically, a contact 

angle less than 90° indicates that wetting of the surface is favorable, and the liquid will spread over 

a relative large area on the surface; while contact angles greater than 90° generally means that 

wetting of the surface is unfavorable so the fluid will minimize its contact with the surface and 

form a compact liquid droplet. It has been proposed that a given system of solid, liquid and vapor 

at a given temperature and pressure has a unique equilibrium contact angle. The equilibrium 

contact angle reflects the relative strength of the liquid, solid, and vapor molecular interaction and 

it was first described by Thomas Young [17]: 

 𝛾lvcos𝜃Y = 𝛾sv − 𝛾sl, (2.1) 

where 𝛾lv, 𝛾sv and 𝛾sl represent the liquid-vapor, solid-vapor and solid-liquid interfacial tensions, 

respectively, and 𝜃Y is Young’s contact angle.  

 

Figure 2.6 Illustration of contact angles of sessile liquid drops on a smooth homogeneous 

solid surface [70].  

In practice, however, the observed contact angles are usually no equal to 𝜃Y. The phenomenon of 

wetting is observed to have more than just equilibrium state. The liquid moves to expose its fresh 

surface and to wet fresh surface of the solid in return. During wetting hysteresis, the contact angle 
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is greater than the equilibrium value when the liquid advances and it is smaller when the liquid is 

retracted, ranging from the so-called advancing contact angle 𝜃adv (maximum) to the receding 

contact angle 𝜃rec (minimum). The equilibrium contact angle is within those values, and can be 

calculated from them. The difference between the advancing angle and the receding angle is 

referred to as the contact angle hysteresis 𝜃hysteresis [71]: 

              𝜃hysteresis = 𝜃adv − 𝜃rec. (2.2) 

Early studies suggested that frictional force has positive correlation influence on both of the 

advancing and the receding angles: the rougher the surface is, topologically, the greater is the 

difference between advancing and receding angles [72]. But they did not prove that there is always 

a relation between mechanical roughness and dragging effect (contact angle hysteresis). Timmons 

and Zisman (1966) [73] demonstrated that liquid penetration of a monolayer would result a 

considerable contact angle hysteresis, although it cannot be demonstrated as the sole reason. 

Bormashenko et al. (2008) [74] used Teflon plates to press a droplet deposited on a substrate for 

the measurement of contact angle. Compared to the existing technique (the needle-syringe, captive 

bubble, and evaporation method in which the volume is changed during the measurement of 

contact angle hysteresis), their technique is carried out with a constant volume of the droplet, which 

may be suitable for further theoretical analysis of contact angle hysteresis such as the free-energy 

change. Hong et al. (2011) [75] studied the contact angle hysteresis through the compression and 

extension processes experimentally and theoretically. In contrast to the existing technique in which 

the volume of the droplet changes during the measurement of contact angle hysteresis, this 

procedure is carried out at a constant volume of the droplet. By observing the contact radius and 

the contact angle of the droplet during the compression-relaxation process, the wetting behaviour 

of the droplet can be divided into two regimes: (1) the contact line withdrawals and the (2) contact 

line pinning regimes. Whilst during the compression process, the contact line moves outwards 

while the contact angle remains at the advancing angle. During the relaxation process, the contact 

line moves inside while the contact angle remains at the receding angle. In the contact line pinning 

regime, however, the contact line is pinned while the contact angle changes in the range of the 

advancing to the receding angles [76]. The receding angle is a key geometric parameter that affects 

the dispensed-drop size when the contact line is free [25, 77]. Chen et al. (2013) [26] 
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experimentally studied the effect of contact angle hysteresis on the evolution and adhesion force 

of liquid bridges with two free contact lines.  

2.2.2 Liquid curvature and pressure difference 

The Laplace pressure is the pressure difference between the inside and the outside of a curved 

surface, caused by the surface tension of the interface between liquid and gas. The Laplace 

pressure is determined from the Young–Laplace equation given as: 

 𝛥𝑃 = 𝑃inside − 𝑃outside = 𝛾 (
1

𝑅1
+

1

𝑅2
), (2.3) 

where 𝛾 is the surface tension of a liquid, 𝑅1 is the inside curvature of the liquid bridge curve and 

𝑅2 is the outside curvature of the liquid bridge curve (Fig. 4.1). The curvatures of the liquid bridge 

are given by the surface profile y(x):            

 
1

𝑅1
=

1

𝑦(𝑥)√1+𝑦(𝑥)̇ 2

 , (2.4) 

 

and 

 
1

𝑅2
=

𝑦(𝑥)̈

(1+𝑦(𝑥)̇ 2)3/2
. (2.5) 

Here, 𝑃inside and 𝑃outside are the pressure inside and outside of the bubble or droplet respectively. 

Fig. 2.7 represents the liquid bridge forms between two parallel substrates. The distance between 

two plates is ℎ, the thinnest radius of the liquid bridge is defined as neck radius 𝑟, the lower and 

the upper contact angles are 𝜃1 and 𝜃2 respectively. The moving distance of the upper surface 

within a certain time 𝑡 is Δ. Here, 𝐹e is the total force, 𝐹c is the capillary force and  𝐹v is the viscous 

force.  

 

Figure 2.7 Schematic of liquid bridge between two parallel substrates. 

http://en.wikipedia.org/wiki/Pressure
http://en.wikipedia.org/wiki/Surface_tension
http://en.wikipedia.org/wiki/Young%E2%80%93Laplace_equation
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The meniscus of the capillary bridge between two solid substrates is assumed to have a shape that 

minimizes its surface energy [78]. The gravitational energy of the liquid can be neglected if the 

distance is smaller than capillary length. From the thermodynamic behaviour of liquid in 

equilibrium with their corresponding vapor, we know that a vapor can condense into small amounts 

of liquid with a negative capillary pressure. The lower the pressure in the liquid, the more liquid 

condenses from the vapor phase and vice versa. Capillary condensation is described by the Kelvin 

equation [55] as: 

 𝛾

𝑟𝐾
=

𝑅m𝑇

𝑉molar
ln

𝑃

𝑃0
, (2.6) 

 

 1

rK
=

1

𝑅1
+

1

𝑅2
, (2.7) 

where 𝑃 is the vapor pressure that is in equilibrium with the condensed liquid, 𝑃0 is its equilibrium 

vapour pressure, 𝑃/𝑃0 is the relative vapor pressure. Please note that for a typical situation 𝑃 < 𝑃𝑜 

and ln
𝑃

𝑃0
 is negative. Here 𝑉molar  is the molar volume of the liquid, 𝑅m  is the universal gas 

constant (8.31J/mol·K), 𝑟𝐾 is the mean radius of curvature of the concave liquid surface, the so-

called Kelvin radius and 𝑇 is the Kelvin temperature.  

The pressure drop Δ𝑃 across a liquid-air interface is related to the mean surface curvature. The 

combination of Eq. (2.3), (2.6) and (2.7) give us a function of temperature and relative humidity. 

It means that by manipulating the relative humidity we directly determine the Kelvin radius and 

therefore the value of Δ𝑃 across the liquid surface [78]. Alexandre et al. (2010) [52] did the similar 

research on capillary force due to capillary condensation in 2010: the relationship between 

capillary force and pull-off force under different humidity.  

2.2.3 Capillary force 

The capillary force (𝐹c) can be expressed as the sum of forces arising from the surface tension 

(𝐹tension) and the Laplace pressure (𝐹Laplace) [79]:  

 𝐹c = 𝐹tension + 𝐹Laplace = 2𝜋𝑅𝛾sin𝜃 + 𝜋𝑅
2∆𝑃, (2.8) 
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where R is the radius of the liquid bridge at a specific height. To avoid elliptical integrals, the 

capillary force can also be calculated visa the minimization of the total interfacial energy 𝐸 of a 

liquid bridge [19]. The gravitational distortion of the meniscus profile can also be considered, but 

for the length scales associated with the applications described above, the gravity effect is 

generally insignificant. The total interfacial energy is the sum of three contributions: the liquid-

solid γlsAls, the liquid-vapour γlvAlv, and the solid-vapour γvsAvs interface energy, where 𝛾 and 

A denote the respective interfacial tensions and surface areas: 

 𝐸 = 𝛾ls𝐴ls + 𝐴ls(𝛾ls − 𝛾vs). (2.9) 

The capillary force can be calculated through calculating the total surface energy with the 

derivative of liquid bridge displacement, written as 𝐹c =
d𝐹c

dℎ
. Israelachvili (1992) [80] developed 

an expression for calculating the capillary force of a fixed volume liquid bridge on the basis of the 

total energy of the bridge. Rabinovich et al. (2002) [81]  used another approach based on the 

pressure difference across the liquid bridge to derive a formula for the capillary force. Gao (1997) 

[20] has provided solutions that took into accounted the surface interactions and liquid evaporation. 

Gao et al. (1998) [82] also calculated the total capillary force from the derivative of the total 

interfacial free energy with respect to the separation distance. For experimental or computational 

studies, there is often a need to determine the total capillary force as a function of the separation 

distance. Lian et al. (1993) [22] examined the functional behaviour of the rupture distance for 

equal spheres calculated numerically as described previously. But no satisfactory physical 

explanation for his rather simple relationship about rupture distance, drop volume and contact 

angle has yet been made. Fairbrother and Simon (1998) [83] also measured the rupture distance 

between equal spheres for contact angle of 0°/ 34°/ 50°. They compared the data with those 

calculated using the expression developed by Lian et al. and the agreement was within 10%.  

2.2.4 Viscous force 

Viscosity effects can greatly affect the mechanical response of the liquid bridge under dynamic 

conditions. In the case of a viscous binder bridging moving particles during power granulation 

processes, for example, dynamic adhesion forces developed by the bridges can be several times 

higher than their static counterparts and the rupture distance of the bridge can also be influenced 

by the liquid viscosity. The viscous impulse required to separate a sphere partially embedded in a 
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layer of binder was estimated by summing a static meniscus force and a rate-dependent viscous 

term [84]. Ennis et al. (1990) [85] studied the influence of viscosity on the strength of a liquid 

bridge between two spheres. The mechanics of thin liquid films are described by the well-known 

Reynold’s equation, which relates the pressure P  generated in the liquid to the relative 

displacement of the two solid surfaces [86]: 

 d

d𝑟
(𝑟ℎ3

d𝑝

d𝑟
) = 12𝜂𝑟

dℎ

d𝑡
, (2.10) 

Where r is the arbitrary radius within a meniscus, ℎ is the separation distance, η is the viscosity of 

the liquid and t is the moving time. The p is generated in the liquid due to the relative displacement 

of the two solid surfaces. Integrating the equation above and applying the boundary condition, 

𝑝(𝑅) = ∆𝑃, which ∆𝑃 is the pressure difference shown in Eq. 2.3. The pressure difference at 

arbitrary radius r within a meniscus can be obtained as 

∆𝑃 =
3η

h3
(r2 − R2)

dℎ

d𝑡
,                                               (2.11) 

where 𝑅 is the neck radius of the meniscus. From the above equation, one can obtain the maximum 

pressure difference occurring at the centre of a meniscus, and the minimum on the outmost 

boundary. An average pressure difference is one-half of the summation of the two: 

∆𝑃avg = −
3𝜂

2ℎ3
𝑅2

dℎ

d𝑡
.                                                    (2.12) 

The viscous force thus may be calculated by using the average pressure difference based on the 

above equation. Thus, the viscous force can be expressed as 

𝐹v = ∫ 2𝜋∆𝑃𝑎𝑣𝑔𝑟d𝑟
𝑅

0
= −

3𝜋𝜂

2ℎ3
𝑟4

dℎ

d𝑡
.                                    (2.13)        

2.3 Liquid bridge between various substrates 

In the previous section, we introduce the behaviour of liquid bridges between two parallel plates. 

In this section, we will introduce capillary bridges between different substrates, such as rough 

surface, spheres and soft layers.  
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2.3.1 Liquid bridge between rough surfaces 

Water drops are almost spherical on the plant leaves and can easily roll off, cleaning the surface 

in the process surfaces [88]. This is usually referred to as the Lotus effect. The key ingredients for 

these applications are, a large contact angle of the fluid drop (i.e., super hydrophobic) and the 

ability of the drop to roll off or move easily (i.e., low hysteresis) on the rough surface [89]. Many 

researchers take the surface roughness into account by introduce a single asperity [90-92]. 

Wenzel’s pioneering investigation of contact angle in relation to surface roughness indicates 

clearly that bigger surface roughness reduces the larger contact angle [93]. However, Johnson and 

Dettre (1965) [94] examined the effect of both surface roughness and heterogeneity in detail. They 

found out that surface roughness has only a secondary effect on contact angle hysteresis and stated 

that hysteresis is primary caused by surface area of different intrinsic wettability. Greenwood and 

Williamson (1966) [95] described surface roughness by a distribution of spherical asperities. Butt 

(2008) [96] studied the influence of roughness with an asperity distribution function on the 

capillary bridges. McFarlane and Tabor (1950) [23] discussed the effects of surface roughness, 

surface tension, viscosity, and thickness of the liquid bridge when a liquid bridge forms between 

a sphere and a plate.  

It has been studied that there are typically two states in which a drop can reside on a given rough 

surface [97]. The drop either sits on the peaks of the surface roughness (to be referred to as a drop 

with a composite contact) or it wets the grooves (to be referred to as a drop with a wetted contact) 

[89]. The apparent contact angle of the drop that wets the grooves is given by Wenzel’s formula 

[93] while the apparent contact angle of a drop that sits on the roughness peaks is given by Cassie’s 

formula [98]. A Wenzel drop, even if superhydrophobic, is expected to show much larger 

hysteresis due to the wetting of the grooves [99]. Johnson and Dettre (1965) [94]  hypothesized 

based on the principle of energy barriers that the Cassie drop should have lower contact angle 

hysteresis compared to a Wenzel drop. This was qualitatively supported by their experiments with 

roughened wax surfaces. Both Cassie and Wenzel drops can be formed on the same rough surface 

depending on how a drop is formed [97], shown in Fig. 2.8. 
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Figure 2.8 Schematic diagram of a droplet deposits on rough surfaces (from 

https://en.wikipedia.org/wiki/Ultrahydrophobicity). 

2.3.2 Liquid bridge between two spheres 

The force exerted by a liquid bridge between two spheres or a sphere and a plate has been studied 

initially in 1920s [54] and were later extended to cover pendular bridges between unequal-sized 

particles [100], or a particle and a wall [19]. Fig. 2.9 presents a summary of cases for liquid bridges 

between different substrates. Lian et al. (1993) [22] provided a toroidal approximation method to 

predict the capillary force between two identical sphere without considering the contact angle. 

Rabinovich et al. (2005) [101] proposed on an equation to calculate the capillary force between 

two spheres based on the formulas for the capillary force between a sphere and a plate. Studies of 

moving particles and the associated liquid bridge formation were carried out, starting with the 

work of Pitois et al. (2000) [27]. He set up the experiments to measure the capillary force and the 

viscous force when two spheres moves at different speeds and the experimental results fit well 

with the formula. Darabi et al. (2009) [102]  presented a new coalescence model for binary 

collision between two identical wet particles, considering capillary force and viscous force exerted 

by the pendular bridges. Willett et al (2000) [21] developed a method for measuring the capillary 

force and proposed a closed-form approximation in order to conveniently calculate the capillary 

force between equal and unequal spheres. Christopher D. et al. (2000) [21] accurately measured 

the capillary force-separation characteristics of small pendula liquid bridges between spherical 

bodies. A scaling method was introduced to develop a more accurate close-form expressions for 

the forces as a function of the separation distance for a given bridge volume and contact angle. 

Consequently, it was convenient to employ the force to obtain the rupture distance. 
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           (a)                                         (b)                                          (c) 

Figure 2.9 Schematic of liquid bridges between different substrates: (a) liquid bridge 

between two parallel plates; (b) liquid bridge between a sphere and a plate; (c) liquid bridge 

between two spheres. 

2.3.3 Liquid bridge between soft layers 

Adhesion between two solids can be broadly divided into dry adhesion and wet adhesion. In the 

past, deformation in the material due to dry adhesion has been intensively studied. However, the 

deformation in the material due to capillary force in wet adhesion has been much less studied. This 

is probably because the deformation in the material caused by capillary force is usually small and 

negligible. However, many experiments have shown that adhesion can cause deformation in the 

material, which can dramatically affect the adhesion properties [103].  

Capillary forces in the presence of small elastic deformations have already been studied by Fogden 

and White (1990) [104]. They consider the effect of elasticity based on the Johnson-Kendall-

Roberts (JKR) model [105]. Neglecting the effect of capillary pressure in the contact zone, they 

confirmed the force is proportional to Maugis et al. (1975) [106] extended that model to the 

Derjaguin-Muller-Toporov case and the transition between the two. The model is restricted to 

small contact radii and does not apply to very soft surfaces. As a matter of fact, the deformation in 

the material due to capillary force can be estimated by comparing the size of the material with 

elasto-capillary length: 𝛾/𝐸, where 𝐸 is the elastic modulus of the material and 𝛾 is the surface 

tension [107]. When the size of the material is much larger than the elasto-capillary length, 

capillarity-induced deformation can be ignored in the material. However, when the size of the 

material is comparable or smaller than the elasto-capillary length, capillarity-induced deformation 

in the material can be dramatic [108]. Xue and  Polycarpou (2008) [109] calculated numerically 
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the effect of elastic deformation on the capillary force. They assume that the shape of the contact 

between the two interacting spheres is given by the Hertz model and adjust the meniscus 

accordingly for constant curvature boundary conditions. Butt et al. (2010) [110]  explained that 

the capillary force between two soft layers is greater than liquid force between two rigid substrates 

at the same radius of curvature of liquid meniscus. When contact area and azimuthal radius 

increase, the capillary force becomes stronger. Li and Cai (2014) [111]  calculated the adhesive 

force taking into account the deformation. The results show that adhesive force between two soft 

layer decreases with the augment of separation. For a given liquid volume and separation, the 

adhesive force caused by a liquid bridge increases with the decreasing of the elastic moduli of the 

soft layer. The two soft layers may contact each other at the center of the wetting area or some 

place between the center and the contact line. 

  



21 

 

Chapter 3 Experimental methods 

The experiments about a liquid bridge forms between two parallel plates have been made by many 

researchers [21, 25-27, 112-118].  

The aim of our experiments is to systematically observe the rate-effect on the total force and the 

contact angle hysteresis when a liquid bridge is connected by parallel plates. Liquid bridges 

connected between rough surfaces and spheres are tested as well. 

Fig. 3.1 shows the flow chart of the project. Our work can be divided into three parts: experiments, 

analytical model and numerical simulation. In our experimental system, an analytical balance, a 

linear stage and a goniometer are used to obtain the force versus displacement and the liquid bridge 

profiles. The analytical balance records the force arising from the liquid bridge. The linear stage 

controls the relative displacement between two substrates. The goniometer records the 

experimental video so that the liquid bridge profiles can be gained. The capillary force hysteresis, 

the contact angle and contact radius hysteresis are experimentally obtained from the goniometer 

(①  and ② ). To describe the behaviour of the liquid bridge during the extension and the 

compression processes, analytical models (③ and ④) are established to predict the change of 

capillary force and the contact angle hysteresis in the circular process. From the Surface Evolver, 

a numerical simulation software, the dimensionless capillary force (⑤ ) can be obtained by 

computing the derivative of the surface energy with respect to the displacement. Finally, the 

experimental contact angle and the contact radius hysteresis are compared to the results from the 

analytical model (⑥). The experimental capillary force hysteresis is compared not only to the 

model results, but also to the simulation results (⑦). Furthermore, some extended experiments are 

tested to explore the behaviour of a liquid bridge when it forms between various substrates such 

as rough surfaces or steels spheres.  
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Figure 3.1 The flow chart of the project. 

