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Abstract 

 
Particle morphology is of pivotal importance in granular materials at different length scales. This thesis 

begins with quantification and reconstruction of real particle shapes, then studies various kinds of granular 

material behaviour influenced by morphology features. 

The project background and related previous work are introduced in Chapters 1 and 2, respectively. Chapter 

3 is firstly concentrated on reconstructing particle shapes using Spherical Harmonics (SH). DEM clumps 

are also used to approximate realistic particle shapes to simulate sand column collapse. The efficiency of 

SH analysis between different coordinate systems in FEM mesh qualities and reconstruction are also 

compared. Chapter 4 is on contact behaviour of rough spheres with different morphology features. Via FEM 

simulation, benchmarked with Hertzian solution, a semi-analytical model is proposed.  

In Chapter 5, to highlight the influences of contact curvature on single particle crushing behaviour, a 

rotational point loading in FDEM, benchmarked with an in-situ XCT experiment, is proposed. In Chapter 

6, experiments of failure modes of cemented sands under different loading paths and the quantification of 

fracture fabric are conducted. FDEM simulations, benchmarked with a combined in-situ experiment with 

XCT and diffraction, of meso-scale concrete are also conducted. Effects of realistic aggregate morphology 

on overall concrete are investigated. In Chapter 7, permeability of uniformly graded 3D printed grains, is 

experimentally studied. Modified Kozney-Carman equation is also proposed. Chapter 8 concludes this work 

by summarising the findings and implications and provides an outlook on future works.  

This dissertation presents a new comprehensive understanding of granular behaviour influenced by its 

morphology features. Via the proposed framework combining both experimental and numerical information, 

it is helpful to design and optimise of various granular materials with specific morphology features.  
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1 Introduction 

 

 

As implied by William Blake, ‘to see a world in a grain of sand’, granular materials are ubiquitous and 

account for a significant portion of landmass occurring on Earth’s surface. Nearly all the laws in physics 

can be observed in matters of grains. However, the observation depends on measurement resolution, due to 

the geometrical variation of it across multiple length scales. Particle shape is a geometrical variable, and it 

can affect the fundamental mechanical behavior of granular materials. Nevertheless, the persist applications 

of convex particles across scientific and engineering field for idealizations are continued. The macro 

mechanics of granular materials combines the unique properties of individual granules and collective 

properties, of primary interest, arising from interconnections between them. In this chapter, the background 

and related researches of granular morphology features and mechanics at various scales are introduced. 

 

1.1 Granular materials 

As the first impression, granular materials are conglomerations of macroscopically discrete solid particles, 

which are large enough such that they are not subject to thermal fluctuations. The physical behaviour of 

granular systems may exhibit characteristics of solids, liquids or gases, as written by Lucretius, the famous 

poet in ancient Rome, early in 55 B.C.: ‘One can scoop up poppy seeds with a ladle as easily as if they were 

water and, when dipping the ladle, the seeds flow in a continuous stream.’ The granular size in scientific 

interest can be very small at nanoscale and large at the length of asteroids. 

Except for water, which comprises about 71% of Earth surface area, granular materials are the second most 

manipulated materials in industry (Patrick et al., 2005). Due to their wide applications in nearly all scopes 

of scientific researches, it is impossible to conduct a comprehensive review on all aspects of them in the 

present thesis. Here, the focus is on granular mechanics in the fields of geotechnical engineering and powder 

technology. 

During the twentieth century, there are two main scientific communities involved in studying granular 

materials: soil mechanics and powder technology. Eminent figures of science and engineering about 

significantly complicated granular mechanics have been attributed to their contact behaviour, since Charles-

Augustin de Coulomb (1773) has discussed stability of a granular talus. Another characteristic inducing 

counterintuitive granular behaviour, discovered by Osborne Reynolds (1885), is volume change under shear, 

also known as dilatancy. In addition, historical element or memory effect, proposed by James Maxwell 

(Darwin, 1883), is another a typical feature of granular materials. Although grains can behave as gases, 

they dissipate energy via inelastic collisions and can become jammed with the effects of friction, gravity 

and manifested stress. Towards the view of energy dissipation (Jaeger et al., 1996), at particle contact scale, 

granular materials are not suitable for the general principles proposed based on statistical mechanics of 

molecular and thermodynamics of solids. Terzaghi (1943) comprehensively discussed the variance of soils 

under various loading conditions, which more or less makes soil mechanics reliable at the same level of 
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other scientific communities of other materials. And due to his intriguing researches, Terzaghi is called ‘the 

father of soil mechanics’. 

 

1.2 Fractality of surficial particle morphology 

For its fundamental importance, particle shape has been quantified by many scientific communities over 

last centuries. With the development of optical equipment, high-resolution 3D surficial data becomes 

obtainable instead of 2D images (Petrovic et al., 1982; Zhao et al., 2015). However, for the extremely high-

resolution images, only a nominally flat part of curved particle surface can be quantified (Weber et al., 

2018), sacrificing global surficial morphology information. Meanwhile, such overall surficial points are 

vital in studying mechanical response. As a result, it is necessary to extract 3D geometrical characteristic 

from experimental limited-resolution image data, which may also exist in unachievable tiny length scales 

and can be proved by aforementioned rough image data in nominally flats. Fractal dimension is a candidate 

for this purpose. 

Since the work of Mandelbrot (1977), the concept of fractal dimension, aiming to describe complicated 

geometry, which is not suitable for Euclidean geometry, has been applied to many scientific fields, such as 

texture quantification, transportation tracking, urban planning, population growth, etc. The real granularity 

introducing multi-scaled self-similar tomography features is naturally within the application of fractal 

dimension. Notably, rigidly speaking, real particle surface is not the same strict self-similar as geometries, 

of which smaller topologies being completely the same as larger ones always holds, such as Koch curve. 

For realistic particle surface, the topology at different scales is just statistically similar, and this feature is 

called self-affine strictly. Initially, the universally scaling relation, in terms of pow law function, of 2D 

particle outline is proposed (Turcotte, 1986; Vallego, 1995): 𝑁𝑛 = 𝐶 · (𝑟𝑛)
−𝐷, where 𝑁𝑛 is the number of 

segments to approximate the 2D shape, 𝑟𝑛 is the length of segmentation, C is the constant, and D is the 

fractal dimension, if the linear relation holds between 𝑁𝑛 and 𝑟𝑛 in log-log scales. Along the development 

of fractal science in rough nominally flat surface, sub-components segmentation of geometry could be 

replaced by point cloud approximation via harmonic series for their novelty in gradually describing multi-

length topology step by step, such as Weierstrass–Mandelbrot function (Mandelbrot, 1983) and Power 

spectrum density (Persson, 2006). Regardless of these enrichments in half-space, seldom does harmonic-

fractal-related literatures in globally closed curved surface appear. When using Fourier transformation to 

approximate 2D particle outline, Meloy (1977) found the linear log-log relation between Fourier frequency 

and series number, but did not mention the concept of fractal dimension, so did not Bowman et al. (2001) 

and Mollon and Zhao (2012). 

Quantification is just a prior step for investigating morphology-related granular behaviour, it is of key 

importance to generate virtual particle shapes with similar extracted shape factors from real ones, since 

there are no two completely same particles in the world. Using harmonic based techniques to quantify 

particle morphology is convenient to produce virtual realistic particle shapes (Mollon and Zhao, 2013, 

2014), which can be directly imported into computational tools numerically and 3D printing experimentally 

(Hanaor et al., 2015). 
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1.3 Mechanism of granular material across length scales 

1.3.1 Nano scale 

Recent studies are mostly focused on macroscopic mechanical response of granular materials. For the 

development of DEM (Cundall and Strack, 1979) and advanced versions of it, the finest scale mostly studied 

is at particle scale. Compared with granular rearrangements at grain scale, granular materials at nano scale 

are potentially driven by weak strains, including natural thermal fluctuations.  Although it has been stated 

that the latter is irrelevant to granular rearrangements, such as compaction (Richard et al., 2005) and 

jamming transitions (Deboeuf et al., 2005), thermally activated process at nano scale can still be 

macroscopically observed spontaneous via acoustic techniques. TenCate et al. (2000) and Averbakh et al. 

(2009) experimentally observed slow relaxation of elastic modulus in cemented granular structures and 

sandy soils. The mechanical influence of high-intensity acoustic ‘conditioning’ can rupture the weakest 

bonds and generate perturbations in elastic modulus by order of 10-6 ~ 10-3. 

Besides mostly considered elastic forces for molecular or atomic materials of solids, liquids and gases, there 

are several dissipative forces. Such forces are dissipated not only in the bulk of grains, but also on the grain 

surface at nano scale. The dissipated energy is transformed into internal energy for degrees of freedom in 

grain itself; that is, the grain is heated. For nano scale granular mechanism, linear elasticity is not enough. 

For example, when simulating mechanism at this length scale, FEM is not appropriate at this length scale. 

Molecular dynamic simulations are needed for more accurate results. Pastewka and Robbins (2016) used 

molecular simulations to investigate contact behaviour of at asperity of rough spheres with radius equal to 

30nm. Meanwhile, the computational cost is too high to meet for normal computational resources. 

Nowadays, most simulations at nanoscale are done in 2D for qualitative illuminations. However, in many 

applications, as well as studies in this thesis, the increase of temperature is neglected. 

1.3.2 Micro scale 

Micro scale mechanics of granular materials are originated from surface asperities at the length of several 

μm. Commonly economic computational tools (i.e., FEM and boundary element method (BEM)) can be 

applied via explicitly generating surficial structures. Linearly elastic response can be set to the bulk directly, 

and no-linear contact, between particles, due to the topological flaws or concave. Aided by BEM 

simulations of contact behaviour of rough flat surfaces (Pohrt and Popov, 2012), Pohrt and Popov (2013) 

mapped Power Spectrum density (PSD) roughness to perfectly smoothed spheres and simulated normal 

contacts between the rough sphere and smoothed flat platen. For their BEM simulations, the material 

property is pure elastic. 

There is no doubt that rich achievements have been made in simulating contacts of rough surfaces. However, 

most of them are for half space than closed curved surfaces. It is well known that geometrical distortion 

must happen when transforming surficial information of flat surfaces to spheres. Hence, directly mapping 

roughness of nominally flat surface to curved surface is problematic. To simulate micro-scale asperity 

contact behaviour of rough sphere more accurately, it is necessary to propose an advanced mathematical 

method to produce realistic particle morphology.  
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1.3.3 Particle scale 

At particle scale, contacts between packed grains are simplified and seldom is bulk deformation is 

considered. For example, at asperity level, one macroscopic contact is composed of large number of micro 

asperity contacts, while at particle scale the large number of neighboured asperity contacts are deemed one 

contact. With simplification of contacts and morphology features and using Newton’s law to probe particle 

dynamic, classical DEM (Cundall and Strack, 1979) is widely cited. Many so-called ‘micro’ characteristics 

are quantified, including fabric tensor, force chain, etc. 

With the developments of computational resources, classical DEM has the potential to meet up with the 

calculation of engineering scale. Furthermore, many advanced DEMs taking more realistic particle shapes 

into consideration have been put up with, such as Granular Element Method (GEM, Andrade, 2012) and 

level set DEM (Kawamoto et al., 2016). Albeit complicated shapes are covered, the contact law is still a 

challenge, which might be the most challenging and important issue of applications of DEM. Sometimes, 

even qualitative agreements cannot be achieved for the ‘rigid particle’ assumption. 

 

1.3.4 Meso scale 

Recently, perspectives at micro and meso scale granular mechanism have been boosted for the popularity 

of DEM and optical equipment in laboratory. This information can help discovering the underlying 

mechanics and physics behind macroscopic phenomenon, which is useful in constitutive modelling. Behind 

meso scale mechanism of granular materials focus on single particle kinematics and contact dynamics, and 

sometimes particle fracture or breakage is also considered. At meso scale, structures, in terms of clusters 

composed of grain loops or closed force chains, are mainly focused (Tordesillas et al., 2010). These meso-

scale structures stand as dual features of contact systems (Radjai et al., 1996). Mesoscopic studies work to 

homogenize macro mechanical behaviour of granular materials and have successfully explaining many 

macro behaviours, such as failure modes (Zhu et al., 2016), instability (Wautier et al., 2018), and formation 

of shear band (Tordesillas, 2007). 

 

1.3.5 Macro scale 

Macroscopic granular mechanism is a collective behaviour from the above ones at different length scale. 

Usually, macro scaled granular mechanics is described by continuum models. Some basic variables in such 

kind of continuum models are pressure, void ratio, and anisotropy. Although macroscopically the 

incremental stress-strain response of granular materials is dependent on many factors, even including the 

memory of initial state, a unique constitutive framework independent of initial state exists. Such framework 

for the plastic behaviour of granular materials with measurable internal variables is critical state theory 

(Casagrande, 1936; Roscoe et al., 1958). The kernel of critical state theory is the existence of an ultimate 

shear failure state, during which granular materials deform with the constant stress and volume (Been and 

Jefferies, 1985; Yang and Luo, 2015). 

