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Fig. 2. Normalised impedance module as a function of frequency for various RC networks: (a) 2D lattice square network with 40×40 spheres;
(b) 3D SC packing with 12×12×12 spheres; (c) 3D FCC packing with 1688 spheres; (d) random packing containing 1600 spheres with a packing
factor of 0.62± 0.006. The insert to the top-right shows the impedance phase versus frequency. The insert to the left-bottom shows the packing
structure, with the electrical contacts indicated by pillars (red for R and blue for C). Ten realizations have been shown in each individual scenario.
Realizations of various capacitor proportions, PC , are shown in lines of different colours. Percolation thresholds, PS , at low frequency are calculated
using Monte Carlo method and provided in the figure. The AC responses with PC being the calculated percolation threshold are shown in dark red
curves. The AC responses with PR being the percolation threshold are shown in yellow curves. The AC responses of networks with only R and C

elements are presented by solid and dashed black lines, respectively.

module, ˜�Z� on normalised frequency, �̃, based on 2D
square, SC (simple cubic), random and FCC (face-cantered
cubic) packing structures. Each contact is assigned to be
either R or C, which has the identical value throughout the
network. The normalisation of �Z� and � is calculated by

˜�Z� = �Z�/ZR� �̃= �CR (5)

where ZR is the resistance for a given network structure
with all components being resistors, e.g., PC = 0. Fea-
tures including the resistive plateau, NCL state, emergent
power-law segment and the intersection point can be found
in Figure 2, demonstrating the intrinsic electrical charac-
teristics of AC responses.
The onset and termination of the emergent power-law

segment were found to be corresponding to the peaks
of spectra of admittance, Z′′, and electrical module, M ′′,
respectively, as is typically shown in Figure 3. Here, Z′

and Z′′ are the real and imaginary part of Z, respectively,

and M ′′ is calculated by M ′′ = �Z′. Peaks observed in
Z′′ and M ′′ spectra indicate the occurrence of two relax-
ation processes that are associated with the path alternation
of current percolation as a result of competition between
resistive and capacitive paths. As frequency increases, the
transport of current is consequently accomplished by the
paths fabricated by capacitors due to the significantly
larger conductance then that of the resistors at the given
frequency. For frequencies between peaks of Z′′ and M ′′

spectra, the capacitors and resistors exhibiting comparative
conductance cooperatively regulate the current path, giv-
ing rise to emergent power-law scaling regions. Here the
range between peaks of Z′′ and M ′′ spectra is defined as
the length of power-law segment.

4. EXPERIMENTAL OBSERVATIONS
In order to examine the proposed analytical and numeri-
cal approaches, and also to reveal the origins of observed

J. Coupled Syst. Multiscale Dyn., Vol. 6(4), 310–316 http://www.aspbs.com/jcsmd 313



Journal of Coupled Systems and Multiscale Dynamics

R
es

ea
rc
h
A
rt
ic
le

— |Z|, (R // C)

--- |Z''|, (R // C)

··· |M'|, (R // C)

— |Z|, Pc  = 75%

--- |Z''|, Pc = 75%

··· |M''|, Pc = 75%

— |Z|, Pc = 50%

--- |Z''| ,Pc = 50%

··· |M''|, Pc = 50%

— |Z|, Pc = 25%

--- |Z''|, Pc = 25%

··· |M''|, Pc = 25%

Fig. 3. Spans of power law scaling segment in �Z� spectra (solid
lines), between the peaks of �Z′′ � spectra (dashed lines) and �M ′′ � spectra
(dotted lines). Networks is realized based on random packings of 1000
spheres with a packing factor of 0.63 containing R and C components.
Five typical realizations are presented for each individual scenario for
Pc equalling 75%, 50%, and 25%, corresponding to curves in black, red
and blue, respectively. Electrical responses of the equivalent network
containing a resistor and capacitor in parallel are shown in green as
references.

emergent power-law scaling, we measured AC spectra of
conductive granular mixtures. Stainless steel (AISI 304,
with precision grade G200) spheres and glass beads of
2 mm were randomly packed in a nonconductive cylin-
der (Al2O3� with circular steel plates as top and bot-
tom electrodes. Impedance spectra were measured using
an impedance analyser (Agilent 4294A) from 40 Hz to
10 MHz, and plotted as a function of frequency � as
shown in Figure 4(a). We performed isobaric measure-
ments for packings containing only steel spheres under
various normal compression (from 2.16 to 3.40 kPa) and
mixtures under a load of 7.76 kPa. All mixtures have the
same number of steel grains (around 21,600) but varying
number of glass beads. Within the applied pressure range,
all obtained impedance values are considerably larger than
the total resistance (<10 m�� of the measurement sys-
tem excluding the packed bed under testing. In order to
minimize current-induced local welding, we applied an