The purpose of this chapter is to introduce the experiments technique in this project and what 

results are obtained through these experiments. The experimental system and how to control each 

device are introduced in Section 3.1. In Section 3.2, the measurement procedures and data 

processing method are introduced.  

3.1 Experiments design 

3.1.1 Experimental scheme 

To investigate the behaviour of a liquid bridge between various substrates under quasi-static and 

dynamic conditions, different experiments are designed in each chapter (Table. 3.1). The aim of 

Chapter 4 is to investigate the capillary force and the contact angle hysteresis when liquid bridges 

move at low speeds. In this chapter, the pure water is used to form a liquid bridge between two 

parallel plates. The plates start at the speed of v=0.001 mm/s (quasi-static condition) and gradually 

increase to 0.1 mm/s (dynamic condition). As a result, the quasi-static capillary force and the 

contact angle hysteresis can be explored. Furthermore, liquid bridges of different volumes are 

tested to exam the influence of volume on capillary force.  

In Chapter 5, in order to exam the influence of moving speeds on the behaviour of the liquid bridge, 

various moving speeds are loaded on the plates. The liquids are: the 85% and the 100% glycerol. 

The moving speeds of the plates change from 0.001 mm/s to 5 mm/s. The total force hysteresis 

under the dynamic condition can be plotted. Furthermore, the dynamic contact angle and contact 

radius hysteresis can also be presented.  
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The purpose of Chapter 6 is to study the behaviour of the liquid bridge when it forms between 

various substrates. In order to avoid the influence of viscosity, only pure water is used in this 

chapter. Firstly, the liquid bridge forms between aluminum plates with different surface roughness. 

Thus the influence of surface roughness on the capillary force and the contact angle hysteresis can 

be studied. Furthermore, the liquid bridge forms between two identical spheres and the radii of the 

spheres have three different sizes. In this way, the influence of the sphere radius on the liquid 

bridge can be investigated. Thirdly, the liquid bridge forms between a sphere and a plate. The aim 

of this experiment is to study the liquid bridge behaviour under the asymmetric condition. 

It is noted that temperature can affect the capillary force and contact angle of the liquid bridge. 

Therefore, the temperature should be strictly controlled during the test. The laboratory 

environment is controlled with the temperature at 22-23C and the humidity at 50-60%.  

Table 3.1 The experimental content in each chapter. 

 

3.1.2 Experimental equipment  

The Fig. 3.2 represents the experimental system, including: (1) camera from the goniometer 

(Rame-hart, model 200 Standard Contact Angle Goniometer with DROPimage Standard), (2) the 

analytical balance (A & D Weighing, HR-250AZ), (3) the linear-stage (Zaber Tech, T-LSM025A), 

(4) the substrate we use in the experiments, (5) the working station containing LabView 

environment to integrate the measurements and (6) the anti-vibration table (HERZAN).  

The function of the goniometer is using the camera to record the deformation of liquid bridge 

profiles during the experiments. The light source behind the linear stage provides the parallel light 

so that the profile of the liquid bridge and the substrates can be captured clearly by the camera. By 

using the image processing method, the experimental videos can be transferred into individual 
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frames (Appendix I). Finally, the liquid bridge geometries such as substrates displacement, contact 

angle and contact radius can be obtained.  

 

 

Figure 3.2 The experimental system: ① goniometer; ② balance; ③ linear stage; ④ 

substrate; ⑤ working station; ⑥ anti-vibration table. 

The linear stage is a computer controlled device which can move upward and downward vertically 

at a fixed speed between 0.001 mm/s to 6 mm/s. The upper substrate is fixed on the linear stage so 

that the upper substrate can move in the vertical direction accordingly to the speed of the linear 

stage.  

The analytical balance is used to record the force change during the liquid bridge evolution. The 

accuracy of the scale is 0.0001 g. The positive data means the force applied downward and the 

negative data means the force applied upward. An offset time of 0.75 s is applied to shift the 

timescale of recording data to cancel the responding time of the analytical balance. In order to 

achieve a high accuracy of the force recording, the sample rate of the scale is chosen to be five 

times per second.  
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3.1.3 Material properties 

The three liquids in the experiments are listed in Table 3.2. In Chapter 4, only pure water is used 

and in Chapter 5 the 85% and the 100% glycerol are used, where 85% glycerol is made by mixing 

the water and the 100% glycerol. The reason why we choose glycerol as the testing liquid is that 

the water and the glycerol are miscible with each other and form a homogeneous phase, so we can 

mixture the glycerol at different concentration to obtain liquid with different viscosity. 

Additionally, the viscosity of the 100% glycerol is around 1500 times of water and the viscosity 

of the 85% glycerol falls in the middle of these two liquids. Thus, the rate-effect on the 100% 

glycerol and the 85% glycerol can be tested and be compared to the pure water. Last but not least, 

the surface tension of the glycerol is similar to that of water. Thus, the influence of surface tension 

is not great if different liquids are used. The micro syringe is used to control the volume of the 

droplet. The accuracy of the syringe is 0.002 ml.  

Table 3.2 Physical properties of liquids used in experiments. 

 𝜌 (g/cm3) 𝜇 (g/cm·s)        𝜎 (mN/m) 

Water 0.996 0.01 73.0 

85% glycerol 1.223 1.129 66.0  

100% glycerol 1.262 14.99 63.0 

 

In Chapter 4 and 5, the substrates are the glass plates. This glass plate is coated by silane and it is 

hydrophilic. The static advancing angle and the receding angle are both smaller than 90°. In the 

Chapter 6, the aluminum plates with different surface roughness are used. The aluminum plates 

are numbered and shown in Fig. 3.3 (a). The samples are round disks with a diameter of 25 mm. 

For each individual sample, both the top and bottom surfaces were subjected to the same treatment 

(Fig. 3.3 (b)) using standard polishing and sand blasting procedures. Furthermore, the identical 

spheres are also used (Fig. 3.3 (c)). The spheres have three different diameters: 20.3 mm, 9.8 mm 

and 4.8 mm (shown in Fig. 3.3 (a)).  
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(a) (b) (c) 

Figure 3.3 The various substrates from the experiments. 

3.1.4 Measurement procedure  

Fig. 3.4 shows the flow chart of the experimental system. The goniometer records the experimental 

video to provide the liquid bridge geometry. The linear stage and the analytical balance provide 

the force-displacement relationships. Here the experiments measurement procedures in Chapter 4 

are introduced as an example. The liquid is pure water and the plates are parallel glass plates. The 

experimental procedures are shown as follows. 

(1) The lower plate fixed with the substrate is loaded on the analytical scale. Then the scale is reset 

as zero.  

(2) A droplet of desired volume is dropped onto the lower glass plate by the syringe and at the 

same time the mass of the droplet is reflected by the analytical balance. In this way, the volume 

controlled by the syringe can be checked by the initial mass provided by the analytical balance. 

(3) The scale is reset to zero to measure the force.  

(4) The upper plate fixed to the linear stage is controlled to move downward by the linear stage. 

Once the upper glass plate contacts the droplet, a liquid bridge will form between two plates. 

Meanwhile, the display of the analytical scale shows the force exerted by the liquid bridge. If 

the data is negative, an upward attractive force is generated. In contrast, if the data is positive, 

the downward repulsive force is generated.  

(5) Before the upper glass plate starts to move, the camera in front of the liquid bridge is turned 

on and starts to record the whole process and a video is generated when the whole experiment 

finishes. The moving speed of the upper glass plate and the total displacement is set at this 

moment.  
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(6) The linear stage and the analytical balance are connected by the LabView (Appendix II) to 

start work simultaneously. The analytical scale starts to record the data once linear stage starts 

to move upward. When the upper plate travels the total displacement upward, it will 

automatically move downward at the same fixed speed and vice versa. When the plate stops 

moving, the scale records a few more seconds and then stop.  

The experimental force versus relative displacement curves can be obtained (Fig. 3.4 stage ①). It 

is important to be noted that by using the LabView, we can obtain the experimental force versus 

relative displacement, which is the moving distance of the upper plate compared to its initial height. 

In order to obtain the real height between two parallel plates, the initial displacement which can 

be obtained from the video between two plates before the experiment starts should be added into 

the relative displacement. In this way, the force-displacement relationship can be obtained. By 

using the image treatment method, the deformation of liquid bridge geometries can be acquired 

(Fig. 3.4 stage ②). As a result, the contact angle and the contact radius hysteresis can be plotted. 

The scale can record the accurate force when plate moves from 0.001 mm/s to 0.1 mm/s for the 

reason that when moving speed is larger than 0.1 mm/s, the sampling rate of the scale is not high 

enough. However, the moving speed can range from 0.001 mm/s to 5 mm/s if the force is not 

required in the experiment, i.e. record the contact angle and contact radius hysteresis. In Chapter 

5, the liquid is the 85% glycerol and the 100% glycerol. The substrates are still glass plates. The 

moving speed of the upper plates changes from 0.001 mm/s to 5 mm/s. In Chapter 6, substrates 

are changed into aluminum plates and spheres with different sizes. 

    

Figure 3.4 Flow chart of the experimental system.  
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3.2 Data acquisition and processing  

3.2.1 Image processing 

Firstly, the video needs to be transferred into individual frames (in Appendix I). The frame rate of 

the video recorded by the camera is 30 frames per second. After the frames from the experimental 

video are obtained, the scale parameter 𝑘 needs to be calculated through the goniometer calibration 

(in Appendix III). The scale parameter 𝑘 helps to calculate the absolute length of the liquid bridge 

geometries such as bridge height, liquid bridge radius. After goniometer calibration, the frames 

need to be batch processed. A Matlab script is used to read the images and transfers them into the 

black and white images. Then the boundary coordinate of the liquid bridge curve is extracted. After 

that, the circle function and the parabolic function are applied respectively to fit the curve of the 

liquid bridge. The contact angle can be calculated from the derivative of the two functions at the 

contact point with respect to the displacement. The contact point here means the point which 

connects the substrate, the air and the liquid. Finally, the contact radius, the liquid bridge height ℎ 

and the liquid bridge neck 𝑟 can all be obtained (Appendix IV). More discussion on how circle 

and parabolic functions fit the liquid bridge curves can be found in Chapter 4. 

3.2.2 Force recording 

As the analytical scale needs some time to respond and record the data, the responding time of the 

scale needs to be tested. To calibrate the force measurement, we put a 100 g weight on the scale 

and set up a vertical spring on it. The vertical spring is fixed on the linear stage so that the spring 

can always move upward and downward vertically. When the linear stage moves vertically at 

different speeds, the weight is dragged by the spring upward. The analytical scale records the data 

when the linear stage starts to move upward. When the linear stage moves upward, the spring will 

stretch and generate a bigger drag force upward. Thus, the resultant force which is downward will 

become smaller. We tested eight different speeds and obtained the resultant force versus time 

relationships. It clearly states that at the beginning of each line, there is always a flat region, which 

means the scale cannot respond the change of the force when spring starts to move. The time which 

the flat region keeps is the responding time of the analytical scale and it is around 0.75 s. The 

specific calibration method and the force-time relationships are presented in Appendix V. 
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3.3 Summary  

In this chapter, we presented the experimental setup to test the liquid bridge under the quasi-static 

and the dynamic conditions. The liquids to be tested under the quasi-static and dynamic regimes 

include water, 100% glycerol and 85% glycerol. For each liquid, the moving speeds range from 

0.001 mm/s to 0.1 mm/s to examine the rate-effect on liquid bridges. Additionally the substrates 

considered to form liquid bridges include glass plates, aluminum plates with different surface 

roughness and various-sized-spheres.  
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Chapter 4 Quasi-static behaviour of liquid bridge 

Compressing and extending liquid bridges between two solid surfaces is a process frequently 

occurring in many industrial areas, such as printing industry and packaging industry [25, 119, 120].  

Similar liquid bridges phenomena can also be observed in wet adhesion of insects such as beetles 

and blowflies [121-123]. Systematic studies of the behaviour of a liquid bridge when it is 

compressed and extended, the capillary force generated by liquid bridges, and other characteristics 

of liquid bridges are needed to better understand those phenomena.  

The aim of this chapter is to investigate the influence of contact angle hysteresis on a liquid bridge 

forms between two parallel plates in the quasi-static compression and extension. The shape of the 

liquid bridge was analysed, and the effects of contact angle hysteresis on the liquid bridge profiles 

were discussed. In Section 4.1, the analytical models are established based on the two different 

curvature functions. In Section 4.2, the experimental results of the contact angle hysteresis and the 

capillary force are presented. Numerical simulation results calculated from the Surface Evolver 

were obtained and been compared to the experimental results in terms of dimensionless capillary 

force-displacement. In Section 4.3, the analytical model results have been compared to and have 

good accordance to the experimental results. The analytical model derived in this chapter can well 

predict the change of the capillary force and the contact angle hysteresis during the extension and 

compression processes.  

4.1 Analytical function  

Literature highlights two different ways to compute the capillary force. The first one consists in 

computing the surface energy of the liquid bridge and derives it with respect to the degree-of-

freedom of interest. This approach has been well implemented in Surface Evolver software [124]. 

The second approach directly calculates the force from the liquid bridge geometry.  

The liquid bridge between two parallel plates takes a shape of axial symmetry as shown in Fig. 

4.1. Here, 𝑅1  and 𝑅2  are the internal and external curvature radii of the liquid meniscus 

respectively, 𝑅 is the radius of the interface between the liquid and the plate, 𝜃 is the contact angle 

between the meniscus and the plates, ℎ is the inter-plates distance between two plates and 𝑥c1 and 

𝑥c2 are the movement coordinates of the two plates. 
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Figure 4.1 Geometrical representation of a liquid bridge between two parallel plates. 

The 𝑥 axis coincides with the axis of symmetry, and the y co-ordinates describes the profile of the 

meridian curve as a function of 𝑥. Here, 𝑦0 is the neck radius of the liquid bridge corresponding 

to the profile bottom. As our aim is to explore the behaviour of a liquid bridge in quasi-static 

condition, we assume 𝑥c1 and 𝑥c2 move inward or outward on the 𝑥 axis at an infinite slow speed 

in the processes of extending and compressing, while the symmetry axis of the liquid bridge is 

always locates on the 𝑦 axis. Furthermore, we assume that the volume of the liquid bridge is 

constant during the experimental process thus the influence of evaporation is neglected. 

Furthermore, the liquid bridge is assumed to be axisymmetric in the extension and compression 

processes. If the length scale s = (3𝑉/4𝜋)1/3, set by the radius of a liquid bridge volume 𝑉, is 

small compared to the capillary length 𝑙cap = √𝛾lv/𝑔∆𝜌 (where 𝑔 is the acceleration of gravity), 

the influence of gravity is negligible [125]. As the liquid bridge is under the quasi-static condition 

in this chapter, the influence of liquid viscosity on water can be neglected. According to Eq. (2.3), 

(2.4), (2.5) and (2.8), the curve of the liquid bridge is a function with respect to the height. 

Therefore xP  and yP = y(xP)  are given by the initial coordinates of P  and the slope of the 

meniscus in P is given: 

 𝑢P =
d𝑦

d𝑥
| 𝑥P = {

1

tan (𝜃)
, 𝑖𝑓 𝜃 ≠

𝜋

2

0,         𝑖𝑓 𝜃 =
𝜋

2

. (4.1) 

In general, the values of the advancing angle (𝜃adv) and the receding angle (𝜃rec) between a liquid 

and a substrate in quasi-static condition are constant and they can be experimentally captured. 

However, the value of  Δ𝑃 and the value of 𝑅 are a priori unknown. 
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    (a)                                  (b) 

Figure 4.2 Circular and parabolic models. 

The two models are shown in Fig. 4.2 provide the two possible analytical functions of the meniscus 

curvatures [126]. In Fig. 4.2 (a), a parabolic function is provided while in Fig. 4.2 (b), a circle 

function is used. In the following two subsections, the specific solving process based on these two 

analytical models is provided.   

4.1.1 Parabolic model  

The assumption of the parabolic profile does not base on the physical consideration, but 

corresponds to the meniscus shape observed experimentally. The geometric conditions on the 

parabolic are: 

1. The symmetry with the x-axis impose the vertex to be at 𝑥 = 0, 

2. The slope at 𝑥 =
ℎ

2
 is given by the contact angle,  

3. The height at 𝑥 =
ℎ

2
 is the contact radius 𝑅.      

Based on the geometric conditions, the liquid bridge curve can be expressed by contact radius 𝑅, 

displacement ℎ and the contact angle 𝜃: 

 𝑦(𝑥) = 𝑅 −
ℎcot𝜃

4
+
cot𝜃

ℎ
𝑥2. (4.2) 



33 

 

As the influence of evaporation is not considered, the volume of a liquid bridge is assumed to be 

constant. Thus, the volume can be considered as an input parameter. The volume of the liquid is: 

 𝑉 = 𝜋 ∫ 𝑦(𝑥)2d𝑥
ℎ

2

−
ℎ

2

= 𝜋𝑅2ℎ −
𝜋𝑅ℎ2cot𝜃

3
+
𝜋ℎ3(cot𝜃)2

30
. (4.3) 

From this volume equation, 𝑉  is constant while the other three parameters: 𝑅, ℎ  and 𝜃  are 

unknown. Thus, we can obtain any parameter if the other two parameters are known. 

The pressure difference 𝛥𝑃 from Eq. (2.3) can be expressed through combing Eq. (2.3), (2.4), (2.5) 

and (4.2). As a result, the specific 𝛥𝑃 at the contact area of liquid and plate (𝑥 =
ℎ

2
) and at the 

height of neck radius (𝑥 = 0) can be expressed: 

 
𝛥𝑃

𝛾
(0) = −

2cot𝜃

ℎ
+

4

4𝑅−ℎcot𝜃
, (4.4) 

and 

 
𝛥𝑃

𝛾
(
ℎ

2
) = sin𝜃

ℎ−2𝑅sin𝜃cos𝜃

ℎ𝑅
. (4.5) 

Consequently, the capillary force can be calculated by using Eq. (2.8). 

4.1.2 Circle model 

This model assumes a circular profile of the interface shape in the plane 𝑥 𝑦 of center (𝑥0, 𝑦0) and 

radius 𝜌 (Fig. 4.2 (b)). The conditions on the arc of circles are: 

1. The symmetry with the y-axis imposes the center of circle to be on the y-axis, 

2. The slope at 𝑥 =
ℎ

2
 is given by the contact angle, 

3. The height at 𝑥 =
ℎ

2
 is the contact radius 𝑅.      

With the above conditions, we can rewrite the form 𝑦(𝑥). However, the sign of the square root 

differs when the contact angle is lower or higher than 
π

2
: 
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{
 

 𝑦𝑐(𝑥) = −√
ℎ2

4(cos𝜃)2
− 𝑥2 + 𝑅 +

ℎ

2
tan𝜃,   𝑖𝑓 𝜃 <

𝜋

2
 

𝑦𝑐(𝑥) = +√
ℎ2

4(cos𝜃)2
− 𝑥2 + 𝑅 +

ℎ

2
tan𝜃,   𝑖𝑓 𝜃 >

𝜋

2
 

. 
(4.6) 

The volume of the droplet is: 

 

𝑉𝑐 = 𝜋∫ 𝑦𝑐(𝑥)
2d𝑥

ℎ
2

−
ℎ
2

 

= 𝜋𝑅2ℎ +
𝜋𝑅ℎ2tan𝜃

2
+

𝜋ℎ3

4(cos𝜃)2
−
𝜋ℎ3

12
−

𝜋ℎ2

4(cos𝜃)2
(
𝜋

2
− 𝜃)(2𝑅 + ℎtan𝜃). 

(4.7) 

The same as the parabolic model, the pressure difference can be obtained at the contact area of 

liquid and plate (𝑥 =
ℎ

2
) and at the height of neck radius (𝑥 = 0 ): 

 
𝛥𝑃

𝛾
(0) = −

2cos𝜃

ℎ
+

2cos𝜃

2𝑅cos𝜃+ℎsin𝜃−ℎ
, (4.8) 

 and 

 
𝛥𝑃

𝛾
(
ℎ

2
) = −

2cos𝜃

ℎ
+
sin𝜃

𝑅
. 