Similar to critical state theory, stress-dilatancy relation, proposed by Taylor (1948) inspired by the fact both 

stress ratio and void ratio alters due to shear strain, is another self-sustaining behaviour of granular materials 
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under monotonic shearing. This relation is the first constitutive models of soil mechanics and is derived by 

energetic analysis. Dilatancy is of pivotal importance in stress-strain relations of granular materials; that is, 

it controls shear peak and compaction in dense and loose granular materials. Notably, critical state theory 

is not a strictly constitutive model, but a theoretical expression of experimental observations. There are 

some elastoplastic constitutive models to mimic behaviour of granular materials (Li and Dafalias, 2012; 

Gao et al., 2014), with critical state being a reference state. The famous Cam-Clay model, with assumptions 

of relevant plasticity and isotropy (Roscoe et al., 1963), is the first constitutive to merge critical state theory 

and Taylor’s stress-dilatancy relation. In Cam-Clay model, stress-dilatancy is implemented to derive a yield 

surface with pre-consolidation pressure as the history parameter. 

For small stress increments of static or dynamic pre-stressed experiments, reversibly linear elastic or quasi-

elastic behaviours are observed. The response is relevant to quadratic elastic energy at the origin of elastic 

displacements and strains. For sands under confining stress between 10 kPa and several MPa, via which the 

strain intervals are less than the order of 10-5 and 10-6, the elastic model holds (Hicher, 1996; Kuwano and 

Jardine, 2002).  

 

1.4 Research objectives 

This dissertation focuses on granular mechanics across length scales with the purpose of a fundamental 

understanding towards influences of morphology features on particles. Numerical simulations and 

experiments are the two main tools for achieving this aim. Numerical results must be benchmarked with 

closed-form solutions or laboratory experiments. On the condition where experiments are not achievable, 

benchmarked computational models are applied. Firstly, an advanced algorithm to generate controllable 3D 

realistic morphology from X-CT images is needed. Then with the increase of length scales, different 

granular behaviours are discussed. Contact behaviour at asperity is investigated, following by single particle 

crushing tests. Subsequently, fracture surface fabric and failure modes of a unit of cemented sands, in terms 

of two particles sandwiched by a cementation bond, are studied. As large as macroscopic scale, fracture 

behaviour of granular-based concrete and hydraulic conductivity are discussed. 

 

1.5 Thesis structure 

The project background and related previous work are introduced in Chapter 1 and 2, respectively, followed 

with five chapters as the bulk of this dissertation. Each following chapter has been published or submitted 

to related well peer-reviewed journals. The first section of Chapter 3 is concentrated on reconstructing 

particle shapes using Spherical Harmonics (SH). A scaling law of multi-scaled particle morphology is 

derived as fractal dimension, in terms of the linear log-log relation between SH descriptor and degree. DEM 

clumps are also used to approximate realistic particle shapes, which are also imported into simulations of 

sand column collapse. The second section compares the efficiency, of SH analysis applied in Cartesian and 

polar coordinate systems to smooth particle, in FEM mesh qualities and reconstruction. Chapter 4 is focused 

on contact behaviour of rough spheres with different relative roughness and fractal dimension. To bypass 

underflow of Legendre polynomial in SH function of 64-bit computers, recursion formula of the polynomial 

is proposed. Via comprehensive simulation results, benchmarked with Hertzian solution of perfectly 
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smoothed sphere contacts, a model is set up for normal contact behaviour of rough spheres. To highlight 

influences of contact curvature on single particle crushing behaviour, a rotational point loading on the same 

particle in FDEM simulations is proposed in Chapter 5. The benchmark is an in-situ XCT experiment of 

platen load test. In Chapter 6, the first section deals with the experimental investigation of failure modes of 

unit cemented sands under different loading paths, as well as the quantification of fracture fabric using 

multi-scaled rotational Haar Wavelet transformation. The next section conducts FDEM simulations of 

compression-induced failure of meso-scale concrete. The numerical schematic is benchmarked with a 

combined in-situ experiment with X-Ray computed tomography and diffraction for 3D volumetric data and 

stress tensors in aggregates. Then, effects of aggregate morphology in compressive strength of overall 

concrete are investigated, with the aid of a new advanced packing algorithm of realistic shaped particles. 

In Chapter 7, water permeability coefficient of uniform-sized yet diverse-shaped grains, which are 

generated using 3D printing, is experimentally studied. Modified Kozney-Carman equation with accurate 

calculation of particle surface area using two compressed shape factor, namely relative roughness and 

fractal roughness, is proposed and can well predict results of naturally poorly graded sands in the literature. 

Finally, Chapter 8 concludes this work by summarising the findings and implications and provides an 

outlook on future work in multi-scaled granular physics. 
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2 Related Work 

 

 

In this chapter, related work on the contact behaviour of granular materials is reviewed, as well as particle 

morphology generation, single particle fracture, and hydraulic conductivity. More detailed literature review 

can be found in following chapters. 

 

2.1 Simulation and reconstruction of realistic particle morphology 

In numerical simulations, approximations of particle shapes must be taken, since particle surface is rather 

complicated. For example, surface area of a real grain is deemed infinite (Hanaor et al., 2014). Since 

Cundall and Stroke (1979) implemented spheres to represent sand or rock grains for the simplicity in contact 

detection and calculation, many 3D shapes have been added, such as clusters of spheres (Ferellec and 

McDowell, 2008), bonded spheres (Potyondy and Cundall, 2004), polyhedrons (Latham and Munjiza, 

2004), ellipsoids (Ng et al., 2008), super-ellipsoids (Zhao et al., 2018), poly-ellipsoids (Zhang et al., 2018), 

ploy-super-ellipsoids (Zhao and Zhao, 2019), NURBS (Non-Uniform Rational B-Splines) based convex 

shapes (Andrade et al., 2012), level set reconstructed shapes (Kawamoto et al., 2016), and realistic shapes 

generated by combined random field and Fast Fourier transformation (Mollon and Zhao, 2014). It should 

be noted that no matter how realistic the simulated shape is, it is just an approximation and can never be 

seen equal to the real. 

 

2.1.1 Ideal approximation 

Spheres in 3D (or circles in 2D) are the simplest approximations of realistic particle shapes, for the isotropic 

in both contact behaviour and morphology. Cundall and Strack (1979) are the pioneer to introduce ‘distinct 

element method (DEM)’, which is based on explicit scheme to calculate contacts and motion between and 

of circular particles. The method is also benchmarked with the photo elastic disc experiments of de Jong 

and Veeeuijt (1969). Fig. 2-1 shows the coincidence of numerical and experimental results. Evidently, 

seldom do realistic grains have macro spherical geometry. Meanwhile, there is no existence of perfectly 

smoothed particle. It is found that although mechanical behaviour of disk or sphere assemblies reflect 

general features of granular materials, some macro parameters, such as peak friction angle and peak dilation 

rate are much smaller than those of real grains. An attempt to incorporate shape effects in numerical 

methods in DEM is to implement a rheology-type rolling resistance model (Iwashita and Oda, 1998; Jiang 

et al., 2005) between the spherical contacts, which is capable of reflecting the anti-rotation effect induced 

by the surface texture and roughness of the sand particles. However, the physical meaning of rolling 

resistance is still far from being clearly understood. 
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Figure 2-1 Comparisons between results of DEM and photo elastic experiments: (a) and (b) are for 

experiments; (c) and (d) are for simulations. Source: reprinted from Cundall and Strack (1979). 

 

Rothenburg and Bathurst (1992) attributed these differences to particle shapes and implement elliptical 

particles in DEM to study micromechanical features. However, to decrease computational burden, the 

contact law in their models is isotropic for different macro curvature values. Up to now, ellipsoid-based 

DEM is still widely applied to approximate realistic particle shapes numerical methods. Zhang et al. (2018) 

takes poly-ellipsoid method, in which one particle is composed of eight connected one-eighth ellipsoids, 

inspired by Peters et al. (2009). Motivated by this combination, Zhao and Zhao (2019) approximate real 

particle shapes using poly-ellipsoids. The implicit function to denote surface of complete super-ellipsoid is: 

(|
𝑥

𝑟𝑥
|

2

𝜀1 + |
𝑦

𝑟𝑦
|

2

𝜀1
)

𝜀1
𝜀2

+ |
𝑧

𝑟𝑧
|

2

𝜀2 = 1, (2.1) 

where rx, ry, and rz are lengths of its semi-major axis with respect to x, y and z directions in Cartesian 

coordinate system, respectively, in Cartesian coordinate system, ε1 and ε2 are shape parameters. Notably, in 

nearly all related DEM simulations, the shape parameters are within (0,2] to depict totally convex shapes, 

indicating that the significant simplicity originates from the very beginning of ellipsoid- or super-

ellipsoid-approximations and macro coincidence with real samples is obtained just by mechanical 

parameter calibration. Indeed, although in these DEM models the curvature is known, contact 

models are the same as those of sphere contacts; that is, contact stiffness is not curvature related. 
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2.1.2 2D Fourier transformation 

 

Originally proposed by Ehrlich and Weinberg (1970) to reconstruct 2D particle outline, the closed form 

Fourier transformation, of particle radius, 𝑅(𝜃) = {𝜃𝑖, 𝑅𝑖}, as a function of polar angle, θ, can be given: 

𝑅(𝜃) ≈ ∑ (𝑎𝑛 · cos𝑛𝜃 + 𝑏𝑛 · sin𝑛𝜃)
𝑛𝑚𝑎𝑥
𝑛=0 , (2.2) 

where i means i-th segmentation point on the outline boundary, n is the Fourier degree, and 𝑎𝑛 and 𝑏𝑛 are 

the Fourier coefficients to be determined. There are two major techniques to calculate Fourier coefficients. 

One is given by integrals along the outline boundary (Garboczi, 2002), 

{
𝑎𝑛 =

1

2𝜋
∫ 𝑅(𝜃) · cos𝑛𝜃 𝑑𝜃
2𝜋

0

𝑏𝑛 =
1

2𝜋
∫ 𝑅(𝜃) · sin𝑛𝜃 𝑑𝜃
2𝜋

0

. (2.3) 

Another is to use the discrete Fourier transformation, in which the number of maximum Fourier degree, 

nmax, is equal to that (N) of points to discretize the particle contour. Meanwhile Eq. (2.1) is changed into 

(Bowman et al., 2001; Das, 2007; Mollon and Zhao, 2012): 

𝑅(𝜃𝑖) ≈ 𝑟0 + ∑ (𝑎𝑛 · cos𝑛𝜃𝑖 + 𝑏𝑛 · sin𝑛𝜃𝑖)
𝑁
𝑛=1 , (2.4) 

where r0 is the average radius of the 2D outline, 

𝑟0 =
∑ 𝑅(𝜃𝑖)
𝑁
𝑖=1

𝑁
, (2.5) 

𝑎𝑛 and 𝑏𝑛 are calculated by 

{
𝑎𝑛 =

∑ [𝑅(𝜃𝑖)·cos(𝑖·𝜃𝑖)]
𝑁
𝑖=1

𝑁

𝑏𝑛 =
∑ [𝑅(𝜃𝑖)·sin(𝑖·𝜃𝑖)]
𝑁
𝑖=1

𝑁

. (2.6) 

In Meloy (1977), Bowman et al. (2001), and Das (2007), it is found when n > 7, as in Fig. 2-2, linear log-

log relationship exists between degree and amplitude of Fourier spectrum, which is: 

𝐿𝑛 = √𝑎𝑛
2 + 𝑏𝑛

2
. (2.7) 

L2 is set to 0, since it is much less relevant to particle shapes (Mollon and Zhao, 2012). Size effect is often 

to eliminate for shape analysis via normalizing the amplitude by r0 or the radius of the circle determined by 

n = 0: 

𝐷𝑛 =
√𝑎𝑛

2+𝑏𝑛
2

𝑟0
. (2.8) 
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where 𝐷𝑛 is called Fourier descriptor. Mollon and Zhao (2012, 2013) assumes this linear relation also holds 

for 3< n < 8, express the Fourier descriptor as 

{
𝐷𝑛 = 2

𝛼·log2(𝑛/3)+log2(𝐷3), 𝑛 ∊ (3,8)

𝐷𝑛 = 2
𝛽·log2(𝑛/8)+log2(𝐷8), 𝑛 ∊ (8,∞)

, (2.9) 

where 𝛼 and 𝛽 are the slope in log-log scales. Actually, according to Russ (1994) the value of slope can be 

implemented to calculate fractal dimension for Fourier series via its correlation to Hurst exponent (H), 

α or 𝛽 = -2H. (2.10) 

 

Figure 2-2 Relations between mean Fourier amplitude spectra and degree in log2-log2 scales. Source: 

reprinted from Das (2007). 