AC signal with a peak-to-peak value of 200 mV, through
which linear ohmic behaviour can be observed in current–
voltage responses for the considered loading range.�3�46�47�

Controlled measurements were performed to exclude para-
sitic resonance signals from cabling and connections, using
measured Nyquist plots.�48� Similar to Eq. (5) the mea-
sured impedance module was normalised by �Rdc where
� indicates the ratio of steel number with respect to the
total grain number and Rdc is the measured resistance at
the frequency of 40 Hz. The frequency was normalised
by the recognised frequency, �∗

Z at the peak of �Z′′� spec-
trum. As is shown in Figure 4(b), the impedance spectra
measured for packings of only steel spheres under various
compression collapse onto a single master curve, while
AC responses for mixtures demonstrate different lengths
of power-law segments between resistive plateau and the
NCL segment. Noted that, for packings with only steel
spheres, peaks of �M ′′� spectra could not be extracted
within the considered frequency range as is shown in
the bottom subfigure of Figure 4(a). Therefore, the cor-
responding length of power-law segment can be not be
properly calculated.
The length of the power-law segment of experimen-

tally observed AC responses was extracted from simula-
tion results using numerical approach described previously.
Here steel spheres were considered to be randomly dis-
tributed in the packing, establishing a RC network from
the steel-to-steel contact fabric. A few necessary assump-
tions have been made for simplification as suggested in
Ref. [12]: (a) Either C or R//C components are ran-
domly assigned to each individual contact. This assump-
tion is further supported by results shown in Figure 1 as
we obtained both resistive plateau and NCL at 40 Hz for
cases of Pm = 0�3 in experiments; (b) All R and C element
have identical resistance and capacitance values, respec-
tively; (c) The overall capacitor proportion is assumed
to be 70% based on the power law slope observed in
experiments. With the same assumptions listed-above, the
length of the power-law segment was also calculated based
on percolation theory, as is presented in Section 2. For
each Pm, the value of percolation threshold is calculated
based on RC network established from the prescribed
packing structures realised by DEM. The percolation-
based analytical approach is able to efficiently compute
the AC response for various types of RC network, but
the detailed information near the intersections of segments
would be missed. As is shown in Figure 4(c), both analyti-
cal and numerical frameworks agree well with experimen-
tal results, demonstrating the role of percolation behaviour
in dominating central power law segments, thus the whole
AC response spectra. It is noticeable that all the three
assumptions are strongly associated with the inter-particle
properties, especially for Pc = 0�7 which is a pivotal
input parameter for both circuit simulation and theoretical
approaches.
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Fig. 4. (a) Typical spectra of �Z�, �Z′′ �, and �M ′′ � on frequency for packings with steel spheres under various loads and granular mixtures. The insert
shows the impedance phase versus frequency. Blue dashed line indicates AC responses of packings with only glass beads. The red arrow indicates
the increasing trend of Pm and the black arrow indicates the increasing trend of applied load. In the spectra of �Z′′ �, and �M ′′ �, peaks were marked by
green dots; (b) scaling of the normalised �Z� on normalised �. The top insert presents the dependence of the characteristic �∗

Z recognized at peaks
of �Z′′ � spectra on normalized normal compression, �N +G�/A0, where N is the applied normal compression, G is the half of the gravitational force
of the packing, A0 is the cross-section area of the granular packing. For mixtures with varying of steel sphere fraction, Pm, the characteristic �∗

Z

recognised at peaks of �Z′′ � spectra are shown in the bottom insert; (c) comparison of the length of power-law segment obtained from experiments,
percolation theory and DEM simulations. The error bars for experimental results are calculated based on four groups of tests. The results from
numerical simulations and percolation theory were averaged over ten realisations.

5. CONCLUSION
We investigated AC responses of conductive granular mix-
tures based on percolation theory and circuit simulation
focusing on the spans of emergent universal power-law
scaling. We further validated both analytical and numerical
results with experimental observations of AC responses of
conductive granular mixtures with various proportion of
conductive grains. The considered granular packings were
treated as RC networks based on contact fabrics, which
were reproduced by DEM to provide network configura-
tion for analytical and numerical approaches. The present
results demonstrate that by considering the topological
configurations of conductive granular systems along with
the physical characteristics of intergranular contacts, AC
responses in conductive granular materials can be mean-
ingfully captured. We have shown how the power law scal-
ing and transition from resistive plateau to NCL emerge as
a consequence of percolation, which in turn is governed
by network characteristics. The proposed analytical and
numerical frameworks are helpful for transport analyses of
conductive granular mixtures, connecting the microscopic

features to the effective properties, and, furthermore, pro-
vide guidelines in developing testing techniques for gran-
ular energy systems.
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