(4.9) 

The same as the parabolic mode, the capillary force can be calculated by using Eq. (2.8). 

4.2 Hysteresis modelling 

It is generally assumed that the quasi-static (or relative low velocity) capillary force is conservative, 

but Willett et al. (2003) [127] has shown both theoretically and experimentally, that this is not the 

case. If the contact angle is not zero and the surface is “rough”, both of which are always true in 

experiments, the contact line may be pinned and the force-displacement curves in the extension 

and compression processes follow the different paths (Fig. 4.3).  
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Figure 4.3 A schematic representation of the relationship between the wetting and the force 

hysteresis [127]. 

When the contact angle is greater than the receding angle, an increase in the separation distance 

will results in an increase in the force due to pinning (𝑎 → 𝑏). This will be accompanied by a 

reduction in the contact angle until the receding angle is achieved when the force begins to decrease 

and the contact point starts to slip inward (𝑏 → 𝑐). If the separation starts to decrease, the contact 

angle begins to increase until it reaches the advancing angle (𝑐 → 𝑑). In this stage, pinning stage 

occurs again which correspond to the reduction of capillary force. If the separation keeps 

decreasing to the initial displacement, the three phase contact point will slip outward with the 

contact angle reaches the advancing angle (𝑑 → 𝑎). Overall, the change of the contact angle and 

the contact radius can be divided into four continuous stages. In the extension process, the liquid 

bridge experiences the pinning stage when contact angle decreases from the advancing angle to 

the receding angle. Then, it starts to slip. In the compression process, the liquid bridge firstly 

experiences pinning stage, where the contact angle increases from the receding angle to the 

advancing angle and then it slips outward (slipping stage). 

According to the deformation of the liquid bridge geometries in the compression and extension 

processes above, we established the liquid bridge hysteresis model in the quasi-static condition. 

Here we assume the moving speed of the plates is infinitely small and the upper contact angle is 

the same as the lower contact angle. Fig. 4.4 indicates the evolution of the contact angle and the 

contact radius in the liquid bridge hysteresis, where 𝜃adv and 𝜃rec indicate the advancing angle 

and the receding angle respectively. The 𝑅c and the 𝑅d mean the maximum and the minimum 

contact radius of a liquid bridge in the extension and compression processes. The ℎ1 and ℎ3 are 
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the initial and the ending height of the extension process. The stages ① and ② consist of the 

extension process and the stages ③ and ④ compose the compression process. In the stage ① the 

plate moves from ℎ1 to ℎ2, the contact angle changes from 𝜃adv to 𝜃rec while the contact radius 

keeps constant at 𝑅c. In this stage, the liquid bridge moves from ℎ1 to ℎ2. The contact point starts 

to slip inward when the contact angle reaches the receding angle in stage ②, which the bridge 

moves from ℎ2 to ℎ3. When the upper plate begins to move downward (stage ③), the contact 

radius keeps at 𝑅d while the contact angle increases from the receding angle to the advancing angle. 

When the advancing angle is reached, the liquid bridge arrives stage ④. In this stage, the contact 

point starts to slip outward and the contact radius begins to increase till it reaches the original 𝑅c 

when the upper plate moves back to the initial bridge height.  

 

Figure 4.4 The schematic of liquid bridge hysteresis. 

The following assumptions are made for modelling the liquid bridge hysteresis: 

1. The meniscus curve is fitted by both of the parabolic and the circle functions. 

2. The gravity effects can be neglected in this modelling. Deformation of the liquid bridge 

geometries due to gravity is not considered. 

3. The volume is known and is regarded to be constant. The influence of evaporation is not 

considered.  

4. The moving speed of the plate is infinite small and thus the viscosity of the pure water is 

neglected. 
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In the parabolic function and the circle function, the droplet volume 𝑉 is the function of the contact 

radius 𝑅, the displacement ℎ and the contact angle 𝜃 (Eq. (4.3) and (4.7)). For the reason that in 

the assumption, the volume does not change in the whole experiment. Thus, 𝑉 is constant in these 

functions. The contact angle hysteresis and the contact radius hysteresis are both calculated in each 

stage. After obtaining contact angle and contact radius at the specific displacement, the capillary 

force can be calculated through using Eq. (2.8). The calculation processes can be divided into 

extension process and the compression process. 

The extension process is consisting of pinning stage and slipping stage. In the first stage, the 

contact angle changes from the 𝜃adv to the 𝜃rec while and the contact radius R keeps constant at 

𝑅c (Fig. 4.4 stage ①). In this stage, the droplet volume 𝑉,  𝜃adv, 𝜃rec and the initial height ℎ1 can 

be captured from the experiments. When liquid bridge forms at the initial height, the contact angle 

reaches the advancing angle. Consequently, 𝑅c can be calculated. At the end of stage ①, 𝑅c and 

𝜃rec are provided and thus, ℎ2 can be obtained. In the stage ① process, only 𝑅c keeps constant. 

The liquid bridge displacement moves from the initial height to ℎ2: ℎ ∈ [ℎ1 ℎ2], which means each 

specific displacement between ℎ1 and ℎ2 correspond a specific contact angle in this stage. In this 

way, the deformation of the contact angle at each displacement in the stage ① can be obtained. 

Using Eq. (4.4), (4.5), (4.8) and (4.9), the pressure difference ∆𝑃 at the contact area and at the neck 

area can be calculated based on the circle and the parabolic function. Finally, by using Eq. (2.8), 

the capillary force at the height of 𝑥 = 0 and 𝑥 =
ℎ

2
 can be calculated. In the stage ② (Fig. 4.4 

stage ②), the contact angle keeps constant at 𝜃rec while the contact radius decreases. The final 

displacement is ℎ3. Thus, contact radius 𝑅 at any specific displacement can be calculated when 

liquid bridge moves from ℎ2 to the final displacement: ℎ ∈ [ℎ2 ℎ3]. The pressure difference and 

the capillary force in the stage ② can be calculated based on the circle and parabolic function 

through using the same equations. The specific calculation processes are presented in Appendix 

VI.  

The compression process is also consisting of pinning stage and slipping stage. In the stage ③, the 

contact angle gradually increases from 𝜃rec to 𝜃adv while the contact radius keeps constant at 𝑅d. 

The 𝑅d can be obtained when ℎ = ℎ3 and 𝜃 = 𝜃rec. When contact angle reaches the advancing 

angle 𝜃adv while the contact radius is still 𝑅d, the displacement ℎ4 can be obtained. Consequently, 
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when liquid bridge moves between the final displacement to ℎ4, the contact angle at any specific 

displacement can be calculated. At last, the pressure difference and the capillary force at 𝑥 = 0 

and 𝑥 =
ℎ

2
 can be calculated. In the stage ④, the contact angle arrives the advancing angle 𝜃adv 

while the contact radius increases. In this process, the displacement moves in the range of [ℎ3 ℎ4]. 

The contact radius can be obtained at a certain displacement when contact angle is always the 

advancing angle. 

The discussion above is based on when ℎ is big enough, thus the contact angle reaches 𝜃rec. When 

two plates move slightly apart from each other and the displacement is smaller than ℎ1, the liquid 

bridge will always lies on stage ① during the compression process. It is because when ℎ ≤ ℎ1, the 

contact angle 𝜃 is bigger than 𝜃rec and contact radius is pinned. When liquid bridge is compressed, 

the contact angle increases with the contact radius keeps constant. Thus, the contact angle and 

contact radius hysteresis will always lie on stage ①  both in the extension and compression 

processes. 

4.3 Numerical simulation 

Surface Evolver is a simulation software which computes the capillary force via minimizing of the 

total interfacial energy surface E of a liquid bridge (Fig. 4.5) [124]. E is the sum of three 

contributions: the liquid-solid (𝛾ls𝐴ls), the liquid-vapor (𝛾lv𝐴lv) and the solid-vapor (𝛾sv𝐴sv) 

interface energies, where 𝛾 and 𝐴 donate the respective surface tensions and surface area and the 

subscripts indicate the pairs of the interfaces. As the glass plate is considered to be rigid, the total 

glass area is assumed to be constant throughout the whole wetting process. Since E is determined 

to be constant, it can be written in the following way: 

 𝐸 = 𝛾ls𝐴ls + 𝐴ls(𝛾ls − 𝛾vs). (4.10) 

 

Figure 4.5 Example of a meniscus meshed in Surface Evolver. 
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The liquid-vapor interface is represented by a mesh of triangles whose total area approximates the 

value of 𝐴lv. The area of the wetted substrate is obtained by line integrals along the contact line. 

The constraint of constant volume is expressed by means of a surface integral over a suitably 

chosen vector field. In the Surface Evolver, the contact angle, the volume of a liquid bridge and 

the initial bridge displacement are required as the input parameters. It is worth reminding that the 

input parameters are all non-dimensional. The capillary force can be calculated by the derivative 

of surface energy with respect to the bridge displacement: 

 𝐹c =
d𝐸

dℎ
. (4.11) 

The density and the surface tension of the liquid bridge are both default as 1 in this software. As 

the capillary force has a linear relationship with the surface tension, the calculated capillary force 

which is obtained from the software should multiply the real liquid surface tension in order to get 

the correct capillary force. For example, when water is used to do the experiments, the capillary 

force from the Surface Evolver should multiply 0.073 mN/mm. 

As the Surface Evolver obtains the capillary force via calculating the surface energy, the influence 

of glass speeds is not considered. Thus, the capillary force calculated from the Surface Evolver 

can only be compared to the experimental results when the moving speeds are infinitely small. 

Furthermore, the nondimensionalisation of the experimental results is necessary if they are 

compared to the numerical results.  

4.4 The comparison of experiments with theoretical models 

4.4.1 Comparison between experiments and numerical simulation 

We use the Surface Evolver to simulate the capillary force and compare it with the experimental 

results. To directly compare the experimental results with the analytical simulation, the 

normalization method was proposed by De Souza et al. (2008) [128]. In this method, the separation 

𝑑 of the plates, the contact radius r between the liquid and the plate, the total capillary force fc can 

all be normalized in the following way: 
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 𝑠 = (3𝑉/4𝜋)1/3, (4.12) 

 𝑑 =
ℎ

𝑠
, (4.13) 

 𝑟 = 𝑅/𝑠, (4.14) 

 𝑓c = 𝐹c/(2𝜋𝛾𝑠), (4.15) 

where 𝑠 is the length scale, 𝑅 is the absolute radius of contact between the liquid and the plate and 

𝐹c is the absolute total force exerted by the liquid between two plates. This normalization method 

provides an effective way to eliminate the volume of liquid bridges and to transfer the experimental 

results into the nondimensionalised force displacement curves.  

Fig. 4.6 represents the capillary force versus displacement under three different liquid bridge 

volumes: 0.0104 ml, 0.003 ml and 0.001 ml (Fig. 4.6 (a), (b) and (c)). In the extension process, the 

capillary force increases sharply in the first stage and decreases gradually from the peak when it 

reaches the second stage. In the compression process, the capillary force increases slowly. 

Comparing (a), (b) and (c), it is obvious that with the decrease of liquid bridge volume, the 

capillary force decreases correspondently. For example, the volumes of the three liquid bridges are 

0.0104 ml, 0.003 ml and 0.001 ml and the maximal capillary forces which the three liquid bridges 

can reach are 2.04 mN, 1.14 mN and 0.83 mN correspondently. Furthermore, the minimal capillary 

forces are 0.47 mN, 0.33 mN and 0.2 mN. Overall, the range of capillary force hysteresis is 

influenced by the volume of the liquid bridge: larger volume correspond to the bigger capillary 

force at the same displacement. By using the Eq. (4.12) – (4.15), the influence of volume can be 

eliminated. The dimensionless capillary force displacement curves are obtained. Fig. 4.6 (d) 

indicates that the dimensionless capillary force hysteresis from three liquid bridges overlap well. 

The pink solid line is the numerical simulation results from the Surface Evolver. In this simulation, 

the contact angle is fixed as 50°. The dark blue, red and light blue points are the dimensionless 

capillary force-displacement curves from the previous three experiments. It is clearly that the 

capillary force arising from different volumes of liquid bridges can be compared with each other 

and be compared to the analytical simulation results. This experiment proves that the influence of 

liquid bridge volumes has positive correlation with the capillary force but the influence of volume 

can be eliminated by using the dimensionless method.  
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                     (a)                        (b) 

 

                          (c)                            (d) 

Figure 4.6 The capillary force displacement of various volumes: (a) volume=0.0104 ml; (b) 

volume=0.003 ml; (c) volume=0.001 ml; (d) the dimensionless capillary force displacement. 

Fig. 4.7 (a) presents the capillary force hysteresis at various speeds ranging from 0.01 mm/s to 0.1 

mm/s and (b) indicates the comparison between the dimensionless capillary force hysteresis and 

the analytical simulation results. The experiment in Fig. 4.7 (a) was the same experiment as what 

has been shown in Fig. 4.6 (a). The volume of the liquid bridge is 0.0104 ml while the moving 

speeds changed from 0.01 mm/s to 0.1 mm/s. The results indicate that even though the moving 

speeds increase gradually, the recorded capillary forces change little. For the reason that the 

viscosity of water is very small, the augment of the viscous force caused by the increase of moving 

speeds is too small to consider. That is why the capillary force hysteresis curves overlap with each 

other. In this experiment, the moving speed of the plate did not start from the slowest speeds (0.001 
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mm/s) for the reason that the moving displacement is 1.6 mm, it takes about 53 mins to complete 

the whole circling. The influence of evaporation is huge. The Fig. 4.7 (b) represents the comparison 

between the dimensionless capillary force hysteresis at the speed of 0.01 mm/s and the analytical 

simulation result with a fixed contact angle 55°. This image indicates that even though the moving 

speed did not start from the lowest speed, the rate-independent capillary force hysteresis 

phenomenon can still be observed. This experiment proves that when liquid viscosity is small, the 

influence of viscous force on capillary force hysteresis is negligible.  

           

                (a)                                (b) 

Figure 4.7 (a) the capillary force hysteresis at various speeds; (b) the dimensionless capillary 

force hysteresis at the speed of 0.01 mm/s. 

The main contribution of this subsection is that the capillary force hysteresis arising from the pure 

water has been obtained. Different volumes of liquid bridges have been tested to explore the effect 

of volume on the capillary force. The experimental results indicate that the volume has positive 

correlation with the capillary force. Moreover, the capillary force hysteresis can be 

dimensionalized to eliminate the influence of volume. The dimensionless capillary force 

displacement curves not only overlap with each other but also have good accordance with the 

analytical simulation results. Furthermore, the liquid bridge which moves at different speeds are 

also presented to illustrate the viscous force is negligible when liquid viscosity is so small. 

Furthermore, the dimensionless capillary force-displacement has a good agreement with the 

analytical simulation results when the viscous force does not need to be considered.   
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4.4.2 Comparison between experiments and analytical model 

In this subsection, the comparison between experimental results and the analytical model 

predictions under the quasi-static condition has been made.  

The capillary force hysteresis from another experiment has been shown in Fig. 4.8 (a). The volume 

of the droplet is 0.01 ml. The moving speeds of the plate are: 0.04 mm/s, 0.06 mm/s and 0.08 mm/s. 

The capillary force hysteresis at various speeds overlap well with each other and the reason for 

this phenomenon is that the viscosity of the pure water is so small that the influence of the viscosity 

is not obvious at the low moving speeds. The comparison between the dimensionless capillary 

force hysteresis and the numerical simulations are presented in Fig. 4.8 (b). According to the 

experimental images, the receding and the advancing angles in the experiments are 55° and 80° 

respectively. Thus, in the Surface Evolver, the contact angles are fixed as 55° and 80° in the 

extension and compression processes correspondently. The upper branch of the solid pink line is 

the simulation result in the extension process and it has good accordance to the capillary force in 

the extension process. The lower branch of the solid pink line is the simulation result in the 

compression process and it overlaps well with the experimental capillary force in the compression 

process. Furthermore, the contact angle and the contact radius hysteresis from this experiment are 

also recorded by camera. By using the image treatment method, the contact angle hysteresis and 

the contact radius hysteresis are presented in Fig. 4.9.  

 

                 (a)                               (b) 

Figure 4.8 (a) the capillary force hysteresis at the speed of 0.04 mm/s, 0.06 mm/s and 0.08 

mm/s; (b) the dimensionless capillary force hysteresis and the numerical simulations.  
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Fig. 4.9 (a) and (d) illustrate that both the circle model and the parabolic model can predict the 

capillary force hysteresis when liquid bridge is under the quasi-static condition but the capillary 

force calculated from the circle model at the height of 𝑥 =
ℎ

2
 is the closest one to the experimental 

results. (b) and (e) show the comparison between the results from the two models and the 

experiments in terms of the contact angle hysteresis, and (c) and (f) illustrate the comparison in 

terms of the contact radius hysteresis. The solid yellow lines are all from the model calculation 

while the blue, red and black points are all from the experimental image processing. The four 

stages in the hysteresis are clearly presented in the images. In the stage ①, the contact angle 

decreases while the contact radius keeps constant. In the stage ②, the contact radius begins to slip 

inward when contact angle reaches the receding angle 57°. In the stage ③, the liquid bridge is 

being compressed. The contact angle increases in this stage while the contact radius is constant. In 

the final stage ④, the plate moves back to the original height. The contact radius slips outward 

when the contact angle reaches the advancing angle 80°. This process is the same as shown by 

Willett et al. (2003) (Fig. 4.3).  

The quasi-static contact angle hysteresis can be explained from pressure difference. In the 

extension process, the pressure in the meniscus decreases. Thus, the meniscus changes its 

curvature to compensate the reduction of pressure and the contact angle decreases as a result. The 

meniscus does not slip inward until a critical pressure and a corresponding critical receding angle, 

𝜃rec , is reached. The pressure in the meniscus increases in the compression process. At the 

beginning, the meniscus does not move but changes its curvature to compensate for the excess 

pressure and, as a consequence, the contact angle increases accordingly till the critical advancing 

angle, 𝜃adv, is reached. After further compression, the pressure in the meniscus keeps increasing 

but meniscus curvature cannot change through increasing the value of contact angles. 

Consequently, the meniscus slips outward. This interpretation can qualitatively explain the quasi-

static contact angle hysteresis between smooth, homogeneous glass plates.  

The implication of the quasi-static analytical model is that it can be useful to study the wetting and 

drying processes of wet granular materials. Compared with the cohesion in dry granular materials 

which are dominated by the van der Walls interactions when two grains have close contact, the 

cohesion from the liquid bridges plays a significant role in the wet granular materials. As shown 

in Fig. 4.9, the maximal capillary force always occurs in the extension process, where the contact 
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point begins to slip inside when the liquid bridge reaches the receding angle (the end of stage ①). 

Furthermore, the minimal capillary force always occurs in the compression process, where the 

contact point begins to slip outward when the liquid bridge reaches the advancing angle (the end 

of stage ③). In the wetting and drying processes of the granular materials, the volume of the liquid 

bridge between grains experiences increasing and decreasing correspondently. It can be speculated 

that in the wetting process when volume of the liquid bridge increases, the contact angle increases 

and then contact point slips outward. In the drying process when volume of the liquid bridge 

decreases, the contact angle decreases and then contact point slips inward. Therefore, in the drying 

process of wet granular materials, the cohesions between grain arrives the peak when the contact 

angle between grains reaches the receding angle but the contact point is still pinned. In the wetting 

process, the cohesion becomes the weakest when the contact angle reaches the advancing angle 

and the contact point starts to slip outward. Researchers developed a numerical model of water 

flow and its retention hysteresis with the aid of discrete element method (DEM) techniques to 

describe the capillary interactions at different conditions of water saturation [39]. However, in 

their simulation, the contact angle is always fixed at a certain receding angle and an advancing 

angle during the whole wetting and drying process, which may not reflect the physics at the scale 

of capillary bridges. The analytical model provides four stages in the contact angle and contact 

radius hysteresis, which can help to improve the accuracy of the description of the evolution in the 

simulation. 