 

The fractal dimension (Df) can be deduced in two-dimensional, 

Df = 2-H. (2.11) 

Eq. (2.12) becomes ‘Df = 3-H’ in three-dimensional. There are some bi-fractal models to quantify rough 

surface (Hu et al., 2019), however the cut-off wave-length number (i.e., Fourier degree) is hard to determine 

and many controversial issues should be addressed ahead. It is reasonable to separate fine surface features 

from the global particle morphology, through two steps: first the reconstruction of particle morphology, 

based on experimental data at the global scale, and then the inclusion of a constant Df at finer scales. The 

key to the latter step is to implement an efficient method to quantify particle Df using limited experimental 

data at the surface scale. 

Particle reconstruction is a step prior to generate virtual realistic particle shapes. Via reverse operation, Dn 

can be used to generate Fourier coefficients for virtual shapes (Mollon and Zhao, 2012). Many particles 

with different size can have similar shape features, as long as they share the same amplitude spectrum. Fig. 

2-3 shows some cases of randomly generated 2D shapes via such kind of reverse operation. Look back on 
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the novel idea by Mollon and Zhao (2012), what they focus on is using the spectrum or relative roughness 

(see Chapter 4 for more information) to generate realistic particle shapes, however fractal dimension is less 

concentrated, and even the concept is not mentioned. Inspired by the works of Garboczi and his co-authors 

(Grigoriu et al., 2006; Liu et al., 2011), they further combine the Fourier transformation and random field 

(Mollon and Zhao, 2014) to generate 3D virtual realistic shapes. In Chapter 2, it is clear that the influence 

of fractal dimension on normal contact behaviour of rough spheres is not weaker than that of relative 

roughness, as well as concrete fracture and water permeability coefficient in Chapters 6 and 7. 

 

 

 

Figure 2-3 Influences of Fourier descriptors on randomly generated shapes with α = 𝛽 = -2. Source: 

reprinted from Mollon and Zhao (2012). 

 

 

2.1.3 3D Spherical harmonic analysis 

In Section 2.1.2, the novelty of Fourier Transformation in approximating 2D realistic particle shapes. As 

3D Fourier Transformation, spherical harmonic (SH) function is of great use to approximate 3D particle 

shapes. SH originally was applied in polar coordinate system and restricted to star-like shapes, of which 

one internal point connecting every surficial point only has single radial length must exist. Notably, this 
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limitation also suits 2D Fourier Transformation to reconstruct particle outlines. Refer to Fig. 2-4, the 2D 

shape is non-star-like, because re-entrant angles always exist no matter which internal point is selected as 

the centre. To bypass the difficulty in finding the appropriate centre, taking bijective function into 

consideration, to reconstruct particle shapes in Cartesian coordinate than polar or spherical coordinate 

systems, is meaningful. Since detailed SH reconstruction is in Chapter 3, here we just briefly review some 

key points of SH analysis. 

 

 

Figure 2-4 Use of Fourier analysis in closed form and difficulties encountered with re-entrant angles, which 

may produce two possible values of radius R at a particular angle θ. Source: reprinted from Bowman et al. 

(2001). 

 

Any spherical scaler function can be decomposed as the sum of spherical harmonics (SHs): 

𝑓(𝜃, 𝜑) = ∑ ∑ 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑), (2.12) 

where 𝒀𝑛
𝑚(𝜃, 𝜑) and 𝑐𝑛

𝑚 are the spherical harmonic function and coefficient at degree n and order m (Press 

et al., 1992), 𝜃 ∈ [0, 𝜋] and 𝜑 ∈ [0,2𝜋) denoting latitudinal and longitudinal coordinates. There are two 

methods to calculate 𝑐𝑛
𝑚. The first is to apply integrals along spherical angles. With the aid of orthonormal 

properties of 𝒀𝑛
𝑚(𝜃, 𝜑), to reconstruct or smooth target particle shapes (Garboczi and Bullard, 2017), it is 

general to choose 14400 (= 1202) angles (𝜃, 𝜑) at Gaussian quadratures for the calculation of 𝑐𝑛
𝑚, 

𝑐𝑛
𝑚 = ∫ ∫ 𝑠𝑖𝑛 𝜃 ⋅ 𝑟(𝜃, 𝜑)

𝜋

0

2𝜋

0
⋅ [𝑌𝑛

𝑚(𝜃, 𝜑)]∗𝑑𝜃𝑑𝜑, (2.13) 

where [.]* denotes the complex conjugate. Since the number of known surficial point is larger than that ((n 

+ 1)2) of unknowns, another is to find optimised solutions of the linear equation system of Eq. 2.12 via 

least-square fitting (Shen and Makedon, 2006). After obtaining SH coefficients, reconstructed shapes can 

be depicted via chosen surficial points, by importing their polar coordinates (𝜃, 𝜑) into Eq. (2.12). 

Spherical harmonics approximate a particle surface by fitting the coordinates of discretised points on this 

surface. These points can be represented either in a polar system as 𝒓𝑖(𝜃, 𝜑) or in Cartesian system as 

𝒗𝑖(𝑥𝑖(𝜃, 𝜑), 𝑦𝑖(𝜃, 𝜑), 𝑧𝑖(𝜃, 𝜑)), where i indicates the i-th point. 
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Figure 2-5 Comparison between voxel-based CT images and SH-reconstructed shapes in polar coordinate 

system. Source: reprinted from Garboczi (2002). 

 

For polar-SH, we have 

𝑅𝑖(𝜃, 𝜑) = 𝑓(𝜃, 𝜑) = ∑ ∑ 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃𝑖 , 𝜑𝑖). (2.14) 

Fig. 2-5 shows CT images of two aggregates and correspondingly approximated polar-SH-shapes. For 

Cartesian-SH, surface reconstruction requires a one-to-one mapping between Cartesian coordinates and 

polar coordinates, 𝒗(𝑥(𝜃, 𝜑), 𝑦(𝜃, 𝜑), 𝑧(𝜃, 𝜑)), called surface parameterisation as in Fig 2-6 (b), which 

projects particle surface onto a unit sphere surface through a constrained optimisation process, resulting a 

bijective mapping between each surface point and a pair of spherical coordinates, and thus can reconstruct 

non-star-like shapes (Brechbühler et al., 1995). The second step is similar to those of polar-SH to calculate 

SH coefficient. Three systems of linear equations are established for 𝑥𝑖(𝜃, 𝜑), 𝑦𝑖(𝜃, 𝜑), 𝑧𝑖(𝜃, 𝜑), 

(

𝑥𝑖(𝜃, 𝜑)
𝑦𝑖(𝜃, 𝜑)
𝑧𝑖(𝜃, 𝜑)

) = (

∑ ∑ 𝑐𝑛,𝑥
𝑚𝑛

−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑)

∑ ∑ 𝑐𝑛,𝑦
𝑚𝑛

−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑)

∑ ∑ 𝑐𝑛,𝑧
𝑚𝑛

−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑)

). (2.15) 

Three sets of coefficients are determined, resulting in 3(𝑛max + 1)
2 coefficients. Cartesian-SH avoids the 

illness in reconstructing non-star-like shapes, and manually selecting the centroid in polar-SH. Overall, 

refer to Figs. 2-6 (c) and (d), with the increase of 𝑛max, more and more tiny details would be introduced. 
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Figure 2-6 Surface parameterisation and reconstruction of a typical LBS (Leighton Buzzard sand) particle: 

(a) original surface, (b) surface parameterisation on a unit sphere, (c) reconstruction with 𝑛max = 5, (d) 

reconstruction with 𝑛max = 10. Source: reprinted from Zhao et al. (2017). 

 

Via reverse operation, SH coefficients of real particle shapes can be implemented to generate virtual shapes 

with given fractal dimension and relative roughness or root mean roughness, which is detailly introduced 

in Chapter 3. 

 

2.1.4 3D printed granular materials 

3D printing has the ability to produce particles with independent control of morphology and material 

properties, parameters that are entwined in naturally occurring geomaterials. However, most recent studies 

in geotechnical engineering care only about whether the 3D printed grains can grasp phenomena 

characteristics of real ones. The answer is apparently no in the perspective of topological morphology, 

because the efficiency of 3D printed granular depends on printing resolution and the quantification of real 

particle surface is always unlimited. For example, Hanaor et al. (2014) states that surface area of real 

granular material is infinite. Successfully generated virtual realistic particle shapes is a prior and necessary 

for 3D printing. According to the pioneering work of 3D printing grains in geotechnical engineering by 

Hanaor et al. (2016), except for printing resolution and materials, possible progress can be dedicated to 

geometrical model of printed grains: i) input morphological and statistical parameters are extracted from 

real ones; ii) as many as realistic particle morphology features are depicted, such as coexistence of smoothed 

faces, angularity and branching; iii) ready to study effects induced by varying morphology in granular 

behaviour.  
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Table 2-1 Overview of investigated 3D printing techniques (Adamidis et al. (2019). 

Technique  Material Resolution Support Removal  Time and Cost  

Stereolithography 

(SLA)  
Photopolymer 

～25 μm(z) 

～140 μm(x/y) 
Manual removal 

Quick, 

affordable 

PolyJet  Photopolymer 

～16 μm(z) 

～40 μm(x/y) 
Solution bath 

Quick, 

affordable 

Selective laser 

sintering (SLS)  

Metal, glass, ceramic, 

plastic powder 

～50–150 μm(z) 

～200–300 

μm(x/y) 

No support 
Material-

dependent 

Selective laser 

melting (SLM)  
Metal powder ～50–100 μm No support 

Quick, 

expensive 

Nanoscribe photonic 

professional GT  
Photopolymer <1 μm … 

Slow, 

expensive 

 

Many researches use scanned 3D particle shapes as input to produce one-to-one printed sands and conduct 

experiments to discover whether printed sands can ‘clone’ behaviour of real ones. Various kinds of printing 

techniques are available for 3D printing. Table 2-1 provides a simple overview of common 3D printing 

techniques. Meanwhile, to decrease printing cost, usually an assembly of grains are printed once than a 

single particle, i.e., Figs. 2-7 (b) and 2-7 (a). As shown in Fig. 2-7, Adamidis et al. (2019) takes CT images 

as input shapes and apply polyjet type printing, the same as those in Hanaor et al. (2016) and Chapter 7. 

The experiments they conduct is constant-head water permeability coefficient test and drained triaxial 

compression test. Within expectation, due to the softness of polyjet, the shear response of printed grains is 

significantly different from that of correspondingly realistic Houston sand. Gupta et al. (2018) take 

Selective Laser Sintering (SLS) printing method on plastic constituent material Fine Polyamide PA 2200 

to produced synthetic particles and conduct oedometer test. It seems that the triangle edge length of STL 

(Standard Tessellation Language) input is significantly shorter than that of vertical printing resolution or 

layer thickness (~ 60 μm), which might be the reason why large morphological variance between STL file 

and printed grain exists, as in Fig. 2-8 (b). Ahmed and Martinez (2020) compare morphology features of 

SLA- and polyjet-printed grins, refer to Fig. 2-9. They don’t consider the necessary condition where the 

edge length of input images should be no less than 3D printing resolution. Although they state the polyjet 

spheres have a greater surface roughness compared to the SLA spheres which is further proved by 

conducting experiments to estimate angle of response, the printing resolution of SLA (25 μm) is finer than 

that of polyjet (30 μm), with snapshots of their X-Ray images in Fig. 2-13. Meanwhile, the process to 

remove support wax around printed grains is not provided. Thus, their conclusion needs more discussions. 
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They also compare X-Ray images of natural particles, reduced scans of natural particles for 3D printing 

and printed grains in Fig. 2-10. 

 

 

Figure 2-7 Polyjet 3D-printing process: (A) printing platform of PolyJet Objet500 Connex3; (B) printed 

particles of scale factor 16 before support material removal; (C) printed particles of scale factor 4 before 

support material removal; (D) solution bath for removal of support material; (E) manual removal of support 

material under waterflow; and (F) produced grains for the three scaling factors. Source: reprinted from 

Adamidis et al. (2019). 

 

 

Figure 2-8 SLS-printed grains: (a) printed in a box assembly; (b) Real (left) and printed (right) grain image 

stack for comparison. Sources: reprinted from Gupta et al. (2018). 
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Figure 2-9 X-ray CT scans of additive manufactured spheres: (a) SLA and (b) polyjet. Sources: reprinted 

from Ahmed and Martinez (2020). 