The main contribution of this subsection is that the analytical models based on the liquid bridge 

geometries have been established and calculated. The results from the circle and the parabolic 

models have been compared to and show good accordance with the experimental data. The 

comparison results prove that both the circle and parabolic analytical models can well predict the 

liquid bridge hysteresis when plates move at very low speeds. The analytical model can help us to 

predict how the capillary force, the contact angle and the contact radius will change in the 

extension and compression processes under the quasi-static condition. 
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(a) (b) (c) 

   
(d) (e) (f) 

Figure 4.9 The comparison between the experimental results and the analytical model predictions (the left row is the circle model 

and the right row is the parabolic model). (a) and (d): the capillary force hysteresis; (b) and (e): the contact angle hysteresis; (c) 

and (f): the contact radius hysteresis. 
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4.5 Summary 

In this chapter, the behaviour of the liquid bridge of pure water moves at various speeds in the 

extension and compression processes has been investigated. During these processes, the liquid 

bridge is assumed to have four stages. In the extension process, the liquid bridge is firstly pinned 

with the constant contact radius and then slips inward with the receding angle. In the compression 

process, the liquid bridge is pinned again and slips outward when the advancing angle is reached. 

The capillary force and the contact angle hysteresis have been experimentally obtained. The 

experiments illustrate that the capillary force has positive correlation with the volume of the liquid 

bridge but is influenced little by the various moving speeds of the plates. Furthermore, the 

influence of different volume can be eliminated by using the normalisation method and 

consequently, the dimensionless capillary force-displacement curves from different volumes can 

overlap with each other and they can also be compared to and showed good accordance with the 

numerical simulation results given contact angles.  

The circular and parabolic functions have been established to fit the meniscus curve of the liquid 

bridge and consequently, two analytical models have been put forward to simulate the contact 

angle and the contact radius hysteresis under the quasi-static condition. The comparison between 

the results from the analytical models and the experiments indicate that both of these two models 

can well predict the evolution of the capillary force, the contact angle and the contact radius in the 

extension and compression processes. Overall, the analytical models proposed only base on the 

deformation of the liquid bridge geometry and can describe the changing process of the liquid 

bridge between two parallel plates. As the influence of viscosity on liquid properties is huge, the 

rate-effect on the behaviour of liquid bridges is discussed in Chapter 5. 
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Chapter 5 Dynamic behaviour of liquid bridge 

In dynamic regime, deformation rates of liquid bridges introduced varied shear rates in the fluids, 

causing the viscous flow. As a result, the viscous force and geometry of liquid bridges may be 

changed. Dynamic capillary rise experiments in tubes haven been studied in the early 20th century 

[129]. Most of the studies focus on the dynamic contact angle in the tubes when the tubes move at 

high speeds [130-135]. However, the behaviour of contact angle hysteresis when liquid bridge 

moves at vertical direction has not been studied until the recent ten years [26, 125, 136]. The 

behaviour of contact angle under dynamic condition has not been fully explained. In Chapter 4, 

we discussed the behaviour of liquid bridges under quasi-static condition. The purpose of Chapter 

5 is to experimentally describe the dynamic behaviour of liquid bridges and provide an empirical 

model to predict the dynamic properties of liquid bridges between two parallel plates. Our detailed 

objectives are to: (1) discover the rate-effect on force-displacement and contact angle hysteresis; 

(2) develop the dynamic analytical model.  

This chapter begins with an interpretation of the viscous force and capillary force in order to 

provide a general understanding of how the total force changes in the extension and compression 

processes. We used three types of liquids (different viscosity but similar surface tension, see in 

Table 3.2) to test the rate effect on liquid bridges. In the experiments, various velocities have been 

applied between two surfaces. Total force was measured and the liquid profiles were recorded 

when surface moves. After dealing with experimental data, a clear rate-dependency in force-

displacement relationship and contact angle hysteresis were found during both the extension and 

compression processes. Furthermore, the variation of the dynamic contact angle versus moving 

speed was obtained and verified. Through combining the static geometry model (Chapter 4) and 

dynamic contact angle model, the dynamic geometry model was proposed. Finally, the analytical 

results have been compared to the experimental results. Such a geometry model provides a 

straightforward method to calculate the variations of contact angle, contact radius and most 

importantly, the total force in the hysteresis under different deformation speeds.  

5.1 Measured total force and contact angle 

When two surfaces are extend or compressed, the capillary force and viscous force are produced 

spontaneously inside the liquid meniscus. When separating two bodies within a short time, viscous 



49 

 

force occurs due to the viscous flow in the liquid. The schematic of separation of glass plates is 

shown in Fig. 2.5. The viscous force is provided in Eq. (2.11) and the capillary force is provided 

in Eq. (2.8). According to Eq. (2.11), the viscous force is significant when the bridge height is 

short, moving speed is high and viscosity is large. In our experiment system, the displacement 

loading rate 
dℎ

d𝑡
 is the moving speeds of glass plates. The direction of the viscous force is always 

opposite to the moving direction, while the capillary force is always upwards. Thus the total force 

produced from the liquid bridge can be expressed as:  

 𝐹e = 𝐹c + 𝐹v. (5.1) 

The extension and compression processes can be divided into pinning stage and slipping stage, as 

shown in Section 4.2.  

5.1.1 Total force measurement 

In experiments, the moving speed of the linear stage is 0.001 mm/s ~ 5 mm/s for capturing the 

liquid bridge profiles and the speeds are 0.001 mm/s ~ 0.2 mm/s for measuring the experimental 

force. Prior to the experiments, glass plates were cleaned by pure ethanol. In our experiments, we 

ignored the influence of evaporation and regarded the volume of liquid bridge was constant during 

one experiment.  

The results of the total forces measurement at various speeds are shown in Fig. 5.1. (a) and (b) 

(85% glycerol). (c) and (d) are the results from 100% glycerol. The stages ①, ②, ③ and ④ 

represent the four stages of liquid bridge hysteresis. In the ① and ② stages, the liquid bridge is 

extended from the initial height 0.37 mm the final height 0.87 mm. The total force increases in the 

stage ①, reaching the peak and gradually decreases in the stage ②. In the (a) and (c), when the 

loading rate increases from 0.001 mm/s to 0.4 mm/s, the upper branch of the total force becomes 

higher (from dark blue to light blue). The arrow crossing the upper branches clearly indicates that 

the total force becomes bigger at a certain height when a liquid bridge is extended. In the ③ and 

④ stages, the liquid bridge experiences the compression process from 0.87 mm to 0.37 mm. At 

this stage, the total force decreases when the loading rate increases. In Fig. 5.1 (a) and (c), the 

lower branch of the total force decreases gradually from dark blue line to light blue line when the 

compression speeds increases from 0.001 mm/s to 0.2 mm/s. The arrow in the lower branch 
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indicates the changing trend. Furthermore, in Fig. 5.1 (a) and (c), the total force increases in the 

compression process (stage ④) at the speed of v=0.001 mm/s with the decrease of displacement 

while the total force starts to decrease and even becomes flat when the moving speeds increase 

gradually to 0.4 mm/s (from dark blue points to light blue points). It can be explained that the 

viscous force, 𝐹v = −
3𝜋𝜂

2ℎ3
𝑟4

dℎ

d𝑡
, increased sharply with the decrease of plate displacement. It 

becomes very large at the end of stage ④. As the total force is the sum of capillary force and 

viscous force, the total force decreases remarkably when the plate moving speeds increase. 

Fig. 5.1 (b) and (d) present the comparison between the numerical simulation and the experimental 

results in terms of dimensionless force versus height. The numerical simulation was performed by 

the Surface Evolver. The 55° contact angle obtained from experimental images is applied in the 

Surface Evolver and the contact angle is fixed in the simulation. As the Surface Evolver obtains 

the capillary force from calculating the derivative of surface energy with respect to height, the 

liquid bridge is always in the static condition. Thus, the numerical results should compare to the 

experimental results when the loading rate is infinitively small. However, the v=0 loading rate 

cannot be achieved in the experiments because the lowest speed of our system is 0.001 mm/s. In 

this situation, we regard the liquid bridge at a moving speed of v=0.001 mm/s as the quasi-static 

condition. The simulation results are the red lines in Fig. 5.1 (b) and (d). The dark blue points are 

the dimensionless force-displacement which was derived from the results in images (a) and (b). 

The dimensionless equations are from Eq. (4.12) - (4.15) [128]. The blue points clearly state that 

the dimensionless force-displacement at v=0.001 mm/s has a good agreement with the numerical 

simulation representing a quasi-static condition. These two figures illustrate that at an extremely 

slow moving speed, the total force can be regarded as equal to the capillary force and the viscous 

force has little influence on liquid bridges in the slipping stage.  

The main contribution of this experiment is that the rate-effect force-displacement hysteresis of 

100% and 85% glycerol are observed when plate moves at the speed of 0.001 mm/s ~ 0.2 mm/s. 

Four stages in the hysteresis are presented. In the quasi-static regime (v=0.001 mm/s), the viscous 

flow in the liquid is slow and the effect of shear rate on liquid bridge is not obvious, thus the 

influence of liquid volume can be eliminated by using the dimensionless equations. Capillary 

forces hysteresis has been measured and in good accordance with the numerical simulation results. 



51 

 

However, when the moving speeds increase, the viscous force becomes large. Consequently, the 

total force increases in the extension process and decreases in the compression process.  

 
         (a)                                (b) 

 
      (c)                                (d) 

Figure 5.1 Total force hysteresis versus height under various speeds when use (a) 85% 

glycerol and (c) 100% glycerol. The comparison of numerical simulation with dimensionless 

total force under the speed of 0.001 mm/s when use (b) 85% glycerol and (d) 100% glycerol. 

5.1.2 Liquid bridge geometry recording 

In order to explore the relationship between dynamic contact angle and moving speeds, a liquid 

bridge was stretched and compressed with the moving speed changing from 0.1 mm/s to 6 mm/s. 

Fig. 5.2 briefly illustrates the change of 100% glycerol be stretched and compressed at various 
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speeds. It presents that the contact angle decreases while the contact radius increases when plates 

move away from each other with the increase of moving speed. 

 

(a)                                (b)                                  (c)                                     (d) 

Figure 5.2 Experimental images of a liquid bridge being extended between two parallel 

plates at the same height: (a) v=0.1 mm/s; (b) v=0.8 mm/s; (c) v=3 mm/s; (d) v=5 mm/s.  

Fig. 5.3 specifically indicates the change of the contact angle and the contact radius hysteresis 

when liquid bridge moves at various speeds. (a) and (c) indicate the dynamic contact angle 

hysteresis and (b) and (d) illustrate the dynamic contact radius hysteresis. The stages ①, ②, ③ 

and ④ represent the four stages of liquid bridge hysteresis. In stage ①, the contact radius is 

pinned and the contact angle changes from the advancing angle to the receding angle. This stage 

is called the pinning stage. In stage ②, contact radius starts to slip inward as the receding angle 

cannot decrease anymore. Stages ③ and ④ are in the compression process. Plate in stage ③ starts 

to move downward. Contact angle gradually increases while the contact radius keeps pinned. 

Liquid meniscus begins to move outward when the contact angle increases to the advancing angle. 

The slipping process happens in stage ④. Overall, the receding angle becomes smaller in the 

extension process and the advancing angle becomes bigger in the compression process (stage ② 

and ④). Correspondently, the minimum contact radius increases while the maximum contact 

radius decreases (stage ① and ③). 



53 

 

 
            (a)                                                         (b) 

 
                            (c)                                (d) 

Figure 5.3 The contact angle hysteresis versus height when use (a) 85% glycerol and (c) 100% 

glycerol and the contact radius hysteresis versus height when use (b) 85% glycerol and (d) 

100% glycerol. 

The quasi-static contact angle hysteresis can be explained qualitatively from pressure difference. 

The dynamic contact angle hysteresis may can be explained from the microscopically 

hydrodynamics. Based on the S shape model which was provided by Starov and Velarde (2009) 

[137, 138].  
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                    (a)                (b) 

Figure 5.4 (a) experimental image of 85% glycerol at v=5 mm/s; (b) liquid profile in a 

capillary [138]. 

As shown in Fig. 5.4 (b), the liquid bridge forming between two substrates can be divided into four 

regions: Region 1 is the macroscopically bridge meniscus; Region 2 is the transition part which 

connects the region 1 and the substrate; Region 3 is the flat equilibrium liquid film and Region 2’ 

is the flow zone inside the transition Region 2. Our experimental image also shows that there is a 

very thin region on the plate when liquid bridge moves at high speed (Fig. 5.4 (a)). The Region 1, 

2, 3 and 2’ are displayed based on the model proposed by Kuchin and Starov (2016) [138]. In the 

case of compression process, the pressure in meniscus increases and the pressure difference 

between liquid and air changes correspondently in the region 1. However, the pressure difference 

keeps as the initial pressure difference in the thin film Region 3. The role of the Region 2 is the 

transition area. In this area, pressure difference changes gradually from thin film Region 3 to 

sphere meniscus Region 1 and consequently, flow zone occurs in the transition Region 2. As the 

change of pressure causes flow in the fluid and pressure equilibrium causes no flow, the flow speed 

in the spherical meniscus Region 1 is very high when the plates speed is high. However, as the 

pressure difference in the thin film Region 3 keeps constant, flow does not occur in this thin area. 

Thus, the flow speed in the transition Region 2 decreases sharply from the fast flow to almost zero. 

Therefore, the viscous resistance in the flow zone area 2’ is very high and the meniscus curvature 

becomes smaller and consequently, the contact angle becomes larger. In the extension process, 

there is also a zone of flow in the transition region if the plate moves downward with different 

speeds. As in the previous case, the viscous resistance in this region is very high and the meniscus 

curvature becomes bigger, the contact angle becomes smaller accordingly. The above 
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interpretation qualitatively explain the reason why contact angle changes when external speeds 

increases.  

The stretching experiments below are about the liquid bridge stretched by two plates till it breaks. 

The purpose of the stretching experiments is to capture how liquid bridge changes in the whole 

stretching process. The change of liquid bridge geometries are plotted in Fig. 5.5. We used three 

liquids: the first row is from water, the second and third rows are from 85% glycerol and 100% 

glycerol, respectively. The left column is contact angle-displacement curves, the middle column 

is contact radius-displacement curves and the right column is neck radius-displacement curves.  

Fig. 5.5 indicates that a larger moving speed causes the smaller receding angle and the larger 

contact radius. The slope of the neck radius-displacement curves is sharper when moving speed 

increases. Thus, liquid bridge breaks at a lower height. One interesting observation from Fig 5.5 

is that at the end of the stretching stage, after the contact radius decreases to a certain value, the 

contact line stops shrinking and becomes pinned while the contact angle starts to gradually increase 

from the receding angle.  

This phenomenon can always be observed before liquid bridge breaks between two identical 

hydrophilic surfaces (average contact angle smaller than 90°), and it conforms with the observation 

of Qian et al. (2011) [25].  

The main contribution of this experiment is that the dynamic behaviour of liquid bridges has been 

demonstrated. The dynamic contact angle and contact radius hysteresis has been investigated. The 

results indicate that the dynamic receding angle becomes smaller in the extension process and 

becomes bigger in the compression process. The dynamic contact radius changes correspondently. 

The possible reasons for such phenomenon are provided.    
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(a) (b) (c) 

 
(d) (e) (f) 

 
(g) (h) (i) 

Figure 5.5 The stretching experiment results: (1) the dynamic contact angle versus height (a) 

water, (d) 85% glycerol, (g) 100% glycerol; (2) the dynamic contact radius versus height (b) 

water, (e) 85% glycerol, (h) 100% glycerol; (3) the neck radius versus height (c) water, (f) 

85% glycerol, (i) 100% glycerol.  
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5.2 Hysteresis modelling of dynamic responses 

In Section 5.1, we have done experiments to find out the dynamic phenomenon of liquid bridges. 

In Section 5.2, the dynamic contact angle model and dynamic geometry model have been 

established to represent the change of liquid bridge hysteresis under dynamic condition.  

The equilibrium contact angle can be obtained from a balance between the liquid-vapor surface 

tension, 𝛾lv, the solid-vapor surface tension, 𝛾sv , and the liquid-solid surface tension, 𝛾ls. The 

balance of the surface force is given by Young’s equation (Eq. (2.1)).  This equation holds for 

ideal systems in which the solid surface is smooth, homogeneous, and rigid so that there is only 

one equilibrium state characterized by a single contact angle 𝜃Y (Fig. 5.6 (a)).  

 

                                                  (a)                                             (b) 

Figure 5.6 (a) the geometry of Young’s angle; (b) the geometry of advancing and receding 

angle with surface friction. 

The actual situation is quite different in experimental systems because nearly all solid surfaces are 

rough and chemically heterogeneous to some extent. This implies that 𝜃𝑌 is in general not equal 

to the apparent contact angle measured in experiment. Consequently, a direct application of 

Young’s equation is no longer valid in real systems. In addition, due to roughness and chemical 

heterogeneity, most real systems exhibit contact angle hysteresis in which there is a range of 

practically stable apparent contact angles comprised between its lower limit, the receding contact 

angle 𝜃rec and its upper limit given by the advancing contact angle 𝜃adv.  

Several attempts have been made in the past to study drops with contact angle hysteresis in a semi-

empirical way, without entering into the details of its microscopic origin. The pioneering work by 

Adam and Jessop (1925) [72] included an external force in Young’s equation, so that one has the 

following equations (Fig. 5.6 (b)) for an advancing situation: 
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 𝛾sv − 𝛾ls = 𝛾lvcos𝜃adv + 𝑓adv, (5.2) 

and for a receding situation: 

 𝛾sv − 𝛾ls = 𝛾lvcos𝜃rec − 𝑓rec. (5.3) 

In equation (5.2) and (5.3), fadv and frec are friction per unit length (mN/mm), acting on the triple 

contact line with equation intensity for advancing and receding angles.  

Comparing Eq. (5.2) and Eq. (5.3) with Eq. (2.8) we obtain [139]: 

 𝑓adv = 𝛾lv(cos𝜃Y − cos𝜃adv), (5.4) 

and  

 𝑓rec = 𝛾lv(cos𝜃rec − cos𝜃Y). (5.5) 

We assume that the surface friction f is the same on any direction on the surface. Thus we obtain:  

 𝜃Y = arccos (
cos𝜃rec+cos𝜃adv

2
). (5.6) 

So in the static condition, the fadv  and frec can be calculated through the static advancing and 

receding angle when the moving speed is extremely small. However, according to the experiment 

results (Fig. 5.4 and Fig. 5.5), the dynamic contact angle changes when contact radius slip inward 

or outward. Thus, the surface friction in dynamic condition can be expressed by the dynamic 

contact angle: 

 𝑓d = 𝛾lv|cos𝜃d − cos𝜃Y|. (5.7) 

We assume that the relationship between the dynamic friction and the moving speeds is: 

 
𝑓d

𝛾lv
= |cos𝜃d − cos𝜃Y| = 𝐴 × 𝑣

𝐵 + 𝐶, (5.8) 

where 𝑣 is the moving speed of the substrate.  

When 𝑣 = 0, |cos𝜃d − cos𝜃Y| = 𝐶. The physical meaning of 𝐶 is the minimal surface friction 

caused by the change of contact angle when a liquid bridge moves on the surface: 𝐶 =
𝑓static

𝛾
. 
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In then extension process, when 𝑣 = 0, cos𝜃rec − cos𝜃Y = 𝐶. Take C into Eq. (5.8), we have: 

 cos𝜃d − cos𝜃rec = 𝐴 × 𝑣
𝐵. (5.9) 

In the compression process, when v = 0, cosθY − cosθadv = C. Take C into Eq. (5.8), we have: 

 cos𝜃adv − cos𝜃d = 𝐴 × 𝑣𝐵. (5.10) 

In our fitting function, the quasi-static advancing angle and the receding angle are captured from 

the experimental results under the moving speed of 0.002 mm/s. Thus we have: 

 log|cos𝜃d − cos𝜃rec| = 𝐵 × log𝑣 + log𝐴 (5.11) 

If this model can obtain A and B through fitting the change of receding angle versus different 

moving speeds, and capable to predict the dynamic advancing angle, then this dynamic contact 

angle model is usable in our experiments.  

The table below includes the values of receding angle, advancing angle, Young’s angle and static 

friction calculated from experiments by using three liquids. The 𝜃rec and 𝜃adv values are obtained 

from the liquid bridge hysteresis experiments when moving speed is 0.002 mm/s. The 𝜃Y  is 

calculated from Eq. (5.6). The static friction 𝑓static is calculated from Eq. 5.7. The parameters A 

and B are from the fitting function results.  

Table 5.1 The key values of three liquids. 

Liquids 𝜃rec 𝜃adv 𝜃Y 
𝑓static  

(mN/mm) 

Fitting function 

A B 

Water 44.3°±1.06° 75.81°±1.58° 61.28°±0.9° 0.011±0.0011 0.092 0.138 

85% 

glycerol 
46.18°±1.67° 72.30°±4.89° 60.11°±2.48° 0.0142±0.061 0.176 0.137 

100% 

glycerol 
56.14°±1.23° 65.80°±4.09° 61.08°±2.03° 0.0127±0.069 0.315 0.133 

 

Fig. 5.7 presents the dynamic receding angles at different speeds when three liquids are used. In 

these experiments, different liquid volumes have been tested. The volume change is in the range 

of 0.01 ml to 0.02 ml and the specific volume can be found in the legend in each graph. It roughly 
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represent that the change of dynamic contact angle has the same tendency in this volume range. 

Generally, different volumes of liquid bridges have different shear stress when they move at a 

certain speed. However, in our experiments, as the volume range is not huge, the liquid volume is 

regarded to have little influence on the contct angle. In Fig. 5.7 (a), (c) and (e), each receding angle 

is the mean value when liquid bridge reaches receding angle. The error bar of each receding angle 

is from the fluctutate of receding angle masurement. The Fig. 5.7 (b), (d) and (f) are the relationship 

between cos𝜃d − cos𝜃rec and 𝑣 in the log-log axis. 𝜃d  here means the mean value of dynamic 

receding angle. Power curves are fitted and specific fitting function parametters can be found in 

Table 5.1. The slop of the fitting line for three liquids in the log-log axis are around 0.13, which 

means the shear stress has quite significant influence for all these three liquids. When liquid bridge 

displacement increases, the meniscus curvature changes and the pressure difference changes 

correspondently. As a result, the flow occurs in the liquid. Even though the viscosity of water is 

small compared to glycerol, the rate-effect on contact angle from water still cannot be ignored if 

the moving speeds are large. Moreover, the fitting functions go through majority of the error bars 

which means they fit well in all the experimental results. 

The fitting functions which we fitted are from the dynamic receding angles. In order to validate 

this model, dynamic advancing angle needs to be calculated through using Eq. 5.9 (cos𝜃d −

cos𝜃adv = 𝐴 × 𝑣
𝐵), combing with the parameters A and B from Table 5.1. Afterwards, compare 

the prediction results to the experimental advancing angles. Figure 5.8 indicates the prediction 

results (upper branches, solid and dash blue lines) and the experimental results (upper branches, 

points with error bar) from (a) 100% glycerol and (b) 85% glycerol.  

In Fig. 5.8, the blue solid line on the upper brunch is calculated by the fitting function. For example, 

in 100% glycerol, the dynamic advancing angle can be calculated by: cos65.8° − cos𝜃adv =

0.3147 × 𝑣0.1332. The upper two blue dashed lines are the error bars. They mean the possible 

maximal advancing angles and possible minimal advancing angles. The results state that the 

experimental advancing angles almost all locate in this prediction area, which means the dynamic 

contact angle model can well predict the change of contact angle under the dynamic condition. 
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                     (a)                              (b) 

 
                       (c)                               (d) 

 
                       (e)                               (f) 

Figure 5.7 The change of contact angle under different speeds when using three liquids: (a) 

and (b) are 100% glycerol; (c) and (d) are 85% glycerol; (e) and (f) are pure water. 
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         (a) (b) 

Figure 5.8 Dynamic contact angle fitting curves (solid black lines and dashed black lines) 

and the predictions (solid blue lines and dashed blue lines): (a) 100% glycerol; (b) 85% 

glycerol. 

The changes of contact angle versus capillary number from the liquids of 100% glycerol, 85% 

glycerol and pure water are plotted in Fig. 5.9. The change of contact angle is calculated by 

|cos𝜃d − cos𝜃rec| and |cos𝜃adv − cos𝜃d|. The capillary number is a dimensionless parameter 

presents the relative effect of viscous force versus surface tension acting across an interface 

between the liquid and the gas. The capillary number can be expressed as: 

 Ca =
𝑣𝜂

𝛾
, (5.12) 

where 𝑣 is the speed of the plate, η and γ are the viscosity and the surface tension of the liquid 

respectively.    

The solid points mean the Δcos𝜃 = cos(𝜃d) − cos (𝜃rec) from the three liquids while the circle 

points mean the Δcos𝜃 = cos(𝜃adv) − cos (𝜃d). The results from Fig. 5.9 indicate that Δ𝑐𝑜𝑠𝜃 

versus Ca from different liquids has the similar trending and the fitting function for all the points 

are presented in the graph. Fig. 5.9 indicates that the change of advancing angle and receding angle 

in the dynamic regime rom the three liquids is continuous. 
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Figure 5.9 The change of contact angle under different speeds when three liquids are 

tested.  

The main contribution of this subsection is that an empirical dynamic contact angle model has 

been established. In the previous research, majority of the experiments are focus on the capillary 

rise in a vertical tube or the movement of a droplet on the surface. In those experiments, the motor 

direction of the external speed is the same as the contact line motor direction. Consequently, 

massive attention has been paid on the relationship between dynamic contact angle and contact 

line speeds [140, 141]. However, not many people focus on the experiments which liquid bridge 

is compressed or stretched by vertical external speeds. Thus, it is of great significance to explore 

the relationship between dynamic contact angle and vertical moving speeds. From our work, an 

empirical model has been established which can particularly fit the change of contact angle versus 

moving speeds. Furthermore, this empirical model can predict the dynamic advancing angle and 

it is capable to predict the change of contact angle in the moving process.   

Numerical examples 

The empirical dynamic contact angle model can predict the deformation of contact angle under a 

certain speed. Combining the quasi-static analytical model and the empirical dynamic contact 

angle model together, the dynamic hysteresis model can be established. Here, the liquid bridge 

hysteresis was calculated as an example (Fig. 5.10). The volume of the droplet is 0.0105 ml, the 

initial height is 0.812 mm and the final height is 2.85 mm. According to the fitting function in 

Table 5.1, the dynamic advancing contact angle can be calculated. The contact radius can also be 
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obtained through Eq. (4.3) and (4.7). The geometries results are shown in Fig. 5.10 (a) and (b). 

The Fig. 5.10 (c) is the total force versus height at different speeds. The specific function can be 

found in Eq. (2.8), (2.11) and (5.1). 

 
(a) (b) (c) 

Figure 5.10 (a) dynamic contact angle hysteresis model results; (b) dynamic contact radius 

hysteresis model results; (c) total force hysteresis model results. 

The four stages in the hysteresis process are presented in Fig. 5.10. The stage ① is the pinning 

stage, where the contact angle decreases from dynamic advancing angle to dynamic receding angle 

while the contact radius keeps still. As the meniscus total force is the sum of capillary force and 

viscous force, it becomes bigger when moving speed increases. The total force increases from solid 

blue line to solid pink line (Fig. 5.10 (c)). In stage ②, liquid bridge begins to slip inside with a 

dynamic receding angle, where the dynamic receding angle keeps unchanged while the contact 

radius slips inward. With the increase of bridge height, the viscous force decreases sharply, which 

causes the solid lines in stage ② are getting closer. In stage ③, the contact point is pinned, where 

the contact radius keeps constant while the contact angle is increasing. In stage ④, liquid bridge 

begins to slip outward when the contact angle reaches the advancing angle and cannot increase 

anymore. In both the ③ and ④ stages, as the total force is the subtraction of viscous force from 

the capillary force, the total force is getting smaller with the speeds increase. And it explains why 

total force decreases from solid blue line to solid pink line in stage ④. 
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5.3 The comparison of experiments with dynamic model 

The comparison of the results from the dynamic liquid bridge hysteresis and experiments has been 

made in this section. In order to have a clear view of rate-effect on liquid bridges, we extracted 

part of the experimental results from Fig. 5.3 (c) and (d). The speeds were chosen from 0.1 mm/s, 

0.4 mm/s, 1 mm/s, 2 mm/s and 4 mm/s. All the initial parameters which the model needs are the 

same as the experiment: initial height is 0.812 mm; the final height is 2.812 mm, volume of the 

liquid bridge is 0.0105 ml. The comparisons between the experiment and the analytical model are 

illustrated in Fig. 5.11 (a) ~ (e). Each set of the experiment from a fix speed is put separately so 

that the comparisons are more clearly. The first row represents the dynamic contact angle 

hysteresis at five speeds and the second row represents the corresponding dynamic contact radius 

hysteresis.  

Fig. 5.11 illustrates that the dynamic analytical model can predict the change of contact angle and 

contact radius hysteresis, even though it does not perfectly match the experimental results on each 

branch. The contact radius hysteresis predictions are quite good while the contact angle hysteresis 

predictions have some gap between experimental results and model results. The possible reason 

for this gap is that the predicted advancing angle is bigger than the experimental advancing angle 

in Fig. 5.11 (a) and (b), which causes the higher contact angle prediction when liquid bridge is 

pinned during compression process. In Fig. 5.11 (c), (d) and (e), the contact angle predictions have 

a good agreement with experiments but the contact angles increase a bit at the end of extension 

process. The phenomenon can be explained from the break experiments. Higher moving speeds 

results in earlier break of a liquid bridge. At the regime before the bridge breaks, the receding 

contact angle always has an increase (Fig. 5.5 (a), (d) and (g)). Consequently, a liquid bridge which 

moves at a faster speed usually enters an unstable stage earlier than those which moves at a slower 

speed. Thus, the dynamic contact angle which moves at a higher speed always has an augment 

above the receding angle at the end of the extension process. 

The comparison of experimentally captured total forces and model predictions are shown in Fig. 

5.12. In order to have a clear view of the rate-effect on total force-displacement when moving 

speeds increase, five speeds are selected from Fig. 5.1 (c) and made it into Fig 5.12 (a). Beyond 

that, Fig. 5.12 (b) ~ (f) are the comparison results between experiments and model. The contact 
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angle in the model is calculated from the empirical contact angle model based on each moving 

speed. The dynamic receding and advancing angles are presented in each image.   

For each case, the upper branch is the total force-displacement in the extension process and the 

lower branch is the total force-displacement in the compression. The points of five colors are the 

experimental total force-displacement from Fig. 5.12 (a). The solid lines are the results from the 

dynamic model. Comparing each set of results in Fig. 5.12, it clearly states that the model 

prediction have good accordance with the experiments under dynamic condition. 

The main contribution of this section is that the comparison between experiments and dynamic 

models has been made. The results proved that if the basic parameters of the experiments are 

provided, the empirical model can predict the deformation of contact angle under various speeds.  

The dynamic analytical model can predict the contact angle and contact radius hysteresis in the 

extension and compression processes at a certain speed. The basic parameters include: initial and 

final height ℎ, liquid volume 𝑉, static advancing and receding angles 𝜃adv , 𝜃rec. Even though the 

hydrodynamic knowledge has not be considered in our model, the analytical model can describe 

the deformation of liquid bridge geometries though considering the evolution of meniscus 

curvatures and the dynamic contact angle, which is very easy and convenient to use. 
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(a) (b) (c) (d) (e) 

     

(f) (g) (h) (i) (j) 

Figure 5.11 the comparison liquid bridge profile between the experiments and the geometry model under different speeds. (a) ~ (e): dynamic 

contact angle hysteresis; (f) ~ (j): dynamic contact radius hysteresis. 
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(a) (b) 

 
(c) (d) 

 
(e) (f) 

Figure 5.12 (a) total force versus height under different speeds when using 100% glycerol;      

(b) ~ (f) the comparison between experimental results and geometry model. 
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5.4 Summary 

This chapter discussed the dynamic liquid bridge behaviour between two parallel glass plates. The 

phenomenon of rate-effects on force-displacement and contact angle hysteresis has been presented. 

Models have been established to describe and predict the observed experimental results. When 

moving speed is slow enough, the liquid bridge can be regarded as quasi-static response. With the 

increase of moving speeds, experimental results illustrated that the total force has an augment in 

the extension process while has a striking reduction in the compression process. Furthermore, the 

rate-effect on contact angle hysteresis has been observed: faster moving speed results in smaller 

receding angles in extension process and bigger advancing angles in compression process.  

This chapter has also presented an empirical dynamic contact angle model from the views of 

surface friction and Young’s equation. This empirical model links the contact angle and the 

moving speed without considering the internal hydrodynamic flow and contact line speed. This 

model can fit the change of dynamic contact angle at various speeds and it can predict the dynamic 

advancing angle in the compression process. Furthermore, this empirical model has been 

introduced into the static hysteresis model to predict the liquid bridge hysteresis under dynamic 

conditions. Finally, the dynamic contact angle hysteresis and contact radius hysteresis from the 

dynamic analytical model have been compared to the experiments and the results are in a good 

accordance with experiments. 

This chapter expanded the liquid bridge experiments from a relatively ideal situation (the quasi-

static condition) to a more general situation (dynamic conditions). The work in Chapter 4 and 5 

demonstrates that the analytical model can describe the behaviour of liquid bridges in both the 

quasi-static and dynamic conditions. Since these two chapters discussed the liquid bridge between 

two parallel plates, liquid bridges forming between various substrates and surfaces are discussed 

in the next chapter. 
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Chapter 6 Liquid bridge between various substrates 

Surface roughness and curvatures will critically influence the capillary force [142]. To describe 

the velocity dependence of friction forces, Riedo et al. (2004) [143] took roughness into account 

simply by assuming that liquid bridges form at a number of asperities. Butt (2008) [96] studied the 

influence of roughness with an asperity distribution function on the capillary bridges. In his studies, 

the capillary force between two rough spheres becomes smaller when the surface roughness 

increases. McFarlane and Tabor (1950) [23] discussed the effects of surface roughness, surface 

tension, viscosity, and thickness of the liquid bridge when a liquid bridge forms between a sphere 

and a plate.  

The force exerted by a liquid bridge between non-planar substrates, e.g., two spheres or a sphere 

and a plate has been studied [21, 22, 27, 101]. However, all these studies did not focus on the 

continuous change of contact angle during the cyclic process and a fixed contact angle is usually 

provided to calculate the capillary force in the formulas.  

The aim of this chapter is to: (1) preliminary investigate the behaviour of liquid bridges between 

rough surface and qualitatively analysis the relationship between surface roughness and the change 

of the capillary force as well as the contact angle; (2) study the capillary force and the contact 

angle hysteresis when a liquid bridge forms between two identical spheres or a sphere and a plate, 

and apply the analytical model proposed in Chapter 4 into these experimental conditions. This 

chapter is organised as follows: the experiments of liquid bridges between rough surfaces are 

introduced in Section 6.1 and Section 6.2 contains the experiments of liquid bridge between two 

identical spheres. Section 6.3 includes the experiments of liquid bridges between a sphere and a 

plate.  

6.1 Liquid bridge between rough surfaces  

The aim of this section is to investigate the influence of surface roughness on the behaviour of 

liquid bridges. In this section, parallel aluminum plates with different surface roughness are used 

to test the capillary force and the contact angle hysteresis with different loading speeds.   
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6.1.1 Surface characteristic  

Considering a liquid droplet on a perfectly flat substrate, the droplet will form a spherical cup with 

the contact angle. The same liquid droplet on a nominal flat surface with surface roughness is 

considered here. If the liquid makes complete contact at the droplet substrate interface (the Wenzel 

model), then 𝛾sv
∗ = 𝑟𝛾sv and 𝛾sl

∗ = 𝑟𝛾sl where 𝑟 = 𝐴tot/𝐴0 is the ratio of the total surface area of 

the substrate surface to the substrate surface area projected on the horizontal plane. Thus in the 

Wenzel model assumption, the Young’s equation modified into [93]: 

 cos𝜃0
w = 𝑟cos𝜃Y. (6.1) 

The Wenzel model indicates that when r increases, the contact angle on the rough surface decreases. 

It should be noted that the Wenzel’s formula describes the droplet totally wet the grooves on the 

surface. The droplet located on the surface like this is called “Wenzel drop”. However, the other 

important theory produced by Cassie (1948) is based on the hypothesis that a composite surface is 

produced between a liquid and a rough surface [98]: 

 cos𝜃0
c = −1 + 𝜑s(cos𝜃Y + 1). (6.2) 

A composite surface is produced when a liquid does not fill the depressions of a surface but instead 

traps air under it. The apparent contact angle sitting on the roughness peaks is called the “Cassie 

drop”. It is known from the previous experiments that the Cassie drop has less contact angle 

hysteresis on the surface compared to the Wenzel drop. In Ref [89], the Cassie drop has a clear 

contact angle hysteresis on the rough surface with respect to the change of droplet volume. The 

augment of droplet volume results in the increase of droplet radius. However, the Wenzel drop 

does not have a constant advancing or receding angle in the contact angle hysteresis with the 

increase or decrease of the droplet volume.  

Fig. 6.1 represents the surface of each aluminum sample. The samples are round disks (aluminum 

alloy 5005), with diameters of 25 mm. For each individual sample, both the top and bottom 

surfaces were subjected to the same treatment using standard polishing and sand blasting 

procedures. The average diameters of the two selected groups of glass beads used in blasting 

treatments were 50 μm and 300 μm. The sand blasting process was conducted for one minute, a 

duration which was sufficient to yield homogeneously and isotopically modified surface features. 
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The sample surfaces were fabricated in such a way that each set of surfaces exhibited a distinct 

combination of surface roughness indicators, namely root mean squared (RMS) roughness and 

fractal dimension. In Fig. 6.1, the surface roughness of each sample increases from Sample (a) to 

(d). The surface roughness of these four samples is shown in Fig. 6.2 [144]. The 𝐴s indicates the 

total surface area and the 𝐴P means the scanned area [144]. Thus, 𝐴s/𝐴P means the same as what 

𝑟 means in Eq. (6.1).  

The contact angles of the droplets on the rough surface are shown in Fig. 6.1. The contact angle is 

calculated using the image processing method. The results indicate that with the increase of surface 

roughness, the contact angles of the droplets do not increase correspondingly. The possible reasons 

may be that the roughness on the surface is not uniformly distributed. Thus, the surface roughness 

𝑟 is not the same everywhere on the sample and the location of the droplet on the surface will have 

notable influence on the contact angle. Another possible reason is that the volume of the droplet 

may be not big enough to deduce the advancing angle. Therefore the contact angle we measured 

may be an apparent angle between the advancing angle and the receding angle.  The third possible 

reason is that we cannot measure the condition between the droplet and the rough surface. 

Consequently, we cannot distinguish whether the droplet on the aluminum plate is the Cassie drop 

or the Wenzel drop. If the droplet is Wenzel drop, the contact angle is not constantly varied with 

the change of droplet volume.  However, the changing speed of the geometries of a droplet on the 

plates has clear relationship with the rough surface. The droplet geometries versus time when 

droplet starts to locate on the plate are presented in Fig. 6.3. 
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(a) (b) (c) (d) 

Figure 6.1 SEM images of aluminum samples with different surface treatment: (a) polishing; 

(b) SMAT using 2 mm-sized steel balls; (c) blasted with 300 μm-sized glass beads; (d) 

blasted with 50 μm-sized glass beads [144]. 