 

 

Figure 2-10 Comparison of X-ray CT scans of (a) natural particles, (b) reduced scans for 3D printing, and 

(c) of additive manufactured particle analogy. Sources: reprinted from Ahmed and Martinez (2020). 

 

2.2 Contact behaviour of granular media 

The geometry variation of the particles is an important random factor in the particulate system. Real 

granular materials have geometric irregularities at both macroscopic and microscopic levels. To obey the 

theme of this thesis, only pure elastic material without other mechanical properties (such as plasticity and 

adhesion) is assigned to grains. Interestingly, in updated studies for discussing contact mechanics of 

morphology related granular materials, macro curvature and micro roughness on them are separated and 

isolated, which might be attributed to complicated influences of all-length-scale topology on contacts. Even 

for numerical study of contact behaviour of rough flats, roll-off (maximum wavelength) and cut-off 

(minimum wavelength) are given first to isolate macro curvature influences from those of micro asperities. 

Here, the derivations of models in this section are not included for conciseness. More information can be 

referred to suggested literatures accordingly. 
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2.2.1 Hertzian contact model 

Hertzian contact models have five main assumptions: i) the contacted surfaces are non-conforming (𝑟𝐻 ≪

𝑅, where 𝑟𝐻 and R are the radii of circular contact area and contacting sphere) and continuous at the 

bulk material; ii) the strains of zones far from contact region are small; iii) friction of contacts is not covered. 

Hertzian solution is still and up-to-date approach for studying pure elastic contact behaviour of perfectly 

smoothed surfaces under normal loads. Here, only the simple case of contacts between two spherical 

surfaces are introduced. The derivations are not included here for conciseness. For more information, the 

classic book ‘contact mechanics’ by Johnson (1985) is recommended. Firstly, two concepts are introduced, 

including effective radius (𝑅∗) and contact modulus (𝐸∗) of contacting between sphere pairs: 

1

𝑅∗
=

1

𝑅1
+

1

𝑅2
, (2.16) 

1

𝐸∗
=
1−𝑣1

2

𝐸1
+
1−𝑣2

2

𝐸2
, (2.17) 

where subscripts 1 and 2 denote numbers of spheres, and R and E are geometry radius and elastic modulus. 

The contact area between two spheres is a circle, and if the penetration of two spheres is d, the radius (𝑟𝐻) 

of the circular contact area is 

𝑟𝐻 = √𝑅
∗ · 𝑑. (2.18) 

The maximum contact pressure is at the contact points which contact firstly, and is 3/2 times the mean 

pressure FN/(πrH
2), 

𝑝0 =
3𝐹𝑁

2𝜋𝑅∗𝑑
. (2.19) 

The hemispherical distribution of contact pressure (p) can be described by the function of the distance (r) 

between the maximum contact pressure point, 

𝑝 = 𝑝0 · √1 − (
𝑟

𝑟𝐻
)
2
. (2.20) 

Meanwhile, the relation between the penetration or displacement and contact force (FN) is 

𝑑 = √ 9𝐹𝑁
2

16𝑅∗𝐸∗2

3

 or 𝐹𝑁 =
4

3
√𝑅∗𝐸∗𝑑

3

2 (2.21) 

 

2.2.2 Contact model of ellipsoidal particles 

As in Fig. 2-11, two contacted ellipsoids yield an elliptical contact area, with a and b denote semi-minor 

and -major axes. Firstly, the eccentricity of the contact ellipse is, 
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𝑒2 = 1 − (
𝑎

𝑏
)2. (2.22) 

Then, the effective contact radius (Rm) is expressed as 

1

𝑅𝑚
=

1

𝑅𝑥
+

1

𝑅𝑦
=

1

𝑅𝑥1
+

1

𝑅𝑦1
+

1

𝑅𝑥2
+

1

𝑅𝑦2
. (2.23) 

where subscripts x and y are the principal directions, and 1 and 2 denote ellipsoid number. If the normal 

contact force is FN, similar to that of spherical contact, the maximum contact pressure at the centre of the 

ellipse is 3/2 times the mean pressure FN/(πab) 

𝑝0 =
3𝐹𝑁

2𝜋𝑎𝑏
. (2.24) 

 

 

Figure 2-11 Contact situation of two touched ellipsoids (Johnson, 1985). 

 

Meanwhile, the values of a and b are 

𝑏 = √
3𝐄(𝑒)𝑃𝑅𝑚

𝜋𝐸∗(1−𝑒2)

3
. (2.25) 

𝑎 = 𝑏 · {
𝐄(𝑒)

𝐊(𝑒)+
𝑅𝑥
𝑅𝑦
[𝐊(𝑒)−𝐄(𝑒)]

}
1

2 = [
3𝐄(𝑒)𝑃𝑅𝑚

𝜋𝐸∗(1−𝑒2)
]
1

3 · {
𝐄(𝑒)

𝐊(𝑒)+
𝑅𝑥
𝑅𝑦
[𝐊(𝑒)−𝐄(𝑒)]

}
1

2. (2.26) 

where 𝐸∗ is the effective elastic modulus, which is the same as that of spherical solutions in Eq. (2.17), 𝐊(𝑒) 

and 𝐄(𝑒) are the first and second complete elliptic integrals, respectively, 

𝐊(𝑒) = ∫ (1 − 𝑒2 sin𝜑2)−
1

2𝑑𝜑
𝜋

2
0

; (2.27) 

𝐄(𝑒) = ∫ (1 − 𝑒2 sin𝜑2)
1

2𝑑𝜑
𝜋

2
0

. (2.28) 

The overlap or interference d is 
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𝑑 =
2𝐊(𝑒)

𝜋
[
𝜋(1−𝑒2)

4𝐄(𝑒)𝑅𝑚
]

1

3
· (
3𝐹𝑁

4𝐸∗
)
2

3. (2.29) 

After rearranging Eqs. (2-24) to (2-26) and (2-29), contact area (Ae) and the relations between d and FN can 

be denoted, 

𝐴𝑒 =
2𝜋𝐄(𝑒)𝑅𝑚𝑑

𝐊(𝑒)(1−𝑒2)
1
2

; (2.30) 

𝐹𝑁 =
4√2𝜋𝐸∗𝐄(𝑒)

1
2𝑅𝑚

1
2𝑑

3
2

6𝐊(𝑒)
3
2(1−𝑒2)

1
2

. (2.31) 

The above solutions are from the classical textbook ‘Contact Mechanics’ by Johnson (1985). However, the 

values of elliptical integrals in it must be referred to tables. Some approximations of the integrals have been 

raised for the ease (Abramowitz and Stegun, 1972; Reussner, 1977; Mose, 2000). 

 

2.2.3 Greenwood-Tripp model for rough spherical particles 

For the contact between two rough spheres, roughness and elasticity can be transformed into one of the 

contacting sphere and flat as shown in Fig. 2-12. Greenwood-Tripp model (Greenwood and Tripp, 1967) 

for contact sphere of rough spheres is based on the famous deterministic Greenwood-Williams model 

(Green and Williams, 1967) to analyse contact between two rough platens. Due to inherent limitations of 

the original GW model discussed elsewhere (Barber and Ciavarella, 2000; Greenwood and Wu 2001; Vakis 

et al., 2018), GT model assumes single value to sphere ‘radii’ to quantify roughness, in terms of asperity 

curvature, globally without considering their correlation.  

 

 

Figure 2-12 2D cross section of the contact between a smooth sphere and a rough sphere (Greenwood and 

Tripp, 1967). 

 

The effective radius Re and the equivalent standard deviation of the asperity height distribution σ can be 

obtained by the radii and roughness parameters of the two spheres as: 



- 21 - 
 

1

𝑅𝑒
=

1

𝑅1
+

1

𝑅2
, (2.32) 

𝜎2 = 𝜎1
2 + 𝜎2

2. (2.33) 

Refer to Fig. 2-15, δ, assumed to be negative, is the separation or overlap between the nondeformed 

configuration of the sphere and the mean line of the flat surface. The profile of the undeformed sphere 

(black dashed line) can be described by 

𝑧(𝑟) = 𝛿 −
𝑟2

2𝑅
, (2.34) 

where r is the distance from the contact centre to the relative point. With 𝑤(𝑟) denoting bulk deformation of 

the sphere, the separation at the point with distance r is 

𝑑(𝑟) = 𝑤(𝑟) − (𝛿 −
𝑟2

2𝑅
). (2.35) 

Thus, the overlap between the asperity and the undeformed sphere at height zs and distance r is 

𝛿(𝑟) = 𝑧𝑠 − 𝑑(𝑟), (2.36) 

Via Hertzian solution in Eq. (2.21), contact force between the sphere and asperities on the nominally flat 

half space is 

𝑓(𝑧𝑠) =
4

3
· √𝛽 · 𝐸 · 𝛿(𝑟)

3
2, (2.37) 

where 𝛽 is the radius for all asperities. With the assumption that asperity heights follow a Gaussian 

probability density function, 

𝛷(𝑧𝑠) =
1

√2𝜋𝜎2
exp(−

𝑧𝑠
2

2𝜎2
). (2.38) 

Only when 𝛿(𝑟) = 𝑧𝑠 − 𝑑(𝑟) > 0, contacts happen. Consequently, if the asperity number is N, overall 

contact pressure distribution reads 

𝑝𝐺(𝑟) =
4

3
· √𝛽 · 𝐸 · ∫ [𝑧𝑠 − 𝑑(𝑟)]

3
2𝛷(𝑧𝑠)𝑑𝑧𝑠

+∞

𝑑(𝑟)
. (2.39) 

As a result, the contact force is 

𝐹𝐺(𝛿, 𝜎) = ∫ 2𝜋𝑟𝑝𝐺(𝑟)𝑑𝑟
𝑎

0
, (2.40) 

where a is the radius of contact area. 
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2.3 Single particle fracture laws 

In classical geotechnical engineering, maybe due to the highly irregular shapes of natural sands, single 

particle is compressed by two flat platens in crushing tests, as shown in Fig. 2-13. During the compressing 

process, displacements and force at the loading platen on the particle are simultaneously recorded. Many 

drawbacks exist in this method, among which the biggest is the uncertainty in contact numbers between 

loading platen and particle. Consequently, the equation from point loading (Hiramatsu and Oka, 1966; 

ISRM, 1985) to determine particle strength (𝜎𝑓), which is 𝜎𝑓 =
𝐹

𝑑2
, where F is the monitored force on the 

platen and d is the particle size, is problematic. Meanwhile, the influences of loading platen materials have 

not attracted enough attention. Zhao et al. (2013) compares the strength of spherical Lithium orthosilicate 

(Li4SiO4) ceramic pebbles under loading of platens made of aluminium (AL) or tungsten carbide (WC). For 

pebbles of the same sizes, the strength from AL platen is 45 MPa, which is higher than that (30MPa) from 

WC platen. Regardless of the drawbacks, platen load is still mostly applied, due to the difficulty in 

implementing point load because of small size of sands. 

 

 

Figure 2-13 Classically geotechnical apparatus for single particle strength test. Resource: reprinted from 

Nakata et al. (1999). 

 

Dedicated to the deficiency of experimental platen loading, Brzesowsky et al. (2011) polish the bottom of 

the crushing sand, via which only one macro contact point should be considered for discussing fracture 

stress, as shown in Fig. 2-14. Rather than roughly probing stress by 𝜎𝑓 =
𝐹

𝑑2
, they take material properties 

of loading platen into consideration via Hertzian contact solution combined with Linear Elastic Fracture 

Mechanics (LEFM). Firstly, the relation between radius (a) of contact area and compression force (FN) for 

the contact between elastic spherical grain and platens is 

𝑎3 =
3𝐹𝑁𝑅

∗

4𝐸∗
. (2.41) 
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where 𝑅∗ and 𝐸∗ are the effective radius and can be referred to Eqs. (2.16) and (2.17). Thus, with subscripts 

g and p denoting grain and platen and 𝑅𝑝 = ∞, Eq. (2.41) becomes 

𝑎3 =

3𝐹𝑁
1

1
𝑅𝑔

+
1
𝑅𝑝

4
1

1−𝑣1
2

𝐸𝑔
+
1−𝑣2

2

𝐸𝑝

=
3𝐹𝑁𝑅𝑔

4
(
1−𝑣𝑔

2

𝐸𝑔
+
1−𝑣𝑝

2

𝐸𝑝
). (2.42) 

 

 

Figure 2-14 (a) Snapshots illustrating the measurement of the minimum (𝑅𝑔
′ ) and maximum ((𝑅𝑔

′′)) radii of 

curvature of contact points using 2D pictures; (b) Schematic diagram showing the anvil loading 

configuration used in crushing tests on single sand grains. Resource: reprinted from Brzesowsky et al. 

(2011). 

 

Within the circle contact area, the radial stress reaches the maximum tensile stress at the boundary of it and 

the relation between it and the maximum contact stress at the circular centre is 

𝜎𝑇 =
(1−2𝑣𝑔)𝑝0

3
. (2.43) 

where p0 can be referred to Eq. (2.19), 𝑝0 =
3𝐹𝑁

2𝜋𝑎2
. Notably, they think 𝜎𝑇 = 𝜎𝑓 holds for their experiments 

(𝜎𝑓 is the fracture stress), which is problematic, because the position of the maximum tensile stress shifts 

with the evolution of radius ratio of contact area to sphere radius (Pejchal et al., 2017). Meanwhile, as the 

ideal case of single particle fracture, the contact stress of sphere contact is assumed to be uniformly 

distributed in circular contact area in many analytical solutions (Hiramatsu and Oka, 1966; Chau and Wei, 

1999; Russell and Wood, 2009; Zhao et al., 2012). 

According to linear elastic fracture mechanics (LEFM, e.g., Lawn, 1993), material fails when the equivalent 

stress intensity factor Keq exceeds a critical level equal to the equivalent fracture toughness Kc,eq, 

𝐾𝑒𝑞 = 𝑌𝜎𝑒𝑞√𝜋𝑐 ≥ 𝐾𝑐,𝑒𝑞. (2.44) 

where Y is the dimensionless factor and ≈ 1.12 for a single ended crack, c is the flaw dimension, and 𝜎𝑒𝑞 is 

the applied equivalent stress. Import Eq. (2.44) to Eq. (2.42), we arrive at 
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𝐹𝑁 =
9𝜋

3
2𝐾𝑐,𝑒𝑞

3𝑅𝑔
2

2𝑐𝑓
3
2𝑌3(1−2𝑣𝑔)

3
(
1−𝑣𝑔

2

𝐸𝑔
+
1−𝑣𝑝

2

𝐸𝑝
)
2. (2.45) 

Similarly, the contact solutions of ellipsoidal particles in Section 2.2 can also combined with LEFM instead 

of Hertzian solution for spherical particles, 

𝐹𝑁 ≈
𝜋
3
2𝐾𝑐,𝑒𝑞

3𝑅𝑔
′ 3

6𝑐𝑓
3
2𝑌3(1−2𝑣𝑔)

3
(
1−𝑣𝑔

2

𝐸𝑔
+
1−𝑣𝑝

2

𝐸𝑝
)
2

𝑅𝑔
′′

·

[1−(
𝑅𝑔
′′

𝑅𝑔
′ )

4
3
]

7
2

tan−1[1−(
𝑅𝑔
′′

𝑅𝑔
′ )

4
3
]−[1−(

𝑅𝑔
′′

𝑅𝑔
′ )

4
3
]

1
2

. (2.46) 

As well known, realistic particle shape is somewhat random, and the contact area even is not continuous. 

To address this issue, Chapter 5 is dedicated using rotational point loads performed on the same shaped 

particle. To discuss single particle fracture laws in Sections 2.3.1 and 2.3.4, experimental results of 

Brzesowsky et al. (2011) are cited. 

 

 

Figure 2-15 Apparatus for point load tests on single sand strength: (a) individual parts; (b) assembled 

mounts. Resource: reprinted from Wang and Coop (2018). 

 

After realizing drawbacks of platen loading and influences of macro contact numbers on particle crushing 

behaviour via their own work (Todisco et al., 2016), Wang and Coop (2018) modify the load mount, as in 

Fig. 2-15, to conduct platen load tests on single particle in Wang and Coop (2016). However, the significant 

rotation always occurs, and compressed point tend to find a concave part on the particle surface for 

stabilization, hiding the efficiency of such kind of point load. Furthermore, they also state that ‘it has to be 

admitted that the point-loading tests are very much more difficult to conduct, both from the point of view 

of the care and time needed to prepare each one and also the necessity to replace the points very frequently’, 
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which indicates the experimental difficulty in point load on quantifying single particle strength. 

 

2.3.1 Weibull Distribution 

For a brittle material, the probability of failure stress or strength no more than the applied equivalent stress 

𝜎𝑒𝑞 is equal to that of a flaw or rupture with a size no less than the critical size cf. Accordingly, flaws of the 

Weibull failure probability of the solid (Pf) can be classified into surface flaws (Pf,s) and volume flaws (Pf,v) 

(Weibull, 1951; Chao and Shetty, 1990; Fok and Smart, 1993), 

𝑃𝑓,𝑠 = 1 − exp [−
1

𝐴0
∫

1

2𝜋𝐴𝑡𝑜𝑡𝑎𝑙
∫ (

𝜎𝑒𝑞

𝜎𝑐ℎ
)
𝑚2𝜋

0
𝑑𝜃𝑑𝐴0], (2.47) 

𝑃𝑓,𝑣 = 1 − exp [−
1

𝑉0
∫

1

4𝜋𝑣𝑡𝑜𝑡𝑎𝑙
∫ ∫ (

𝜎𝑒𝑞

𝜎𝑐ℎ
)
𝑚

cos 𝜃
𝜋

0

2𝜋

0
𝑑𝜃𝑑𝜑𝑑𝑉0], (2.48) 

where 𝜎𝑐ℎ is the characteristic strength, m is Weibull modulus, A0 and V0 are the area and volume elements, 

and Atotal and Vtotal are the total particle surface area and volume. 

 

Figure 2-16 Typical Weibull plot of failure stress versus cumulatiive failure probability of four kinds of 

sand grains. Resouce: reprinted from Brzesowsky et al. (2011). 

 

Usually, the characteristic stress 𝜎𝑐ℎ is selected as the maximum tensile stress 𝜎𝑇. Meanwhile, the two 

following integrals are defined: 

𝛷(𝐴𝑡𝑜𝑡𝑎𝑙) = ∫
1

2𝜋𝐴𝑡𝑜𝑡𝑎𝑙
∫ (

𝜎𝑒𝑞

𝜎𝑐ℎ
)
𝑚2𝜋

0
𝑑𝜃𝑑

𝐴0

𝐴𝑡𝑜𝑡𝑎𝑙
, (2.49) 

𝛷(𝑉𝑡𝑜𝑡𝑎𝑙) = ∫
1

4𝜋𝑣𝑡𝑜𝑡𝑎𝑙
∫ ∫ (

𝜎𝑒𝑞

𝜎𝑐ℎ
)
𝑚

cos 𝜃
𝜋

0

2𝜋

0
𝑑𝜃𝑑𝜑𝑑

𝑉0

𝑉𝑡𝑜𝑡𝑎𝑙
. (2.50) 



- 26 - 
 

Consequently, the Weibull failure probability reduces to a function of 𝜎𝑐ℎ with two parameters, 

𝑃𝑓(𝜎𝑒𝑞) = 1 − exp [− (
𝜎𝑐ℎ

𝑘
)
𝑚

], (2.51) 

where k is the Weibull scale parameter, 

𝑘 = 𝜎𝑐ℎ (
𝐴0

𝐴𝑡𝑜𝑡𝑎𝑙·𝛷(𝐴𝑡𝑜𝑡𝑎𝑙)
)

1

𝑚
 or 𝜎𝑐ℎ (

𝑉0

𝑉𝑡𝑜𝑡𝑎𝑙·𝛷(𝑉𝑡𝑜𝑡𝑎𝑙)
)

1

𝑚
. (2.52) 

When 𝑘 = 𝜎𝑐ℎ , Pf equals 1 − 𝑒−1 ≈ 0.63 and is independent of m. Fig. 2-16 illustrates Weibull 

plots of cumulative failure probability (Pf) as a function of failure stress, calculated using Hertzian 

failure criterion for assumed spherical shapes, indicating the high efficiency of Weibull 

distribution in denoting statistical size effect in grain strength. 

 

2.3.2 Particle size effect 

There are two types of models considering size effects on the strength of material and structure design: 

statistical size effect considering material defects, e.g., using Weibull distribution (Weibull, 1951; Nakata 

et al., 1999); and deterministic size effect based on stress redistribution and released energy, e.g., un-

notched size effect law (Bažant, 1984; Bažant and Yavari, 2005). In the last section, we have discussed the 

application of Weibull distribution to single particle fracture stress. Many size effect laws of single particle 

compressive strength have been proposed. The first is the power law (e.g., Lee, 1992; Alonso et al., 2012; 

Huang et al., 2014), 

𝜎𝑑 = 𝑘𝑑
−𝛼, (2.53) 

where α is a constant and correlated to fractal dimension (𝐷 = 3 − α) in quantifying uniaxial compressive 

strength (𝜎𝑑) of particles, k is a material property. Liu et al. (1998) propose an exponential law, 

𝜎𝑑 = 𝜎𝑖 + 𝛼 · exp(−𝛽𝑑), (2.54) 

where 𝜎𝑖 is the intrinsic compressive strength, α and 𝛽 are constants related to defects in grains. In addition, 

the Protodyakonov formula is also applied (Bieniawski, 1968), 

𝜎𝑑 = 𝜎𝑀 ·
𝑑+𝑚𝑏

𝑑+𝑏
, (2.55) 

𝑚 =
𝜎0

𝜎𝑀
, (2.56) 

where 𝜎𝑀 and 𝜎0 are the strengths for conditions where d is infinite and zero, b is the internal distance 

between discontinuous matrices of grains and can be approximated by the opening of crack. 



- 27 - 
 

In fact, in the pioneering work by Weibull (1951), size effect was also incorporated into Weibull model. If 

a grain of volume V survives, all the constituents survive or remain intact. Analogous to the weakest link 

(V0) in a chain concept, with Eq. (2.51), the survive probability (Ps) of V is 

𝑃𝑠(𝑉) = {exp [− (
𝜎𝑐ℎ

𝑘
)
𝑚

]}

𝑉

𝑉0
. (2.57) 

McDowell and Amon (2000) arrive at 

𝑃𝑠(𝑑) = exp [− (
𝑑

𝑑0
)
3

(
𝜎𝑑

𝜎0
)
𝑚

], (2.58) 

where 𝜎0 is the strength of particles, with size 𝑑0, with a survival probability of 37 %. A large structure is 

composed many bulks of size d, hence joint survival probability of all such bulk can be used to determine 

the structure strength. Bažant (1984) approximates the survival probability by following integral, 

ln 𝑃𝑠 = ∫ 𝜓[𝜎(𝑥)]𝑑
𝑉(𝑥)

𝑉𝑟𝑉𝑡𝑜𝑡𝑎𝑙
, (2.59) 

where 𝜓[𝜎(𝑥)]  is the spatial strength distribution, x is the space vector coordinate, and Vr is the 

characteristic volume. Via integrating Eq. (2.60), we arrive at 

𝜎𝑑 = 𝑘𝑉 · 𝑉
−
1

𝑚 = 𝑘0 · 𝑑
−
3

𝑚, (2.60) 

where 𝑘𝑉 and 𝑘0 are material constants. Since Weibull model does not take stress redistribution induced by 

fracture propagation into consideration (Bažant and Xi, 1991a), Bažant and Xi (1991b) considers nonlocal 

theory by replacing stress field (𝜎(𝑥)) with strain field (𝐸 · 휀(𝑥)) in Eq. (2.59). Then the size effect related 

model becomes 

𝜎𝑑 =
𝜎𝑝

√(
𝑑

𝑑0
)

6
𝑚
+
𝑑

𝑑0

, (2.61) 

where 𝜎𝑝 is √2𝜎0. 

There are several size effect laws related to fracture energy release theory. For stable crack growth or 

propagation, such as three-point bending on concrete (Bažant, 1984), the following size effect law is often 

applied (Li et al., 2016): 

𝜎𝑑 =
𝐵𝜎𝑇

√1+
𝑑

𝑑0

, (2.62) 

where B is a constant, and 𝜎𝑇 is the tensile strength of material. 

For failure at crack initiation, Bažant (1984) also proposes another law, 
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𝜎𝑑 = 𝑓𝑟
∞ (1 +

𝑑𝑏

𝑑
), (2.63) 

where 𝑓𝑟
∞ is the strength of large size, and db is the effective thickness of the crack boundary layer.  

Merge the two laws for crack initiation and propagation, a universal size effect law can be denoted (Bažant, 

1996): 

𝜎𝑑 =
𝜎0

√1+
𝑑

𝑑0

· [1 +
1

(𝜇+
𝑑

𝑑0
)(1+

𝑑

𝑑0
)
], (2.64) 

where 𝜇 is the constant. 

All the introduced models have been applied to single particle crushing tests of granular coal powders. For 

more information, please refer to Wang et al. (2019). 

 

2.3.3 Curvature-related abrasion model 

 

 

Figure 2-17 Universality in grain shape evolution: A: Gravel-bed river; B: Sand dune; C: Pebble beach; D: 

Laboratory experiment; E: Transportation process under bed-load; F: Shape evolution of angular and 

rounded grains in laboratory experiment. Resources: reprinted from Novák-Szabó et al. (2018). 