 

Figure 6.2 Calculated surface areas at different scales. The insets show the digitized scans 

used to calculate the surface area for the samples that underwent sand blasting using 50 μm 

-sized glass beads [144]. 

After the droplet is deposited on the sample, the contact angle decreases over time, the droplet 

height decreases while the contact radius increases. The change of contact angle becomes 

negligible when it drops to a certain value. As the experiments have been done within 20 seconds 

since the droplet is deposited on the surface, the evaporation can be ignored during this time. Fig. 

6.3 presents the changes of droplet geometry on four different surfaces over time after the drop. 

The droplet falls gradually at different speeds when it is located on the rough surface. Such 

phenomenon causes the decrease of the contact angle and the droplet height (Fig. 6.3 (a) and (b)) 
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and the increase of the contact radius. The experimental results show that sample a has the lowest 

changing rate while the sample d has the highest changing rate. In general, the surface roughness 

has significant impact on the geometry deformation of a droplet: the rougher the surface is, the 

more change a droplet will be. The possible reason for this phenomenon is that the water will 

firstly be trapped on the surface and then a spherical cup is formed on the surface. Mason et 

al.(1999) observed that when the water content in the granular material is very low, the liquid is 

uniformly distributed at the rough grain surface [118]. When the amount of liquid is large enough, 

liquid bridge will form. The reason for this is due to the surface roughness as well. 

 
(a) (b) (c) 

Figure 6.3 Time evolutions of (a) the contact angle; (b) the droplet height and (c) the contact 

radius. The blue lines present the polished sample; the red lines present the SMAT (2 mm) 

treated sample; the green lines present the glass beads (300 μm) treated sample and the 

yellow lines presents the Glass beads (50 μm) treated sample. 

6.1.2 Experimental results 

The experimental results in the following are from cyclic experiments of liquid bridges.  

(a) Aluminum plates – polished 

The capillary force and the contact angle hysteresis are shown in Fig. 6.4. Fig. 6.4 (a), (b) and (c) 

are the experimental results of capillary force hysteresis with three different volumes: 0.0129 ml, 

0.065 ml and 0.054 ml. The capillary force increases with the augment of liquid bridge volume. 

The moving speeds of the plate change from 0.001 mm/s to 0.1 mm/s. The liquid in this experiment 

is pure water. It can be seen that the shape of the capillary force hysteresis is quite similar to the 
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one of water between two glasses for the reason that the polished aluminum plates are quite smooth. 

There are four clear stages in the capillary force hysteresis in the cyclic process.  

 
     (a)                               (b) 

 
     (c)                                 (d) 

Figure 6.4 Capillary force and contact angle hysteresis of water between polishing treatment 

aluminum plates: (a) 0.0129 ml; (b) 0.0065 ml; (c) 0.0054 ml; (d) the change of contact angle 

in the extension and compression processes, the speed is 0.001 mm/s. 

Fig. 6.4 (d) presents the contact angle hysteresis under the quasi-static condition (0.001 mm/s). 

Clearly, the contact angle changes from the advancing angle to the receding angle in the extension 

process and increases back to the advancing angle in the compression process. The contact angle 

hysteresis is: 45° ~ 67°. As the viscosity of the water is too small, the rate effect on the force arising 

from the liquid bridge in the cyclic process is not obvious. That is why the capillary force hysteresis 
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under different moving speeds overlaps with each other. This phenomenon is the same as what we 

observed in Chapter 4. 

The dimensionless capillary force versus height and the analytical simulation results are plotted in 

Fig. 6.5. By using the Eq. (4.12) – (4.15), the influence of volume can be eliminated. The receding 

angle is obtained from the images of the experiments (Fig. 6.4 (d)) and is fixed as 50° in the 

simulation software. In Fig. 6.5, the blue points represent the dimensionless capillary force-

displacement from three volumes and the red solid lines are the simulation results. As the volume 

of each liquid bridge is different and the initial height is various, it is clearer to separate the three 

droplets into three images. The simulation results agree well with the experimental results under 

the quasi-static condition.  

 
(a) (b) (c) 

Figure 6.5 The comparison of dimensionless force versus height with the simulation results: 

(a) 0.0129 ml; (b) 0.0065 ml; (c) 0.0054 ml. The plate moving speed is 0.001 mm/s. 

(b) Aluminum plates - SMAT treatment 

Fig. 6.6 represents the capillary force and the contact angle hysteresis between this pair of 

aluminum plates. Three kinds of volumes are tested: 0.0052 ml, 0.00312 ml, and 0.0021 ml. The 

speeds change from 0.002 mm/s to 0.1 mm/s. Pure water is tested in these experiments. Although 

the volumes of liquid in (b) and (c) are smaller than the one in (a), the capillary force is even higher. 

This is because the initial heights of the (b) and (c) are smaller (≈0.25 mm and 0.17 mm 

respectively) than the one in (a) (≈0.31 mm). Thus, the initial height is also an important parameter 

in determining the capillary force. 
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The capillary force hysteresis from this pair of aluminum samples is quite different from the one 

of the last pair of polished samples. The capillary force in the extension process tends to sharply 

increases at the beginning and gradually decreases until the minimum capillary force has been 

reached at the final height. In the compression process, the overall tendency of the capillary force 

is decreasing when the plate moves back to the initial height. This phenomenon can be explained 

as the advancing angle of approximately 90° in the compression process leads to the decrease of 

the capillary force. The contact angle hysteresis in this pair of samples is 34° ~ 77°.  

 
          (a)                                (b) 

 
        (c)                                (d) 

Figure 6.6 The three different volumes of water between sample b aluminum plates: (a) 

0.0052 ml; (b) 0.00312 ml; (c) 0.0021 ml; (d) the change of contact angle in the extension 

and compression processes from the first pair of plates. The speed is 0.002 mm/s. 
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The dimensionless capillary force versus height and the analytical simulation results are plotted in 

Fig. 6.7. The contact angle is fixed as 40° in the simulation software and this value is obtained 

from Fig. 6.6 (d). The comparison indicates that the simulation results agree well with the 

experimental results under the quasi-static condition.  

 
(a) (b) (c) 

Figure 6.7 The comparison of dimensionless force versus height with the simulation results: 

(a) volume=0.0052 ml; (b) volume=0.00312 ml; (c) volume=0.0021 ml. The moving speed 

of the plate is 0.002 mm/s. 

(c) Aluminum plates - glass beads (0.3 mm) treatment 

Fig. 6.8 represents the capillary force and the contact angle hysteresis when liquid bridge forms 

between this pair of plates at various speeds. The three volumes are: 0.0122 ml, 0.0087 ml and 

0.0065 ml. The speeds change from 0.002 mm/s to 0.1 mm/s. As the initial height can influence 

the capillary force, the smaller volume of liquid bridge does not necessarily mean smaller force. 

That is why the capillary force arising from the 0.0087 ml liquid bridge is bigger than the capillary 

force arising from the 0.0122 ml liquid bridge. In the compression process, the capillary force 

decreases sharply and reaches below zero when the liquid bridge almost moves back. This means 

the capillary force changes from the attract force to the repulsive force. This is because the 

advancing angle is above 90°. Consequently, the curve of the liquid bridge profile changes from 

the concave to convex. The contact angle hysteresis in this pair of aluminum plate is 42° to 97°.  
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      (a)                               (b) 

 
     (c)                               (d) 

Figure 6.8 The three different volumes of water between sample b aluminum plates: (a) 

0.0122 ml; (b) 0.0087 ml; (c) 0.0065 ml; (d) the contact angle hysteresis in the extension and 

compression processes from the first pair of experiment. The speed is 0.001 mm/s. 

In Fig. 6.9, the dimensionless capillary force versus height has been plotted. The numerical 

simulation results are shown in red solid lines. The results indicate that under various volumes, the 

capillary force always agrees well with the simulation results when the contact angle is fixed as 

45°. 
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(a) (b) (c) 

Figure 6.9 The comparison of dimensionless force versus height experimental results with 

the simulation results with speed=0.001 mm/s: (a) volume=0.0122 ml; (b) volume=0.0087 

ml; (c) volume=0.0065 ml. 

(d) Aluminum plates - glass beads (0.05 mm) treatment 

Fig. 6.10 represents the results of capillary force and the contact angle hysteresis when water is 

connected by this pair of aluminum plates. The three volumes are: 0.0129 ml, 0.0065 ml and 

0.0054 ml. The capillary force generated in liquid bridge is different correspondingly. The speeds 

change from 0.002 mm/s to 0.1 mm/s.  

The most significant difference between this pair of aluminum plates to the other three pairs is that 

the capillary force and the contact angle hysteresis are very small in this pair. The volumes of 

liquid bridges decrease from (a) to (c) and the capillary force hysteresis becomes smaller 

correspondingly. Fig. 6.10 (d) is the change of the contact angle when plate moves at 0.08 mm/s. 

The result is from the first experiment when the volume of the liquid bridge is 0.0129 ml. Fig. 6.10 

(d) indicates that the contact angle does not have an obvious hysteresis in the extension and 

compression processes. This is the main reason why the capillary force hysteresis in Fig. 6.10 (a), 

(b) and (c) are not obvious.  
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              (a)                             (b) 

 
               (c)                              (d) 

Figure 6.10 Three different volumes of water between No. 1 aluminum plates: (a) 0.0129 ml; 

(b) 0.0065 ml; (c) 0.0054 ml; (d) the change of contact angle in the extension and 

compression process from the first experiment. The speed is 0.008 mm/s. 

Fig. 6.11 represents the comparison between the dimensionless capillary force-displacement and 

the simulation results. The simulation results are the red solid lines and the contact angle in the 

simulation is fixed as 34°.  

 



82 

 

 
(a) (b) (c) 

Figure 6.11 The comparison of dimensionless force versus height experimental results with 

the simulation results: (a) volume=0.01 ml; (b) volume=0.0062 ml; (c) volume=0.0022 ml. 

The moving speed of the plate is 0.001 mm/s. 

Comparing all the four pairs of aluminum plates, it is clear that the capillary force and the contact 

angle hysteresis in the first three pairs are very obvious. The contact angle hysteresis from the 

polished treatment aluminum plates, the aluminum plates under the treatment of 2 mm-sized 

SMAT and the 300 μm-sized glass beads are 45° ~ 67°, 34° ~ 77° and 42° ~ 97° respectively. Thus, 

the contact angle range from the polished treatment is 22° while the contact angle range from the 

sample under the treatment of 2 mm-sized SMAT and the 300 μm-sized glass beads are 43° and 

55° correspondingly. It can be seen that the range of contact angle hysteresis increases with the 

augment of surface roughness. However, the clear contact angle hysteresis is not presented in the 

fourth pair of sample, which is treated by the 50 µm-sized glass beads. The possible reason is that 

the liquid bridge forms between the first three pairs of samples are “Cassie drop”. In the contact 

angle hysteresis of a Cassie drop, the advancing angle and the receding angle have a constant value 

when the contact line of the droplet moves outward (droplet volume increases) or inward (droplet 

volume decreases) respectively [89]. In our experiment, in the extension process, the contact line 

moves inward with a constant receding angle and moves outwards with the constant advancing 

angle. These two phenomena have the same tendency. However, the liquid bridge forms between 

the aluminum plates with the treatment of 50 µm-sized glass beads may be the “Wenzel drop”. He 

et al. (2004) [89] presented that the advancing angle and the receding angle of the  Wenzel drop 

increase with the augment of droplet volume and no constant values are obtained in the 

experiments. In our experiment, the contact angle keeps changing in the extension and 
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compression processes, which is the similar phenomenon as what He et al. (2004) [89] has 

observed. 

This section investigated the behaviour of a droplet located on the aluminum plate surface with 

different surface roughness. The droplet contact angle was measured and the deformation speed of 

the droplet geometry was observed when it deposited on the surface. Experimental results indicate 

that a droplet falls when it deposits on the surface. Moreover, the rougher a surface is, the faster a 

droplet will fall. Consequently, the contact angle and the droplet height decrease while the contact 

radius increases. The possible reason for this is that the water is more likely to be trapped on the 

rough surface and then creates a spherical cup. However, the relationship between the droplet 

contact angle and the surface roughness has not been found and the possible reasons for this may 

be that the roughness is not uniformly distributed and the contact condition between water, air and 

plate cannot be measured in the microscale. Furthermore, the capillary force and the contact angle 

hysteresis of the liquid bridge forming between aluminum plates have been investigated. For all 

the samples, when the plate moving speeds change from 0.002 mm/s to 0.1 mm/s, the rate-

independent capillary force hysteresis is plotted. It is because the viscosity of water is too small to 

be considered. For the samples with the treatments of polishing, 2 mm-sized SMAT and 300 μm-

sized glass beads, the contact angle hysteresis with stable advancing and receding angles are found. 

However, for the sample with the treatment of 50 μm-sized glass beads, the contact angle 

hysteresis is not clear. The reason for this phenomenon may be that the liquid bridge forming 

between the previous three pairs of samples is “Cassie drop” while the liquid bridge forming 

between the fourth pair of sample is “Wenzel drop”. Some researcher have found that Cassie drop, 

which sits on the roughness peak and traps air under it, has the stable advancing and receding 

angles in the hysteresis while the Wenzel drop, which totally wet the rough surface, does not have 

the stable angle in the hysteresis. 

6.2 Liquid bridge between two spheres 

The aim of this section is to study the behaviour of liquid bridges between two spheres. In this 

section, identical spheres has been used to test the capillary force and the contact angle hysteresis 

when a liquid bridge is experiencing extension and compression processes. Three different 

diameters of spheres are used: 20.3 mm, 9.8 mm and 4.8 mm. The sphere is made up of steel 

material and the surface is smooth (with RMS roughness ≈600 mm, measured with scanning of 
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1024×1024 pixels over 1 mm2). Moreover, the sphere analytical model was proposed to predict 

the capillary force and the contact angle hysteresis during the circling process under the quasi-

static condition.  

6.2.1 Analytical calculation of capillary force 

 

(a)                                (b) 

Figure 6.12 The geometry of liquid bridge between two spheres: (a) the concave meniscus; 

(b) the convex meniscus. 

When a liquid bridge forms between two identical spheres, the shape of the meniscus has two 

conditions: concave and convex. It depends on the properties of the materials. The Fig. 6.12 

indicates the geometry of a liquid bridge existing between two equal size spheres with concave 

and convex shapes. Both of these two analytical solutions are proposed by Megias-Alguacil and 

Gauckler (2009, 2010) [145, 146]. Where 𝑅 is the radius of the sphere, 𝐻 is the distance between 

two spheres, 𝐿 is the half length of the liquid bridge neck and 𝑟 is radius of the meniscus. Moreover, 

(𝑥a, 𝑦a) is the abscissa and the coordinate of the connect point between the solid and liquid profile. 

The contact angle between liquid meniscus and the sphere is 𝜃 and the filling angle is α.  

The whole liquid system is put in the x-y axis. In the process of compression and extension, liquid 

bridge meniscus experiences two stages: concave (a) and convex (b). When 𝜃 < 90 ° − 𝛼, the 

meniscus is concave, when 𝜃 > 90 ° − 𝛼, the meniscus is convex. The functions of the liquid 

meniscus are presented below. 

When meniscus is concave, the radius of the meniscus is: 
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𝑟 =
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The volume of the liquid bridge can be expressed as: 
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(6.4) 

When meniscus is convex,   the radius of the meniscus is: 
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(6.5) 

The volume of the liquid bridge can be expressed as: 
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(6.6) 

The neck of liquid bridge is (concave and convex are the same): 

 𝐿 = √𝑅2 − (𝑥a −
𝐻
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Thus, the total capillary force may be expressed as [145]: 

 𝐹𝑐 = 2𝜋𝑅𝛾sin𝛼 sin(𝛼 + 𝜃) − 𝜋𝑅2𝛾(sin𝛼)2 (
1

𝐿
−
1

𝑟
). (6.8) 

6.2.2 Liquid bridge hysteresis model 

In Chapter 4 and 5, the analytical model was established based on the meniscus deformation during 

the extension and compression processes in order to describe the moving process of the liquid 

bridge. The substrates in Chapter 4 and 5 are parallel plates and the liquid bridge forming between 

plates exhibits an axisymmetric geometry. In this experiment, the spheres are identical and the 

system is axisymmetric as well. Thus, the aim of this subsection is to build up the analytical model 
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in the liquid bridge hysteresis in order to describe the change of liquid bridge geometries in the 

circling process. 

 

Figure 6.13 The experimental process of liquid bridge between two spheres. 

Fig. 6.13 presents the profile deformation during the extension process. It is clear that the meniscus 

changes from convex at the beginning to concave at the end. In the liquid bridge hysteresis, there 

are four stages. At the initial height, the liquid meniscus is convex and contact angle reaches 

advancing angle 𝜃adv. When spheres start to move upward, the connect point is pinned, which 

means the filling angle 𝛼 keeps constant at this stage. The contact angle decreases correspondingly 

(pinning stage). When the contact angle reaches the receding angle 𝜃rec, the connect point slips 

inward (receding angle stage). At this time, the contact angle keeps constant while the filling angle 

decreases. In the compression process, the connect point keeps still so the contact angle increases 

gradually. When the contact angle reaches the advancing angle, the connect point slips outward 

until the spheres stop moving. In this stage, the contact angle keeps constant while the filling angle 

increases. 

Based on the four stages of the liquid bridge hysteresis during experiment, the contact angle and 

the filling angle hysteresis processes are divided into four stages (Fig. 6.14) : extension process 

(① and ②) and compression process (③ and ④). The contact angle changes from advancing 

angle to receding angle. The heights change from the initial height (ℎ1) to the final height (ℎ4). 

The filling angle changes correspondently.  
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Figure 6.14 The liquid bridge hysteresis model. 

This analytical model is similar to what we have established in Section 4.2 (Fig. 4.4). The only 

difference is that in the parallel plates experiment, the contact radius has pinning and unpinning 

process. In the identical spheres experiment, the contact point has pinning and unpinning process, 

consequently, the filling angle changes from the maximum to the minimum. 

6.2.3 The comparison of experiments with analytical model 

The experimental results are shown below. Here we represent the experimental capillary force 

displacement curves at the speeds changed from 0.002 mm/s to 0.1 mm/s. Three different sizes of 

spheres are used: 20.3 mm, 9.8 mm and 4.9 mm. In each set of diameter spheres, we used three 

different volumes of droplets to do the experiments. Experimental results from each size of sphere 

are presented below. Furthermore, using the Eq. 6.10 and the geometries of the liquid bridge, the 

capillary force can also be calculated. Furthermore, the capillary force can also be calculated 

through the analytical model we established in the last subsection. The calculation method is 

similar to the method used in Section 4.3.  

According to Eq. 6.6 and 6.8, the volume of the liquid bridge 𝑉 can be expressed by sphere radius 

𝑅, spheres displacement 𝐻, contact point coordinate 𝑥a, liquid bridge neck 𝐿 and meniscus radius 

𝑟. According to Eq. 6.3, 6.5 and 6.7, the liquid bridge neck 𝐿 and the meniscus radius 𝑟 can both 

be expressed by 𝑥a, 𝑅, 𝜃  and 𝐻 . Thus, the liquid bridge volume 𝑉 , can be expressed by four 

important parameters: 𝑥a, 𝑅 , 𝜃 and 𝐻: 𝑉~𝑓(𝑥a, 𝑅, 𝜃, 𝐻). In these four parameters, 𝑅 is known, 

and ℎ1 and ℎ3 are fixed. Moreover, 𝜃rec and 𝜃adv can be obtained through experiments. If 𝑥a is 

known, then 𝑦a can be calculated. As a result, the filling angle can be obtained: 𝛼 = arcsin (
𝑥a

𝑅
). 