 

Compared with high angularity of fragments caused by extremely high crushing stress, grains under bed 

load of transportation and wearing lead to quantitative similarity in shape evolution, such as the phenomena 
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occurs on river pebbles, coastal pebbles and aeolian sands, as in Fig. 2-17. In the context of physics and 

mathematics, such shape convergence, independent of system details, is called ‘universality’. More 

information can be referred to the review paper by Dobkins and Folk (1970). Based on Firey (1974), via 

spherical harmonic function Bloore (1977) derives the local erosion rate V as a function of principal 

curvature values (k1 and k2), 

𝑉(𝑘1, 𝑘2) = 𝑣(1 + 𝛼𝑘1)(1 + 𝛼𝑘2), (2.65) 

where v is the speed for the flat surface erosion and can be measured by the hardness of the material, 𝛼 is 

the average radius of curvature of other pebbles on it. The efficiency of Bloore model has been proved in 

many bed-load related researches (Domokos et al. 2014; Miller et al., 2014). 

 

2.4 Hydraulic conductivity 

An accurate estimation of permeability of porous media is of vital importance in many scientific fields, 

such as hydrogeology, geotechnical engineering, earth science, and petroleum engineering. Porous media 

are commonly classified into two categories: fibrous media and granular media. The latter received more 

attention owing to its significant prevalence in various engineering applications. Granular porous media are 

composed of solid matrix skeleton formed by bounded or contacting grains, and pores with narrow 

constraints. Natural and artificial examples are widely encountered in weakly cementitious rocks in 

sandstone (Sun et al., 2011), sands in geotechnical structures (Chapuis, 2004), fault gouge of seismic events 

(Wang et al., 2019), and shale soils around multilayered reservoirs (Zheng et al., 2018). For these media, 

permeability is a key parameter for describing their transport and hydro-mechanical responses. Notably, 

water permeability or hydraulic conductivity, k (Sr) is a function of degree of saturation, Sr. Here, fully 

saturated ksat is focused. 

 

2.4.1 Particle size effect 

Since Seelheim (1880) stated that in porous media flow permeability correlates to the square value of its 

characteristic pore diameter, many models for predicting water permeability of fully saturated porous media 

have been proposed. Due to the complexity of pore network and geometry, it is challenging to rigorously 

formulate a satisfactory theoretical relation between viscous flow resistance and intrinsic geometry 

properties of granular porous media. As a result, most of such predictive models start with some measurable 

intrinsic first-principle geometrical factors, including volume-equivalent-diameter, sieve-determined-

grading, void ratio, and porosity (Hazen, 1892; Johnson et al., 1986; Chapuis and Aubertin, 2003; Ren and 

Santamarina, 2018). 

As early as a century ago, Hazen (1892) may be the first to propose the following empirical model to predict 

fully saturated permeability of sands: 

𝑘 = 𝑐𝐻 · 𝑑10
2
, (2.66) 
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where K is the permeability (cm/s), cH is Hazen empirical coefficient, and d10 is the particle size for which 

10 % of the soils are finer. Actually, Hazen developed this formula for sand filter design for water 

purification, which is for loose poorly graded clean sands with uniformity coefficient (Cu = d60 /d10) less 

than 2. Evidently, without porosity in it, the efficiency of the equation is rather rough, considering that even 

for sphere assembly, diverse packings with different porosity values can generate various of pore structures. 

The disadvantage is reflected by the value of cH. For example, cH ranges from 1 to 1,000 over three 

magnitudes in classical geotechnical textbook (Mansur and Kaufman, 1962; Lame and Whitman, 1969). 

Analogous to Hazen equation, Keney et al. (1984) proposed a model for compacted soils using D5 instead 

of d10, 

𝑘 = 𝛽 · 𝑑5
2
, (2.67) 

where 𝛽 is the fitted coefficient, and belongs to [0.05, 1]. Although this fashion where only one geometry 

id covered to predict permeability coefficient is problematic and the determining coefficient is hard to select, 

it is still widely used nowadays for its simple formula. There are also equations implementing more than 

one specific grading (dn) to predict hydraulic conductivity. For example, Vukovic and Soro (1992) unified 

d20 and d10, 

𝑘 = 0.0048 ×
𝛾

𝜇
× 𝑑20

3

10 × 𝑑10
2
, (2.68) 

where γ and μ are unit weight and viscosity of permeant, respectively. The efficiency of this equation is 

great when Cu is no more than 5 (Cheng and Chen, 2007). Taking Cu into consideration is another formula 

to consider grain-size composition, such as Beyer formula (Kresic, 1998), 

𝑘 = 0.06 ×
𝛾

𝜇
× log

500

𝐶𝑢
× 𝑑10

2
, (2.69) 

Interestingly, Beyer formula gives the best predicting efficiency in poorly graded soils, contrary to Eq. 

(2.68), although both of them implement two size compositions. Realizing the drawback of only using 

specific grading composition to include pore structure is porous granular media, Slichter (1899) developed 

a model including void ratio ε, 

𝑘 =
𝛾

𝜇
× 휀3.287 × 𝑑10

2
. (2.70) 

Furthermore, Kozeny-Carman equation (Carman, 1957) is modified to cover grain size (Carrier, 2003), 

𝑘 = 0.083 ×
𝛾

𝜇
×

𝜀3

(1−𝜀)2
× 𝑑10

2
. (2.71) 

In this equation, particle shapes are approximated by volume-equivalent spheres. Applying Kozney-

Carman in clay is still questionable because of inertial effects. 
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2.4.2 Particle morphology effect 

Besides grain-size related models, many models with particle morphology or directly pore topology for 

predicting saturated water permeability have been proposed based on Poiseuille capillary tubes (Carman, 

1956; Mortensen et al., 2005), statistical regression (Wang et al., 2017; Feng et al., 2019) and effective 

hydraulic radius (Carman, 1956; Costa, 2006). Among these, Kozeny-Carman equation (Carrier, 2003) is 

the most used, 

𝑘 =
𝛾

𝜇
·

1

𝐶K−C
·
1

𝑆0
2 ·

𝜀3

(1−𝜀)2
 , (2.72) 

where S0 is specific surface area (i.e., surface area per unit volume of particles), CK-C is the Kozney-Carman 

shape coefficient. As said by Wolfgang Pauli, “God made the bulk; the surface was invented by the devil”. 

The accurate measurement of surface area in porous media can be difficult, since many solid surfaces can 

exhibit multiscale features (Hanaor et al., 2014; Mollon and Zhao, 2012). Although various techniques have 

been developed for estimating the specific surface area 𝑆0 of granular materials as discussed in the review 

paper by Santamarina et al. (2000), a wide range of Konzney-Carman shape coefficients have been observed 

under different experimental conditions. The value of CK-C is found to be around 5 for monodispersed 

spheres (Carman, 1937). For peat beds and mixture of fibrous and granular beds, the CK-C are 3.4 and 12.81, 

respectively (Mathvan and Viraraghavan, 1992; Li and Gu, 2005). In Chapter 7, we show that the significant 

variance in CK-C is attributed to the rough estimation of S0 in this equation. As pointed by Hanaor et al. 

(2014), for real grains, the surface area is unlimited. Meanwhile, the length of particle morphology can be 

identified by viscous laminar flow is limited. Hence, the surface area in Eq. (2.72) should have a cut-off, 

which is the decay length or Brinkman screening length roughly equal to absolute permeability, √𝑘𝜇/𝛾. 

We calculte the effectively scaled surface area using SH reconstruted surface with the aid of increasing 

morphology details by enlarging SH expansion degree. 

 

2.5 Summary 

Based on related literature reviews, some research gaps can be bridged in this thesis. Firstly, to discuss 

granular mechanics across length scales, particle surface is rough at all length scales in the variance of its 

‘radius’ (relative roughness), of which the correlation (fractal dimension) is often neglected. An algorithm 

dedicated to this gap is needed to generate virtual particle shapes with the aid of real particle morphology 

features obtained from advanced optical equipment, such as X-Ray computed tomography. At the very 

beginning, granular mechanics originate from contact behaviour at asperity level, indicating that the 

proposed algorithm for virtual particle shape generation should be effective in introducing more 

wavelengths. After that, comprehensive understandings of granular contact behaviour can be obtained 

numerically by explicitly generated topology features of asperity, which is hard to study experimentally. 

With the increase of loading stress, breakage may happen in single brittle particles, of which analytical 

solutions for irregularly shaped particles are difficult. To shed more light on this, point loading is preferred 

as its novelty in highlighting the influences of contact curvature. Enlarging the investigation scale of single 

particle to the particle with its surroundings (e.g., other particles and cementations in concrete and porous 

media), the influences of particle morphology are still poorly understood. For fluid mechanics of porous 
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granular media, the fundamental question, fully saturated water permeability, needs further investigations 

on incorporating particle size and morphology effects, as the most acceptable Kozney-Carman equation 

takes particle surface area into consideration, which is strictly infinite. 
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3 Reconstructing 3D Realistic Particles 

 

 

In this chapter, Spherical Harmonic (SH) function is implemented to reconstruct 3D particle surface. There 

are two methods covering SH analysis, which are in Cartesian coordinate and polar coordinate systems. 

In Section 3.1, based on X-ray micro-computed tomography images of natural sand particles, a set of 

spherical harmonic descriptors and an associated fractal dimension were introduced to characterize the 

multi-scale particle morphology. Based on the statistics of the fractal dimensions for different types of sands, 

this chapter proposed a practical method to generate realistic sand particles with the major morphological 

features of their mother sands. To validate this method, two virtual sand assemblies were generated whose 

3D printing and shape parameters were compared with those of real sand particles. Furthermore, these 

generated particle morphologies were incorporated into DEM simulations of granular column collapse. 

In Section 3.2, for finite discrete element (FDEM) simulations for single particle crushing breakage 

behaviour, spherical harmonic (SH) is applied to reconstruct particle shapes in both polar and Cartesian 

coordinate systems. Furthermore, the reconstructed surface mesh qualities in two coordinate systems are 

investigated and compared. SH in Cartesian coordinate system provides better reconstruction results than 

that in polar coordination system. The surface meshes could be simply generated from SH reconstructed 

surface according to polar coordinates. This method leads to a higher mesh quality than that in Cartesian 

system due to surface parameterization. In single particle crushing tests, the low mesh quality produces 

more fluctuations on load-displacement curves. The particles with fewer mesh elements tend to have a 

higher stiffness, peak force and stress concentration at contacts, due to the reducing local contact curvature. 

The fracture patterns are also influenced by mesh quality and density, e.g., a particle with fewer mesh 

elements has a simpler fragmentation pattern. This section serves as an essential step towards modelling 

particle breakage using FDEM with surface mesh directly from SH reconstruction. 

 

This Chapter has been devoted to the following papers: 

Wei, D., Wang, J., Nie, J., & Zhou, B*. (2018). Generation of realistic sand particles with fractal nature 

using an improved spherical harmonic analysis. Computers and Geotechnics, 104, 1-12. 

Wei, D., Zhao, B., & Gan, Y*. (2020). Surface Reconstruction with Spherical Harmonics and its 

Application for Single Particle Crushing Simulations, ready to be submitted. 
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3.1 Generation of realistic particles using SH fractality 

3.1.1 Introduction 

The science behind the particle morphology of natural sands has interested geotechnical and geological 

researchers for many decades. Many experimental studies proved that the mechanical properties of sands, 

such as compressibility, shear strength, dilation and crushability, are highly influenced by the 

morphological features of the constitutive particles (Guo and Su, 2007; Tsomokos and Georgiannou, 2010; 

Altuhafi and Coop, 2011; Yang and Luo, 2015). As an alternative to investigating fundamental soil 

behaviours, the discrete element method (DEM, Cundall and Strack, 1979) has made significant 

contributions toward elucidating the micromechanics of the particle morphology affecting the mechanical 

properties of granular soils (Wang and Gutierrez, 2010; Mahmood and Iwashita, 2010; Zhou et al., 2013; 

Fu et al., 2017). In this context, a key issue is how to best reflect the particle morphological effect in DEM 

simulations of sands. 

Generally, two common methods were utilized by the researchers to reflect particle shape effect in DEM 

simulations of granular soils. The first was to implement a rheology-type rolling resistance model (Jiang et 

al., 2005; Iwashita and Oda, 2000) between the interparticle contacts, which is capable of reflecting the 

anti-rotation effect induced by the surface texture and roughness of the sand particles. Compared to the 

rolling resistance model, a more direct method to reflect the particle shape effect is to incorporate irregular 

particle shapes into DEM simulations. For example, clump logic is a common method used to rebuild 

ideally shaped particles (e.g., ellipsoids and polyhedrons) by bonding a group of elementary spheres 

together as a rigid body (Zhou et al., 2003). However, the generated particle shapes are always artificial 

and simplified. It is still difficult to generate realistic particle morphology in a DEM framework. 

Within the last 20 years, the development of X-ray micro-computed tomography (μCT) technology has 

provided a powerful tool for the three-dimensional (3D) visualization and characterization of the 

micromechanical behaviours of sand particles, such as particle kinematics (Lim et al., 2014; Alshibli et al., 

2016) and local shear band formation (Oda et al., 2004; Alshibli et al., 2008; Kawamoto et al., 2018). More 

recently, the use of high-resolution X-ray CT technology has allowed the identification of the 

microstructure and micromorphology of natural sand particles (Wang et al., 2007; Zhao et al., 2015). To 

implement the particle morphology into DEM studies, a prior issue is to reconstruct the 3D particle surface 

based on the CT information. A simple method for said reconstruction is to use an image processing 

technique called the marching cubes algorithm, which can extract a polygonal mesh of an isosurface from 

3D scalar voxels (Lorensen and Cline, 1987; Lindblad, 2005). However, the particle surface generated from 

the marching cubes method has artificial stair-steps, which always results in inaccurate measurement of the 

shape parameters, e.g., surface area and local roundness, and may bring difficulty in generating clumps in 

the DEM framework. To overcome this problem, the authors introduced a more sophisticated method using 

spherical harmonics (SH) to represent and reconstruct the 3D particle surface of granular soils (Zhou et al., 

2015; Zhou and Wang, 2015; Zhao et al., 2017). 

Based on the reconstructed particle surface, realistically shaped particles can be generated in the DEM 

framework by using advanced clump template logics (Ferellec and McDowell, 2008; Zheng and Hryciw, 

2016). However, due to the cost and resolution requested of μCT scanning, the number of scanned sand 

particles was always limited, which in turn limited the number of obtained clump templates. Thus, the 
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particle morphologies within the DEM sample were always monotonic and repetitive and not capable of 

reflecting the effect of the real particle morphology of natural sands. For certain types of natural sand, the 

morphological features of its component particles are totally random and distinct from each other but hold 

certain statistical similarity. 

To consider the effect of realistic particle morphology within the DEM framework, a large number of 

randomly shaped particles need to be generated that retain the major morphological features of their mother 

sands. In this context, Grigoriu et al. (2006) first proposed to generate virtual particles by using SH-based 

random fields based on a real particle dataset obtained from CT images. Mollon and Zhao (2014) developed 

the random fields theory by combining the Fourier shape descriptors to generate realistic granular samples. 

Zhou and Wang (2017) proposed a method of generating realistic 3D sand assembly using X-ray micro-

computed tomography and SH-based principal component analysis. Jerves et al. (2017) introduced a 

computational algorithm to “clone” the particle morphologies of a digitized sample of real sand particles. 

Careful review of these methods shows that a large number of descriptors were always needed to represent 

the particle morphology, and a complicated statistical theory was then used to generate realistic sand 

particles with random shapes, which always made these methods difficult for practical applications. 

Therefore, the core objective of this study was to propose a practical method for the generation of a realistic 

sand assembly that is composed of numerous randomly shaped particles but retains the major morphological 

features of the natural sand. 

To achieve this objective, we mainly introduced a powerful morphological descriptor, fractal dimension 

(FD), which can depict the self-similar nature of the multi-scale morphological features of sand particles 

and can be further used to generate realistic sand particles with random shapes. To implement the proposed 

method, high-resolution X-ray μCT scanning and requisite image processing were first used to obtain the 

morphological information of two types of natural sand particles, namely Leighton Buzzard sand (LBS) 

particles and highly decomposed granite (HDG) particles. Based on the SH analysis proposed in earlier 

studies by the authors (Zhou et al., 2015; Zhou and Wang, 2015; Zhao et al., 2017), the 3D particle 

morphology of each individual particle was precisely reconstructed, and a set of corresponding SH 

descriptors was defined to represent its morphological features. The FD of each particle was then measured 

based on the correlation between the SH descriptor and the SH degree. By carefully investigating the 

statistics of the FD for different types of sand particles, we proposed a practical method for the generation 

of random but logical SH coefficients that control the obtained particle morphology. To validate the 

efficiency of the proposed method, two virtual particle assemblies of LBS and HDG were generated, and 

their entitative particles were rebuilt by the 3D printing technique. Furthermore, the particle morphologies 

were compared between the generated samples and the real sands. Finally, these two generated assemblies 

with realistic-shaped particles were input to PFC3D (2014) to conduct a series of DEM simulations of 

granular column collapse, and the effect of the realistic particle morphology on the macroscopic and 

microscopic mechanical behaviours of the samples was investigated to validate the efficiency and 

applicability of the proposed method. 
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3.1.2 SH fractal dimension from 3D particle shapes 

LBS is a typical transported soil exploited from the town of Leighton Buzzard in southeast England. The 

mineralogy is predominantly quartz which is characterized by chemical inertness and mechanical hardness. 

The rounded and smooth features of LBS particles, as shown in Fig. 3-1(a) (c), may be the result of 

geological transportation processes. HDG is a typical granite residual soil widely distributed in Hong Kong. 

The HDG particles are always found to be angular, rough, and full of surface cavities, as shown in Fig. 3-

1(b) (d).  
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Figure 3-1 (a) Microscopic view of a LBS particle; (b) microscopic view of a HDG particle; (c) LBS particle 

specimen, (d) HDG particle specimen; (e) μCT images of LBS particles; and (f) μCT images of HDG 

particles. 

To conduct the μCT scanning of the sand particles, we randomly chose a handful of LBS particles and HDG 

particles with the particle size ranging from 1.18 to 2.36 mm. Each type of sand particles was then placed 

in a small polycarbonate pipe with a diameter of 16 mm and height of 20 mm and fixed with silicon oil, as 

demonstrated in Fig. 3-1(c) (d). A Carl Zeiss CT system (METROTOM 1500) was used to implement the 

high-resolution X-ray CT scanning of these two specimens. The precision of the reconstructed µCT images 

is 32.65 µm per voxel. To extract the individual sand particles from the µCT images, the open source image 

processing package ImageJ (Abràmoff et al., 2004) was used to conduct the image processing of the µCT 

images in the present study. The image processing techniques mainly included segmenting different phases 

(i.e., sand particles, silicon oil and air), reducing noise and separating and labelling individual particles. 

The detailed image processing of the µCT images was introduced by the previous studies of the authors 

(Zhou et al., 2015; Zhou and Wang, 2015; Zhao et al., 2017). The extracted sand particles within the μCT 

images were rendered and visualized as in Fig. 3-1(e) (f). 

For an individual sand particle within the μCT images, the boundary voxels can be easily obtained by using 

a boundary detecting algorithm. Therefore, a set of surface vertices of this particle in Cartesian space, V(x, 

y, z), can be measured according to the location of its boundary voxels and the voxel resolution. In previous 

studies, the authors proposed the SH analysis for the representation and reconstruction of the 3D particle 

morphology of granular sands. For completeness, the SH theory used in this study was simply introduced 

in the following.  

The idea of the SH analysis was to expand the polar radius of the particle surface from a unit sphere and to 

calculate the associated coefficients of the SH faction, as expressed in Eq. (3.1): 

𝑟(𝜃, 𝜑) = ∑ ∑ 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑), (3.1) 

where 𝑟(𝜃, 𝜑) is the polar radius from the particle center with the corresponding spherical coordinates θ ∈ 

[0,π] and φ ∈ [0,2π), which can be obtained by the coordinate transformation of the boundary vertices V(x, 

y, z). 𝑐𝑛
𝑚 is the associated SH coefficients that require determination, and 𝑌𝑛

𝑚(𝜃, 𝜑) is the SH function given 

by Eq. (3.2): 

𝑌𝑛
𝑚(𝜃, 𝜑) = √

(2𝑛+1)(𝑛−𝑚)!

4𝜋(𝑛+𝑚)!
𝑃𝑛
𝑚(𝑐𝑜𝑠 𝜃)𝑒𝑖𝑚𝜑, (3.2) 

where n and m are the degree and order of the associated Legendre function 𝑃𝑛
𝑚(𝑥) which can be expressed 

by Rodrigues’s formula (Askey, 2005): 

𝑃𝑛
𝑚(𝑥) = (1 − 𝑥2)|𝑚|/2 ⋅

𝑑|𝑚|

𝑑𝑥|𝑚|
[
1

2𝑛𝑛!
·
𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)𝑛]. (3.3) 

According to Eq. (3.1), the total number of one set of 𝑐𝑛
𝑚 is (n + 1)2. Taking 𝑟(𝜃, 𝜑) as the input on the left 

side of Eq. (3.1), a linear equation system with (n + 1)2 unknowns was obtained. In Zhou and Wang (2016), 

it had been proven that SH reconstruction is sufficient to represent the multi-scale morphological features 
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of the sand particle when the maximum SH degree is greater than 15. Therefore, the maximum SH degree 

was set to 15 in this study. Finally, the optimized solution of 𝑐𝑛
𝑚 can be easily determined by adopting the 

standard least-squares estimation for the linear equation system. 

According to Eq. (3.1), an SH function representing a particle morphology can be described by the number 

of different SH frequencies, and their amplitudes determine the intensity of the morphological features at 

their frequency space (Kazhdan et al., 2003). The amplitude at each SH frequency can be measured by 

𝐿𝑛 = √∑ ‖𝑐𝑛
𝑚‖2𝑛

𝑚=−𝑛 , (𝑛 = 0⋯15), (3.4) 

where ||.|| is the second-order norm. 

Fig. 3-2 shows the raw CT images and the SH reconstructions of an LBS particle and a HDG particle by 

accumulating different scopes of SH frequencies accompanied by the development of their amplitudes. 

Overall, the amplitude of the SH frequency attenuates rapidly with the increasing SH degree, except for L1. 

Mollon and Zhao (2012) have found that L1 only represents the shift of the SH-reconstructed particle profile 

with respect to the position of the original particle centre but does not influence its particle morphology. 

The figure also shows that the SH-reconstructed particle profile, which accumulated all the SH frequencies 

except for L1, agrees well with the original µCT images of the particle. This again proves that the SH 

analysis is capable of accurately reconstructing particle morphology when the SH degree is set to 15, and 

L1 does not influence the SH-reconstructed particle morphology. Specifically, the reconstruction of particle 

morphological features by accumulating decomposed SH frequencies led to the conclusion that L0 

represents the particle volume, L2 to L4 represents the general shape of the particle at particle scale level, L5 

to L8 represents the local roundness of the particle at small scale level, and L9 to L15 represents the surface 

texture of the particle at much smaller scale level. Therefore, the SH frequencies from a low to a high degree 

can be understood to represent the morphological features from a large-scale to a small-scale level. This 

can also explain why the amplitude of the SH frequency attenuates rapidly with the development of the SH 

degree. 

To further quantify the development rule of the amplitudes at different SH frequencies, all the Ln were 

normalized by L0 to eliminate the influence of particle volume. Moreover, because L1 does not influence 

the SH-reconstructed particle morphology, L1 was not included within the consideration. The SH 

descriptors characterizing the particle morphology can be finally defined, as expressed by 

𝐷𝑛 =
𝐿𝑛

𝐿0
, (𝑛 = 2⋯15). (3.5) 

Fig. 3-3 shows the statistics of the SH descriptors as a function of the SH degree in log-log scales for the 

two types of sand particles. It is interesting that a linear correlation between the mean SH descriptors and 

the SH degree in the log-log scales was clearly observed for both LBS and HDG sands. Russ (1994) and 

Quevedo et al. (2008) also found a clear exponential relation between the power spectrum of the Fourier 

transform of a grey-level image and the frequency variable. In view of the fractal nature, this result clearly 

proves the self-similarity characteristic between the multi-scale morphological features of sand particles. 

In this study, the FD of a particle morphology was measured by an empirical method proposed by Russ 

(1994) and Quevedo et al. (2008). The exponential relation between the SH descriptor Dn and the SH degree 

n can be expressed by: 
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𝐷𝑛 ∝ 𝑛
−2𝐻, (3.6) 

where β = -2H is the slope of the plot regressing log (Dn) versus log (n) in Fig. 3-3, H is the Hurst coefficient 

(Russ, 1994; Quevedo et al., 2008) that is associated with FD by the following expression: 

𝐹𝐷 = 3 − 𝐻. (3.7) 

 

 

Figure 3-2 Raw CT images and SH reconstructions of a LBS particle and a HDG particle by accumulating 

different scopes of SH frequencies accompanied by the development of their amplitudes. 
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Figure 3-3 The statistics of the SH descriptors (Dn) as a function of the SH degree n in log-log scales. 