In the whole process, the influence of evaporation is not considered. Thus, in our calculation, 𝑉 is 



88 

 

always fixed and constant. In the stage ①, the 𝜃adv and ℎ1 are known, thus 𝛼c can be calculated. 

At the end of stage ①, the 𝜃rec and 𝛼c are known, then ℎ2 can be obtained. Consequently, any 

specific displacement ℎ ∈ (ℎ1, ℎ2) corresponds to a specific contact angle 𝜃 ∈ (𝜃rec, 𝜃adv). In the 

stage ②, the displacement is ℎ ∈ (ℎ2, ℎ3) and 𝜃rec  is known. Then, any specific ℎ ∈ (ℎ2, ℎ3) 

corresponds to a specific α. In the compression process, the calculation method is the same.  

Fig. 6.15, Fig. 6.16 and Fig. 6.17 indicate the capillary force and the geometry changes in the 

extension and compression processes. Three sizes of spheres are used in these experiments. The 

moving speeds of the upper sphere change from 0.002 mm/s to 0.1 mm/s.   

1. Size 1 (diameter=20.3 mm) 

The volume of water is 0.0145 ml. As water is tested in this experiment, the influence of viscosity 

can be neglected with the increase of moving speeds. Fig. 6.15 (a) shows that the capillary forces 

agree with each other when the moving speeds increase. Fig. 6.15 (c) and (d) represent the contact 

angle hysteresis and the filling angle hysteresis at the speed of 0.002 mm/s. Images (c) and (d) 

indicate that there are four stages in the extension and compression processes. The ① and ② 

stages are the extension process and the ③ and ④ stages are the compression processes. In the 

stage ①, the contact angle decreases from the advancing angle (𝜃adv=102°) to the receding angle 

(𝜃rec=33°) while the filling angle keeps constant at 𝛼𝑐=10.09°. In the stage ②, as the receding 

angle is reached and the contact angle stops decreasing. The contact point starts to slip inward, 

with the decrease of the filling angle from 𝛼c=10.09° to 𝛼d=7.3°. In the compression process, the 

contact angle starts to increase from 33° to 102° while the contact point keeps still in the stage ③. 

In the stage ④, the contact point starts to slip outward when the contact angle reaches the 

advancing angle. As a result, the filling angle increases gradually in stage ④. Using the analytical 

model in the last subsection (Fig. 6.14), the contact angle and the filling angle hysteresis calculated 

are shown in the green solid lines (Fig 6.15 (c) and (d)). The results indicate that in the stage ① 

and ③, the gap between modelling and the experimental results are quite large while in the stage 

② and ④, the results agree well with each other. The reason for the gap may be that the contact 

point starts to move inward before the contact angle reaches the receding angle and the contact 

point starts to move outward before the contact angle reaches the advancing angle.  
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(a)                                                                      (b) 

 
(c)                                                                    (d) 

Figure 6.15 (a) the capillary force hysteresis under different speeds; (b) the comparison of 

capillary force between experiment, image calculating and the modelling; (c) the contact 

angle hysteresis at the speed of 0.002 mm/s; (d) the filling angle hysteresis at the speed of 

0.002 mm/s. 

Fig. 6.15 (b) indicates the capillary force hysteresis at the speed of 0.002 mm/s. The pink points 

are from the experimental results. The blue triangle is the calculated force based on the liquid 

bridge geometries obtained from the experimental images. The green solid lines are the computing 

results from the analytical model. The capillary forces from three different methods are compared. 

The comparison between the experimental results and the model calculating results shows that the 

analytical model can well predict the contact angle and the filling angle hysteresis in the extension 

and compression processes.  

2. Size 2 (diameter=9.8 mm) 
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The volume of the liquid bridge is 0.0042 ml. Fig. 6.16 presents the capillary force, the contact 

angle and the filling angle in the extension and compression processes. Comparing to the results 

in size 1, the experiment in size 2 has smaller scale, volume, as well as the capillary force. However, 

the overall tendency of the capillary force and the contact angle hysteresis is similar to the 

experiment in size 1.  

 
(a) (b) 

 
(a) (b) 

Figure 6.16 The capillary force versus height at different speeds when the diameter of the 

sphere is 9.8 mm. 

Fig. 6.16 (c) and (d) present the contact angle and the filling angle hysteresis in the circling process. 

The results state that four stages happen in the circling process. The receding angle is 𝜃rec=48.5° 

and the advancing angle is 𝜃adv=100°. The maximum and minimum filling angle is 𝛼c=16.9° and 

𝛼d=12.6°. 
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The analytical model prediction has been used in this experiment. The green solid lines in Fig. 

6.16 (b), (c) and (d) are the results from the analytical model. The results show that the analytical 

model can predict well the change of contact angle and the filling angle in the whole process. 

Using the geometries of the liquid bridge, the capillary force can be calculated and compared to 

the experimental force. The comparison has been shown in Fig. 6.16 (b). The image indicates the 

predicted force from the analytical model has a good agreement with the experimental force.  

3. Size 3 (diameter=4.8 mm) 

The volume of the droplet is 0.002 ml. The capillary force hysteresis is presented in Fig. 6.17. As 

the liquid volume is very small, the capillary force fluctuates dramatically since the surrounding 

environment has great influences on the liquid bridge. Furthermore, as the droplet and the sphere 

size are pretty small, it is quite hard to control the position of the droplet on the sphere. In this 

experiment, the liquid bridge does not locate at the symmetry axis of two spheres. The change of 

the upper and lower contact angle and the filling angle are not the same. As the assumption of the 

analytical model is based on the axisymmetric geometry, the model cannot predict the results of 

this experiment. If experimental accuracy can be improved in this system, such as the syringe fixed 

at the top of the lower sphere and the air flow around the experiment can be eliminated, then the 

liquid bridge profile in such as small scale can be more axisymmetric.   

 

 

Figure 6.17 The capillary force versus height at different speeds when the diameter of the 

sphere is 4.8 mm. 
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This section investigated the behaviour of a liquid bridge between two identical spheres in the 

extension and compression processes. In the cyclic loading process, the liquid bridge has four 

stages: pinning stage and slipping stage in the extension and compression processes. This 

phenomenon is the same as how a liquid bridge behaves when it forms between two parallel plates, 

shown in Chapter 4.  

The analytical model to describe the liquid bridge hysteresis is established through using the liquid 

bridge profile equations. The comparison results indicate that the analytical model can well predict 

the contact angle and the filling angle hysteresis in the cyclic loading process. More significantly, 

the capillary force hysteresis can also be calculated with considering the contact angle hysteresis. 

The analytical model can predict not only the capillary force and the geometry deformation of 

liquid bridges between two parallel plates under the quasi-static and the dynamic conditions, but 

also the liquid bridges between two spheres.  

6.3 Liquid bridge between a plate and a sphere 

In this experiment, a liquid bridge forms between a sphere and a glass plate. Three sizes of spheres 

are used on the top and the glass plate is fixed on the bottom. The glass plate is the one we used in 

Chapter 4 and 5. Various moving speeds of the upper sphere are loaded on the sphere. The 

experimental results are shown below. 

1. Size 1 (diameter=20.3 mm) 

The 20.3 mm-sized sphere is fixed on the linear stage and the glass plate is deposited on the scale. 

The volume of the liquid bridge is 0.0062 ml. The liquid bridge forms between two substrates and 

different moving speeds are loaded. Fig. 6.18 (a) represents the capillary force hysteresis under 

various moving speeds. In the extension process, the capillary force increases sharply at the 

beginning and gradually decreases when it reaches the peak. In the compression process, the 

capillary force increases a bit and decrease suddenly when the sphere is getting close to the initial 

height. Fig. 6.18 (b) and (c) represent the upper and the lower contact angle hysteresis at the 

moving speeds of 0.005 mm/s. The upper contact angle is the angle between the meniscus and the 

sphere while the lower contact angle is the angle between the meniscus and the plate. Fig. 6.18 (c) 

and (d) present that the range of upper and lower contact angle hysteresis is quite different. For the 

upper contact angle, the hysteresis range is 40° ~ 77°, while for the lower contact angle, the range 
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is 38° ~ 80°. The filling angle hysteresis is shown in Fig. 6.18 (d). The filling angle hysteresis 

describes the movement of the contact point between the meniscus and the sphere.  Fig. 6.18 (b) 

and (d) describes the upper contact point movement in the extension and compression processes. 

The four stages in the circling process are presented as ①, ②, ③ and ④ stages. In the stage ①, 

the contact point keeps still while the contact angle increases. In the stage ②, the contact point 

starts to move inward when the contact angle reaches the advancing angle. When the sphere begins 

to move downward, in the stage ③, the contact point keeps still and the contact angle increases. 

When the contact angle reaches the advancing angle, the contact point starts to move outward.  

The movement of the lower contact point, which connects the meniscus and the plat, is different 

compared to the upper contact point movement. There are still four stages in the circling process: 

①’, ②’, ③’ and ④’. However, the displacement in each stage is different. For example, the 

displacement in stage ③ is 1.1 mm ~ 0.85 mm while the displacement range in stage ③’ is 1.1 

mm ~ 0.49 mm. The reason for this phenomenon is that the sphere and the glass plate are two 

different materials. The receding angle and the advancing angle which forms on different materials 

are different. Consequently, the displacement in each stage for the upper contact angle hysteresis 

is different from that of the lower contact angle hysteresis. 

 
        (a)                               (b) 
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       (c)                                (d) 

Figure 6.18 (a) the capillary force hysteresis at different speeds; (b) upper contact angle 

hysteresis at the speed of 0.005 mm/s; (c) lower contact angle hysteresis at the speed of 0.005 

mm/s; (d) filling contact angle hysteresis at the speed of 0.005 mm/s. 

2. Size 2 (diameter=9.8 mm) 

The liquid bridge hysteresis is tested between the 9.8 mm-sized sphere and the glass plate. The 

results are shown in Fig. 6.19.  

The capillary force hysteresis is presented in Fig. 6.19 (a). It shows that the capillary force overlaps 

with each other when moving speeds increase. Fig. 6.20 (b) and (c) indicate the upper and lower 

contact angle hysteresis and Fig. 6.19 (d) is the filling angle hysteresis. The upper contact angle 

hysteresis is 62° ~ 100° and the lower contact angle hysteresis is 40° ~ 80°. Fig. 6.19 (b) shows 

that the displacement in stage ③ is 1.18 mm ~ 0.9 mm while Fig. 6.19 (c) represents the 

displacement in stage ③’ is 1.18 mm ~ 0.51 mm. Such difference demonstrates that in the 

compression process, when the upper contact angle reaches the advancing angle, the lower contact 

angle is still increasing.   
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             (a)                             (b) 

 
          (c)                              (d) 

Figure 6.19 (a) the capillary force hysteresis at different speeds; (b) upper contact angle 

hysteresis at the speed of 0.005 mm/s; (c) lower contact angle hysteresis at the speed of 0.005 

mm/s; (d) filling contact angle hysteresis at the speed of 0.005 mm/s. 

3. Size 3 (diameter=4.8 mm) 

In this experiment, the 4.8 mm-sized sphere is used to do the circling experiment. The volume of 

the liquid is 0.0047 ml. The experimental results are shown below. The changing rule of the liquid 

bridge hysteresis is similar to the previous experimental results. The upper contact angle hysteresis 

is 41° ~ 93° and the lower contact angle hysteresis is 47° ~ 75°. The filling angle hysteresis is 27.5° 

~ 35°. 
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           (a)                               (b) 

 
         (c)                               (d) 

Figure 6.20 (a) the capillary force hysteresis at different speeds; (b) upper contact angle 

hysteresis at the speed of 0.005 mm/s; (c) lower contact angle hysteresis at the speed of 0.005 

mm/s; (d) filling contact angle hysteresis at the speed of 0.005 mm/s. 

This section investigated the capillary force hysteresis in the extension and compression processes 

and records the contact angle and the filling angle hysteresis at the same time. The experimental 

results indicate that as the liquid bridge geometry is asymmetric and the substrate materials are not 

the same, the upper and the lower contact angle hysteresis are shown to be different. In the 

extension and compression processes, the displacement in each stage from the upper and lower 

contact angle hysteresis is not the same. Furthermore, through this experimental configuration, the 

filling angle hysteresis can be obtained.   
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6.4 Summary 

In this chapter, the extended experiments have been done to test the behaviour of a liquid bridge 

when it forms between various substrates, with various surface roughness and curvatures. When a 

droplet deposits on the rough aluminum plate, it was observed that the droplet falling speeds are 

different: the rougher the surface is, the faster a droplet will fall. As a result, the contact angle 

decreases while the contact radius increases. When a liquid bridge forms between two aluminum 

plates with a given surface roughness, the clear capillary force and the contact angle hysteresis are 

investigated. For the samples under the treatment of polishing, 2 mm-sized SMAT and 300 μm-

sized glass beads, the contact angle hysteresis has stable advancing and receding angles. 

Nevertheless, for the sample under the treatment of 50 μm-sized glass beads, the contact angle 

hysteresis is not clear.  

The capillary force and the contact angle hysteresis are obtained when a liquid bridge forms 

between two identical spheres. The liquid bridge hysteresis has four stages in the extension and 

compression processes. The analytical model was established to describe the contact angle and the 

filling angle hysteresis through using liquid bridge profile equations. The results from the 

analytical model have been compared to the experiments and the results indicate that the analytical 

model can well predict the contact angle and the filling angle hysteresis. Most significantly, the 

capillary force arising from two identical spheres can be calculated.  The results show a good 

agreement with the experimental results. 

The behaviour of a liquid bridge forms between a sphere and a plate has also been tested. The 

results illustrate that the different upper and lower contact angle hysteresis is introduced by using 

different substrate materials and curvatures. In the extension and compression process, even 

though the upper and the lower contact angle hysteresis have four stages, the transitions in each 

stage are different.   
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Chapter 7 Conclusion and future work 

This thesis investigated the behaviour of the liquid bridge between parallel plates or other different 

substrates under the quasi-static and the dynamic conditions. Experiments have been conducted to 

measure the force and the deformation of the liquid bridges considering their hysteresis. An 

analytical model was established to calculate the capillary force and predict the contact angle 

hysteresis in the extension and compression processes under various loading rate. 

1. In the quasi-static regime, capillary force and the contact angle hysteresis have been 

experimentally obtained from the liquid bridge forming between two parallel glass plates. 

Experiments illustrate that the capillary force hysteresis has positive correlation with the liquid 

volume but the influence of different volume can be eliminated by using the normalization 

method. Furthermore, the dimensionless capillary force displacement curves can be compared 

to the simulation results. Two analytical models have been proposed to consider the contact 

angle and the contact radius hysteresis under the quasi-static condition. The model can well 

predict the liquid bridge hysteresis and calculate the capillary force. 

 

2. The rate effects on the liquid bridge have been further explored using liquids having different 

viscosity. With the increase of moving speeds, the phenomenon of rate-effect on force-

displacement relationship has been presented: the total force has an increase in the extension 

process while it has a reduction in the compression process. Furthermore, the rate-effect on 

contact angle hysteresis has been observed: a higher moving speed results in smaller receding 

angles in extension process and larger advancing angles in compression process. Analytical 

models have been established to describe and predict the observed experimental results. An 

empirical contact angle hysteresis model has been proposed from the views of surface friction 

and Young’s equation. This model can reproduce the reduction of the receding angle and can 

predict the dynamic advancing angle at various speeds. Furthermore, the dynamic model has 

been established to predict the deformation of the liquid bridge under dynamic condition. The 

results indicate that the dynamic model have a good agreement with the experimental results. 

However, this dynamic model does not consider the fluid dynamic influence on the liquid 

bridge. Thus, the further modification for this current analytical model is necessary. The 

relationship between the contact point speed and the plate moving speed has not yet been 
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studied. Such relationship can link the dynamic contact angle with the contact point speeds. 

As a result, the dynamic contact angle versus capillary number which is a function of viscosity, 

contact point speed and surface tension can be then established.   

 

3. The behaviour of the liquid bridge between various substrates has been investigated. When a 

liquid bridge forms between two rough aluminum plates under the treatment of polishing, 

SMAT and sand blasting with 300 μm-sized glass beads, the contact angle hysteresis has stable 

advancing and receding angles. Nevertheless, for the aluminum plates under the treatment of 

sand blasting with 50 μm-sized glass beads, the contact angle hysteresis is not clear presented. 

When a liquid bridge forms between two identical spheres, the capillary force and the contact 

angle hysteresis are obtained. Furthermore, the analytical model was established to describe 

the contact angle and the filling angle hysteresis, as well as calculate the capillary force. The 

modelling results have been compared to and show a good agreement with the experimental 

results. When a liquid bridge forms between a sphere and a plate, the upper and lower contact 

angle hysteresis is different. And the displacement in each stage in the extension and 

compression processes is different as well. In these extended experiments, the influence of 

surface roughness on the droplet contact angle and the contact angle hysteresis needs to be 

further studied. As the contact angle hysteresis on the surface under the treatment of 50 μm-

sized glass beads diminishes, the reason for this phenomenon needs to be provided. For the 

cases when the upper and lower contact angle hysteresis is not the same, the current analytical 

model cannot describe this experiment. Thus, a progressive model to describe the liquid bridge 

considering this phenomenon needs to be further established. 

This study provided a comprehensive investigation of the capillary force and the contact angle 

hysteresis under the quasi-static and dynamic conditions. The results achieved from this work can 

be used to model the macro-scale properties of wet granular materials, such as the soil-water 

retention hysteresis under different wetting and drainage rates. Furthermore, the influence of 

temperature can also be considered. Thus, to investigate the hysteresis of contact angle and 

capillary forces of liquid bridge under non-isothermal conditions is a potential research direction 

in the future.  
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Appendix I: Video transfer into frames 

The code in this appendix is worked to transfer the experimental video into frames.  
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%%read the movie 

mov=VideoReader('0.008(2).avi');  

%% obtain movie information 

get(mov);  

nFrames= mov.NumberOfFrames; 

%%name the picture format  

pickind='jpg'; 

%% pick up frames 

for i=1:8:1761 

    a=read(mov,i); 

strtemp = strcat('/Users/YiZhang/Documents/',int2str(i),'.',pickind); 

imwrite(a,strtemp); 

end 
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Appendix II: LabView program 
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Appendix III: Goniometer calibration 

The goniometer calibration is introduced in this appendix. Fig. 1 (a) is the calibration kit. The 

diameter of the yellow metal ball in the middle of the glass is 4 mm. We put the calibration 

instrument on the focus of the camera and capture the image (Fig. 1 (b)). The image is processed 

by using Matlab and a circle is fitted around the black area. The fitted diameter in the image is 

375.5308. Then the scale parameter 𝑘 can be calculated: 𝑘=4/375.5308=0.01065. In the image 

processing method, the scale parameter 𝑘 is a constant value by multiplying 𝑘 to the pixel length, 

the absolute length of the liquid bridge geometries can be obtained such as plates displacement, 

contact radius, neck radius. In order to have the accurate absolute length, the liquid bridge should 

locates at the same spot as calibration kit put.  

                 

(a)                              (b) 

Figure 1 The calibration instrument for the goniometer. 
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Appendix IV: Image processing 

The image processing methods for liquid bridges between two parallel plates are introduced in this 

appendix. Fig. 2 (a) is the circle fitting function and Fig. 2 (b) is the parabolic fitting function. 

Through the processing, the height between two plates, the upper and lower contact angle, the 

length of the base connect and the neck radius of the liquid bridge are all obtained. The specific 

programs are written below.   

 

 

(a) (b) 

Figure 2 Schematic of the image processing methods. 

For the circle fitting function, the program is shown below. 

clear all ; close all 

%% open a text file 

fid=fopen('v=0.04up.txt','wt'); 

 

for i=420:4:1120  %%read the frames 

str='/Users/YiZhang/frame/V=0.04up/'; 

I=imread([str,num2str(i),'.jpg']); 

left=I(1:end,1:564,:); 

right=I(1:end,565:end,:); 

C=cat(2,right,left); 

%% image binaryzation  

I1=rgb2gray(C); 

level=graythresh(I1); 

I2=im2bw(I1,level); 

I3=~bwareaopen(I2,2500); 

I4=~I3; 

BW=edge(I4); 

RGB=imcrop(BW,[0,100,1500,1000]); 

%% edge pick up 

B=bwboundaries(RGB) ;%%pick out all curves' coordinate 

%%right curve coordinate/up curve 
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C1=B{3}; 

%%left curve coordinate/down curve 

C2=B{2}; 

%%neck radius 

ymin=min(C1(:,2)); 

ymax=max(C2(:,2)); 

y0=(ymin+ymax)/2; 

C2(:,2)=C2(:,2)-y0; 

C1(:,2)=C1(:,2)-y0; 

%% right/up curve coordinate without start and ending 

m1=min(C1(:,1))+0.05*(max(C1(:,1))-min(C1(:,1))) ; 

M1=min(C1(:,1))+0.95*(max(C1(:,1))-min(C1(:,1))) ; 

D1=C1(C1(:,1)>m1 & C1(:,1)<M1,:) ;  

%%left curve coordinate without start and ending 

m2=min(C2(:,1))+0.05*(max(C2(:,1))-min(C2(:,1))) ; 

M2=min(C2(:,1))+0.95*(max(C2(:,1))-min(C2(:,1))) ; 

D2=C2(C2(:,1)>m2 & C2(:,1)<M2,:) ; 

%% circle center of right curve/up curve 

x1=D1(:,1); y1=D1(:,2); 

a=[x1 y1 ones(size(x1))]\-(x1.^2+y1.^2); 

xc1 = -.5*a(1); 

yc1 = -.5*a(2); 

r1  =  sqrt((a(1)^2+a(2)^2)/4-a(3)); 

%%circle center of left curve/down curve 

x2=D2(:,1); y2=D2(:,2); 

a=[x2 y2 ones(size(x2))]\-(x2.^2+y2.^2); 

xc2 = -.5*a(1); 

yc2 = -.5*a(2); 

r2  =  sqrt((a(1)^2+a(2)^2)/4-a(3)); 

mm1=min(C1(:,1));%%minimun x coordinate of the up curve 

MM1=max(C1(:,1));%%maxmum x coordinate of the up curve 

mm2=min(C2(:,1));%%minimum x coordinate of the down curve 

MM2=max(C2(:,1));%%maxmum x coordinate of the down curve  

%% left contact angle of the up curve 

Aup1=acos((xc1-mm1)/r1); 

Aup1=Aup1*180/pi; 

%%right contact angle of the up curve 

Adown1=acos((MM1-xc1)/r1); 

Adown1=Adown1*180/pi; 

%%left contact angle of the down curve 

Aup2=acos((xc2-mm2)/r2); 

Aup2=Aup2*180/pi; 

%%right contact angle of the down curve 

Adown2=acos((MM2-xc2)/r2); 

Adown2=Adown2*180/pi; 

%%mean value of up and down contact angle 
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Aup=(Aup1+Aup2)/2; 

Adown=(Adown1+Adown2)/2; 

%% length of contact radius 

Rup1=yc1-sqrt(r1^2-(mm1-xc1)^2); 

Rdown1=yc1-sqrt(r1^2-(MM1-xc1)^2); 

Rup2=yc2+sqrt(r2^2-(mm2-xc2)^2); 

Rdown2=yc2+sqrt(r2^2-(MM2-xc2)^2); 

Rup=(Rup1+Rup2)/2; 

Rdown=(Rdown1+Rdown2)/2; 

%%scale parameter 

k=0.01065; 

%%liquid bridge height 

mm=min(mm1,mm2); 

MM=max(MM1,MM2); 

Height=MM-mm; 

Height=Height*k; 

Rup=Rup*k; 

Rdown=Rdown*k; 

result=[Aup;Adown;Rup,Rdown,Height]; 

fprintf(fid,'     %f     %f     %f     %f      %f\n',result); 

end 

 

fclose(fid); 

 

For the parabolic fitting model, the program is shown below.  

 

clear all ; close all 

%% open a text file 

fid=fopen('v=0.04up.txt','wt'); 

  

for i=420:4:1120  %%read the frames 

str='/Users/YiZhang/ /frame/V=0.04up/'; 

I=imread([str,num2str(i),'.jpg']); 

left=I(1:end,1:564,:); 

right=I(1:end,565:end,:); 

C=cat(2,right,left); 

%% image binaryzation  

I1=rgb2gray(C); 

level=graythresh(I1); 

I2=im2bw(I1,level); 

I3=~bwareaopen(I2,2500); 

I4=~I3; 

BW=edge(I4); 

RGB=imcrop(BW,[0,100,1500,1000]); 

%% edge pick up 

B=bwboundaries(RGB) ;%%pick out all curves' coordinate 
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%%right curve coordinate/up curve 

C1=B{3}; 

%%left curve coordinate/down curve 

C2=B{2}; 

%%neck radius 

ymin=min(C1(:,2)); 

ymax=max(C2(:,2)); 

y0=(ymin+ymax)/2; 

C2(:,2)=C2(:,2)-y0; 

C1(:,2)=C1(:,2)-y0; 

%% right/up curve coordinate without start and ending 

m1=min(C1(:,1))+0.05*(max(C1(:,1))-min(C1(:,1))) ; 

M1=min(C1(:,1))+0.95*(max(C1(:,1))-min(C1(:,1))) ; 

D1=C1(C1(:,1)>m1 & C1(:,1)<M1,:) ; 

%%left curve coordinate without start and ending 

m2=min(C2(:,1))+0.05*(max(C2(:,1))-min(C2(:,1))) ; 

M2=min(C2(:,1))+0.95*(max(C2(:,1))-min(C2(:,1))) ; 

D2=C2(C2(:,1)>m2 & C2(:,1)<M2,:) ; 

%% parabolic fitting function for the upper branch 

x1=D1(:,1); y1=D1(:,2); 

p1 = polyfit(x1,y1,2); 

Y1 = polyval(p1,x1); 

dp1=polyder(p1); 

dy1=polyval(dp1,mm1); 

Aup1=atan(1/dy1); 

Aup1=-Aup1*180/pi;%%up contact angle of the up curve 

dy2=polyval(dp1,MM1); 

Adown1=atan(1/dy2); 

Adown1=Adown1*180/pi;%%down contact angle of the up curve 

x2=D2(:,1); y2=D2(:,2); 

p2 = polyfit(x2,y2,2); 

Y2 = polyval(p2,x2);%%fit parabola of left curve/down curve 

dp2=polyder(p2); 

dy3=polyval(dp2,mm2); 

Aup2=atan(1/dy3); 

Aup2=Aup2*180/pi;%%up contact angle of the down curve 

dy4=polyval(dp2,MM2); 

Adown2=atan(1/dy4); 

Adown2=-Adown2*180/pi;%%down contact angle of the down curve  

Aup=(Aup1+Aup2)/2; 

Adown=(Adown1+Adown2)/2;%%mean value of CA  

YCAup1 = polyval(p1,mm1); 

YCAup2 = polyval(p2,mm1); 

BD1=YCAup1-YCAup2;%%the length of upper base distance 

Rup=BD1/2; 

YCAdown1 = polyval(p1,MM1); 
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YCAdown2 = polyval(p2,MM1); 

BD2=YCAdown1-YCAdown2;%%the length of lower base distance 

Rdown=BD2/2; 

k=0.01065; 

Height=Height*k; 

Rup=Rup*k; 

Rdown=Rdown*k; 

result=[Aup;Adown;Rup,Rdown,Height];  

fprintf(fid,'     %f      %f      %f      %f      %f\n',result); 

end 

  

fclose(fid); 
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Appendix V: Force calibration 

The Fig. 3 shows the force calibration method. The 100 g weight is put on the scale and a spring 

is fasten on the linear stage and connects the weight at the same time. The linear stage moves at 

different speeds and the force-time relationships are presented in Fig. 4. The force is the resultant 

force recorded by the analytical scale and the time length is counted when linear stage begins to 

move. 

 

Figure 3 The analytical scale calibration system. 

From the Fig. 4 (b), it clearly states that there is always an unchanging region at the beginning, 

which means the scale needs some time for it to respond. The responding time is 0.75 s. 

 

(a) (b) 

Figure 4 The relationship between the force and the moving time of the analytical scale. 
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Appendix VI: Geometrical model derivative process 

Stage ①  

1) Parabolic model 

As the values of V, ℎ1 and the 𝜃adv are known, the value of 𝑅𝑐 can be obtained by: 

                   𝑉 = 𝜋 ∫ 𝑦(𝑥)2d𝑥
ℎ

2

−
ℎ

2

= 𝜋𝑅𝑐
2ℎ1 −

𝜋𝑅𝑐ℎ1
2cot𝜃adv

3
+
𝜋ℎ1

3(cot𝜃adv)
2

30
.               

As the 𝑅𝑐 keeps constant in the stage ①, we can obtain ℎ2 from solving: 

                               𝑉𝑝 = 𝜋 ∫ 𝑦(𝑥)2d𝑥
ℎ

2

−
ℎ

2

= 𝜋𝑅𝑐
2ℎ2 −

𝜋𝑅𝑐ℎ2
2cot𝜃rec

3
+
𝜋ℎ2

3(cot𝜃rec)
2

30
.                 

Thus we can obtain the displacement range of the liquid bridge in the stage ①: ℎ ∈ [ℎ1, ℎ2]. The 

curves at the apex and at the contact point are: 

                                                        
Δ𝑃

𝛾
(−

ℎ

2
) = sin𝜃

ℎ−2𝑅𝑐sin𝜃cos𝜃

ℎ𝑅𝑐
,                                          

                                                         
Δ𝑃

𝛾
(0) = −

2cot𝜃

ℎ
+

4

4𝑅𝑐−ℎcot𝜃
.                                            

Then the capillary force can be obtained by calculating: 

                                𝐹c (−
ℎ

2
) = 2𝜋𝛾𝑅𝑐sin𝜃 −  𝜋𝑅𝑐²𝛾

ℎ−2𝑅𝑐sin𝜃cos𝜃

ℎ𝑅𝑐
 , ℎ ∈ [ℎ1, ℎ2],                     

and 

                              𝐹c(0) = 2𝜋𝛾(𝑅𝑐 −
ℎcot𝜃

4
) −  𝜋(𝑅𝑐 −

ℎcot𝜃

4
)²𝛥𝑃(0), ℎ ∈ [ℎ1, ℎ2].                    

2) Circle model 

The calculation process is the same as the parabolic model calculation process: the value of 𝑅𝑐 is 

obtained by using Eq. 4.7. Afterwards, the value of ℎ2 can be calculated when 𝑅𝑐 is known. The 

pressure difference at this stage can be solved: 
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Δ𝑃

𝛾
(0) = −

2cos𝜃

ℎ
+

2cos𝜃

2𝑅cos𝜃+ℎsin𝜃−ℎ
,                                      

                                                              
Δ𝑃

𝛾
(−

ℎ

2
) = −

2cos𝜃

ℎ
+
sin𝜃

𝑅𝑐
.                                            

Then the capillary force can be obtained by calculating: 

                            𝐹𝑐 (−
ℎ

2
) = 2𝜋𝛾𝑅𝑐sin𝜃 −  𝜋𝑅𝑐

2𝛾 (−
2cos𝜃

ℎ
+
sin𝜃

𝑅𝑐
) , ℎ ∈ [ℎ1, ℎ2],                   

and 

                       𝐹𝑐(0) = 2𝜋𝛾(−
ℎ

2 cos𝜃
+ 𝑅𝑐 +

ℎ

2
tan 𝜃) −  𝜋𝑅𝑐

2𝛾𝛥𝑃(0), ℎ ∈ [ℎ1, ℎ2].                

Stage ② 

1) Parabolic model 

As the values of 𝑉,  ℎ3 and the 𝜃rec are known, the value of 𝑅d can be obtained: 

                                𝑉 = 𝜋 ∫ 𝑦(𝑥)2d𝑥
ℎ

2

−
ℎ

2

= 𝜋𝑅𝑑
2ℎ3 −

𝜋𝑅𝑑ℎ3
2cot𝜃rec

3
+
𝜋ℎ3

3(cot𝜃rec)
2

30
.                

The liquid bridge displacement is in the range of ℎ 𝜖 [ℎ2, ℎ3]. The curves at the apex and at the 

contact point are: 

                                                  
Δ𝑃

𝛾
(−

ℎ

2
) = sin𝜃rec

ℎ−2Rsin𝜃reccos𝜃rec

ℎ𝑅
,                                      

                                                     
Δ𝑃

𝛾
(0) = −

2cot𝜃rec

ℎ
+

4

4𝑅−ℎcot𝜃rec
.                                         

Then the capillary force can be obtained by calculating: 

                                   𝐹c (−
ℎ

2
) = 2𝜋𝛾𝑅sin𝜃rec −  𝜋𝑅²𝛥𝑃(−

ℎ

2
) , ℎ ∈ [ℎ2, ℎ3],                          

and 

                            𝐹c(0) = 2𝜋𝛾(𝑅 −
ℎcot𝜃rec

4
) −  𝜋(𝑅 −

ℎcot𝜃rec

4
)²𝛥𝑃(0) , ℎ ∈ [ℎ2, ℎ3].           
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2)    Circle model 

The pressure difference can be obtained through the following equations:  

                                         
Δ𝑃

𝛾
(0) = −

2cos𝜃rec

ℎ
+

2cos𝜃rec

2𝑅cos𝜃rec+ℎsin𝜃rec−ℎ
,                                  

                                                
Δ𝑃

𝛾
(−

ℎ

2
) = −

2cos𝜃rec

ℎ
+
sin𝜃rec

𝑅
.                                           

Then the capillary force can be obtained by calculating: 

                        𝐹c (−
ℎ

2
) = 2𝜋𝛾𝑅𝑠𝑖𝑛𝜃rec −  π𝑅

2γ (−
2cos𝜃rec

ℎ
+
sin𝜃rec

𝑅
) , ℎ ∈ [ℎ2, ℎ3],             

and  

                      𝐹c(0) = 2𝜋𝛾(−
ℎ

2cos𝜃rec
+ 𝑅 +

ℎ

2
tan 𝜃rec) −  𝜋𝑅

2𝛾𝛥𝑃(0), ℎ ∈ [ℎ2, ℎ3].          

Stage ③ 

1) Parabolic model 

As the values of 𝑉, 𝑅d  and the 𝜃adv are known, the value of ℎ4 can be obtained: 

                            𝑉 = 𝜋 ∫ 𝑦(𝑥)2d𝑥
ℎ

2

−
ℎ

2

= 𝜋𝑅d
2ℎ4 −

𝜋𝑅𝑑ℎ4
2cot𝜃adv

3
+
𝜋ℎ4

3(cot𝜃adv)
2

30
.                  

The liquid bridge compression distance in the stage ③ is: ℎ ϵ [ℎ3, ℎ4]. Therefore, through the Eq. 

4.7, any specific displacement ℎ between ℎ3 and ℎ4 can have a corresponding contact angle 𝜃. 

The curves at the apex and at the contact line are: 

                                                          
Δ𝑃

𝛾
(−

ℎ

2
) = sin𝜃

ℎ−2𝑅𝑑sin𝜃cos𝜃

ℎ𝑅𝑑
,             

                                                            
Δ𝑃

𝛾
(0) = −

2cot𝜃

ℎ
+

4

4𝑅𝑑−ℎcot𝜃
.                                        

Then the capillary force can be obtained by calculating: 

                                         𝐹c (−
ℎ

2
) = 2𝜋𝛾𝑅dsin𝜃 −  𝜋𝑅d²𝛥𝑃(−

ℎ

2
) , ℎ ∈ [ℎ3, ℎ4],                    
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and 

                         𝐹c(0) = 2𝜋𝛾(𝑅d −
ℎcot𝜃

4
) −  𝜋(𝑅d −

ℎcot𝜃

4
)²𝛥𝑃(0) , ℎ ∈ [ℎ3, ℎ4].                   

2) Circle model 

The pressure difference can be obtained through the following equations: 

                                                         
Δ𝑃

𝛾
(0) = −

2cos𝜃

ℎ
+

2cos𝜃

2𝑅dcos𝜃+ℎsin𝜃−ℎ
,                                 

                                                               
Δ𝑃

𝛾
(−

ℎ

2
) = −

2cos𝜃

ℎ
+
sin𝜃

𝑅𝑑
.                                           

Then the capillary force can be obtained by calculating: 

                         𝐹c (−
ℎ

2
) = 2𝜋𝛾𝑅dsin𝜃 −  π𝑅d

2γ (−
2cos𝜃

ℎ
+
sin𝜃

𝑅d
) , ℎ ∈ [ℎ3, ℎ4],                     

and  

                        𝐹c(0) = 2𝜋𝛾(−
ℎ

2cos𝜃
+ 𝑅d +

ℎ

2
tan 𝜃) −  𝜋𝑅d

2𝛾𝛥𝑃(0), ℎ ∈ [ℎ3, ℎ4].             

Stage ④ 

1) Parabolic model 

As the values of 𝑉, ℎ1  and the 𝜃adv are known, the value of 𝑅c can be obtained: 

𝑉 = 𝜋 ∫ 𝑦(𝑥)2d𝑥
ℎ

2

−
ℎ

2

= 𝜋𝑅c
2ℎ1 −

𝜋𝑅𝑐ℎ1
2cot𝜃adv

3
+
𝜋ℎ1

3(cot𝜃adv)
2

30
. 

The liquid bridge compressed with a constant advancing angle from ℎ4 to ℎ1. Any specific height 

between ℎ4 to ℎ1 corresponds to a specific contact radius value. The curves at the apex and at the 

contact line are: 

                                                   
Δ𝑃

𝛾
(0) = −

2cot𝜃adv

ℎ
+

4

4𝑅−ℎcot𝜃adv
,                                       

                                                
Δ𝑃

𝛾
(−

ℎ

2
) = sin𝜃adv

ℎ−2𝑅sin𝜃advcos𝜃adv

ℎ𝑅
.                                  
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The capillary force can be calculated by: 

                                   𝐹c (−
ℎ

2
) = 2𝜋𝛾𝑅sin𝜃adv −  𝜋𝑅²𝛥𝑃(−

ℎ

2
) , ℎ ∈ [ℎ1, ℎ4],                          

and   

                            𝐹c(0) = 2𝜋𝛾(𝑅 −
ℎcot𝜃adv

4
) −  𝜋(𝑅 −

ℎcot𝜃adv

4
)2𝛥𝑃(0) , ℎ ∈ [ℎ1, ℎ4].         

2) Circle model 

The pressure difference can be obtained through the following equations: 

                                            
Δ𝑃

𝛾
(0) = −

2cos𝜃adv

ℎ
+

2cos𝜃adv

2𝑅𝑑cos𝜃adv+ℎsin𝜃adv−ℎ
,                           

                                                    
Δ𝑃

𝛾
(−

ℎ

2
) = −

2cos𝜃adv

ℎ
+
sin𝜃adv

𝑅
.                                           

Then the capillary force can be obtained by calculating: 

                   𝐹c (−
ℎ

2
) = 2𝜋𝛾𝑅sin𝜃adv −  π𝑅

2γ (−
2cos𝜃adv

ℎ
+
sin𝜃adv

𝑅
) , ℎ ∈ [ℎ4, ℎ1],                

and  

                   𝐹c(0) = 2𝜋𝛾(−
ℎ

2cos𝜃adv
+ 𝑅 +

ℎ

2
tan 𝜃adv) −  𝜋𝑅

2𝛾𝛥𝑃(0), ℎ ∈ [ℎ4, ℎ1].            

 