 

Then the FD can be calculated as: 

𝐹𝐷 =
6+𝛽

2
. (3.8) 

Fig. 3-4 shows the probability density distributions of FD for the two types of sand particles. The mean 

FDs of the LBS and HDG particles were 2.106 and 2.286, respectively. These results prove that the particle 

morphology of HDG particles is more complex than that of LBS particles. Investigation of the statistics of 

FD showed the kurtosis and skewness to be 2.28 and 0.31 for LBS particles and 3.93 and 0.82 for HDG 

particles, respectively. According to the principles of statistics (Bulmer, 1979), the probability density 

distributions of FD for these two types of sand particles can be well fit by two normal distributions, as 

shown in Fig. 3-4. The statistics of the SH descriptors and the associated FD were further used for the 

generation of realistic sand particles. 

 

 

Figure 3-4 The probability density distributions of FD for LBS and HDG particles. 
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3.1.3 Generation of realistic particle morphology features 

According to Eq. (3.1), the SH analysis uses a set of SH coefficients with (n + 1)2 variables to precisely 

represent and determine the particle morphology at multi-scale levels. Therefore, a set of logical SH 

coefficients with 256 variables were needed to define when the maximum SH degree is fixed at 15 because 

the number of SH coefficients is always large, i.e., (n + 1)2, which makes the generation of these SH 

coefficients quite difficult. Therefore, this study first proposed to generate a set of reasonable SH descriptors 

that controls a particle morphology based on the statistics of the SH descriptors and the associated FD. 

Based on the results and findings in the previous section, D0 and D1 were set to 1.0 and 0, respectively. By 

substituting Eq. (3.8) into the fitting equation in Fig. 3-3, the remaining SH descriptors can be determined 

by 

𝐷𝑛 = 𝐷2 (
𝑛

2
)
2𝐹𝐷−6

, (3.9) 

where D2 and FD obey the normal distributions, which are determined by the parameters summarized in 

Table 3-1. Notebly, the fractal dimension has a maximum possible value of 3, yet the normal probability 

distribution function adopted would make it possible for the fractal dimension to be larger than 3 on some 

occasions, at least theoretically, although the occurrences would be very rare. This might create some issues 

in the particle reconstructions. For example, some unrealistic shape can be generated. In subsequent studies, 

a skewed probability density function, bound between 0 and 3, would be a better choice and also fit the data 

better, especially if a very large number of particles are to be reconstructed. 

 

Table 3-1 Normal distribution indexes of D2 and FD for 106 LBS particles and 78 HDG particles 

Particle type 
D2 FD 

μ σ μ σ 

LBS 0.112 0.031 2.106 0.063 

HDG 0.123 0.043 2.286 0.091 

 

Based on the statistics of D2 and FD in Table 3-1, a series of random numbers of D2 and FD for different 

kinds of sand particles can be easily generated. By choosing one set of generated D2 and FD, the following 

associated SH descriptors Dn can be obtained by using Eq. (3.10). In addition, D0 and D1 were set to 1.0 

and 0.0, respectively. Once we obtain all of the Dn of a particle morphology, it is still necessary to determine 

the corresponding SH coefficients for the reconstruction of the particle morphology by using Eq. (3.1). 

Based on the mathematical properties of the SH function (Arfken et al., 1995), the SH coefficients with a 

same SH degree should satisfy the following expression: 

𝑐𝑛
−𝑚 = (−1)𝑚 ⋅ (𝑐𝑛

𝑚)∗,  (3.10) 

where * denotes the conjugation. Note that 𝑐𝑛
0 is always a real number. 
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In order to further define the SH coefficients 𝑐𝑛
𝑚 with a given SH degree n, the correlation of different SH 

coefficients and the statistical distributions of different SH coefficients were still necessary to determine. 

To investigate the correlation of different SH coefficients, Fig. 3-5 displays the correlation coefficient 

matrix of the SH coefficients with the SH degree of 15 for LBS particles and HDG particles. It can be 

observed that most of the correlation coefficients are less than 0.5 for both kinds of sand particles. Therefore, 

it is reasonable to assume the SH coefficients are independent from each other for simplicity. Since a set of 

SH coefficients includes 256 variables, it is quite difficult to final all the statistical distributions of these 

SH coefficients. In Zhou et al. (2018), it had proven that the amplitude of an SH frequency rather than the 

magnitudes of its component SH coefficients determines the amplitude intensity of the morphological 

features at this SH degree level. For these reasons, all the SH coefficients were assumed to obey a same 

simple distribution that is the uniform distribution. This assumption was also used in the Flourier analysis 

of the particle morphology by Mollon and Zhao (2013). In Appendix A, we prove this assumption. 

 

 

Figure 3-5 Correlation coefficient matrix of the SH coefficients with a given SH degree of 15: a) for LBS 

particles; b) for HDG particles. 

 

According to these two assumptions and the rule given by Eq. (3.11), a set of random SH coefficients can 

be defined as follows: 

𝑐𝑛 = (𝑐𝑛
−𝑛, 𝑐𝑛

−𝑛+1, ⋯ , 𝑐𝑛
0, ⋯ , 𝑐𝑛

𝑛−1, 𝑐𝑛
𝑛)𝑇 

= ((−1)−𝑛(𝑎𝑛
−𝑛 + 𝑏𝑛

−𝑛𝑖)∗, (−1)−(𝑛−1)(𝑎𝑛
−𝑛+1 + 𝑏𝑛

−𝑛+1𝑖)∗, ⋯ , 𝑎𝑛
0 , ⋯ , 𝑎𝑛

𝑛−1 + 𝑏𝑛
𝑛−1𝑖,

𝑎𝑛
𝑛 + 𝑏𝑛

𝑛𝑖)
𝑇
, (3.11) 

where 𝑎𝑛
𝑚 and 𝑏𝑛

𝑚 are random numbers from 0 to 1. To ensure the target SH descriptor Dn, 𝑐𝑛 was then 

calibrated by 
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𝑐𝑛 =
𝐷𝑛

𝐷𝑛
′ ((−1)

−𝑛(𝑎𝑛
−𝑛 + 𝑏𝑛

−𝑛𝑖)∗, (−1)−(𝑛−1)(𝑎𝑛
−𝑛+1 + 𝑏𝑛

−𝑛+1𝑖)∗, ⋯ , 𝑎𝑛
0 , ⋯ , 𝑎𝑛

𝑛−1 + 𝑏𝑛
𝑛−1𝑖,

𝑎𝑛
𝑛 + 𝑏𝑛

𝑛𝑖)
𝑇
, (3.12) 

in which 

𝐷𝑛
′ = √∑ (2(𝑎𝑛

𝑚)2 + 2(𝑏𝑛
𝑚)2) + (𝑎𝑛

0)2𝑛
𝑚=1 . (3.13) 

 

 

Figure 3-6 Sand particles generated according to the proposed generation method. (a) Visual inspection and 

(b) 3D printed particles. 

 

Based on the SH coefficients 𝑐𝑛
𝑚  obtained by Eq. (3.13), a random particle morphology can be 

reconstructed by Eq. (3.1). Fig. 3-6 displays several virtual particles of these two sands generated by the 
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proposed method (Fig. 3-6(a)) and their corresponding 3D printed particles (Fig. 3-6(b)). By visual 

inspection, the morphological features of the generated particles agree well with their mother sand particles 

shown in Fig. 3-1. As expected, the generated particle morphologies are distinct from each other but retain 

the major morphological features of their mother sands. The 3D printed sand particles clearly demonstrated 

the successful application of the proposed generation method into 3D printing of granular geomaterials, 

which interests many geotechnical researchers (Athanassiadis et al., 2013; Hanaor et al., 2016) recently. 

Fig. 3-7 further plots the empirical cumulative distribution functions (CDFs) of the shape parameters 

including the sphericity (S), roundness (R), convexity (C) and elongation index (EI) of the 1,000 generated 

particles and their mother sand particles. The definition and calculation of these particle shape parameters 

was referred from Chapter 6. It can be seen that all of the CDFs of the generated particles again agree well 

with those of their mother sands. This result quantitatively proved that the proposed method is capable of 

generating realistic sand particles with distinct morphologies. 

 

 

Figure 3-7 Cumulative distribution functions of the shape parameters of the generated particles and their 

mother sand particles, in which sphericity is the measure of how closely the shape of the particle approaches 

that of a sphere, roundness is the measure of the average sharpness of the corners of the particle, convexity 

is the measure how closely a particle represents a convex hull, and elongation index is the ratio of the short 

axis to the long axis of the particle. 
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3.1.4 Case study of granular column collapse 

To validate the efficiency and applicability of the proposed generation method, a simple case study of 

granular column collapse was conducted within the DEM platform PFC3D (2014) to investigate the effects 

of the realistic particle morphology on its macroscopic and microscopic mechanical responses. Fig. 3-8 

illustrates the preparation process of the granular columns for different types of particles. For spherical 

particles, it is easy to generate a granular assembly containing 1,000 spheres with a uniform particle size 

distribution from 1.2 to 3.6 mm in a rectangular box with the dimensions of 15 mm × 15 mm × 120 mm 

(Fig. 3-8(a)). To generate the realistic sand particle assemblies, this study mainly used the conventional 

clump logic provided by PFC3D, which creates a complexly shaped clump by bonding a group of spheres 

together as a rigid body. Specifically, each spherical particle was replaced by a clump with the same volume 

and a given particle morphology generated by the method proposed in the previous section (Fig. 3-8(a)). 

 

 

Figure 3-8 Preparation process of the granular columns for different types of particles. (a) Generation of 

loose particle assemblies and (b) sedimentation of the particle assemblies under gravity. 
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Figure 3-9 Development of clump generation with different parameters for a typical HDG particle. 

 

Within this clump logic, a “Bubble Packing” algorithm (Taghavi, 2011) was used to generate the clump 

approximating an arbitrary shape, in which two parameters, i.e., the circle-to-circle intersection angle φ and 

the radius ratio of the smallest to largest sphere ρ, are defined to limit the number of filling spheres. To 

optimize these two parameters, Fig. 3-9 displays the development of clump generation with different 

parameters for a typical HDG particle. It is clear that with the increasing φ and decreasing ρ, the shape 

features of the clump gradually approach its target particle morphology, and the number of its filling spheres 

dramatically increases. To balance the accuracy of the clumps and the computational efficiency of the DEM 

simulations, the clump generation parameters φ and ρ were respectively set to 150º and 0.2 in this study. 

As illustrated by the red mark in Fig. 9, the average numbers of filling spheres for LBS particles and HDG 

particles are 192 and 285, respectively. Because the HDG particles have more complex morphological 

features than the LBS particles, it can be understood that a larger number of filling spheres is necessary to 

generate a clump for a HDG particle. After all of the spherical particles were replaced by the realistic-

shaped clumps, each particle assembly was then naturally deposited to reach an ultimate equilibrium by 
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setting a gravity load. The major physical parameters used in the DEM simulations in this study are 

summarized in Table 3-2. The initial states of the spherical particle assembly and the realistic sand particle 

assemblies subjected to granular column collapse are displayed in Fig. 3-8(b). The simulation time of 

rougher grain column collapse is about 300 times longer than that of spherical grain. 

 

Table 3-2 Physical parameters used in the DEM simulations 

Parameters Value 

Particle diameter (mm) 1.2–3.6 

Density (kg/m3) 2600 

Gravity (m/s2) 9.8 

Particle Normal and shear stiffness (N/m) 2×106 

Wall Normal and shear stiffness (N/m) 2×108 

Friction coefficient 0.5 

Damping ratio 0.7 

 

To simulate the granular column collapse, the particle flow was initiated by the instantaneous removal of 

the right-side wall of the box. Fig. 3-10 shows the ultimate slopes of the different particle assemblies, in 

which the particle colour expresses the displacement fields within the assemblies, after the particle flow 

completely stopped. As expected, the spherical particles had relatively larger displacements than the 

realistic sand particles, which results in a much smaller slope angle of the spherical particle assembly (about 

28.6º) than that of the particle assemblies of the LBS (about 39.2º) and HDG (about 42.7º) sands. To further 

investigate the interlocking effect between the interparticle contacts induced by the realistic particle 

morphology, a friction mobilization index Im (Zhou et al., 2013) was introduced, which was defined as the 

ratio of the tangential force ft to the maximum anti-sliding force μfn of a contact. Fig. 3-11 shows the 

probability distributions of Im for these three particle assemblies after the collapse. Compared with the 

realistic sand particle slopes, the spherical particle slope has a higher probability distribution from Im = 0 to 

Im = 0.6 but a lower probability distribution from Im = 0.8 to Im = 1.0. The higher probabilities from Im = 0.8 

to Im = 1.0 for realistic sand particles indicate that a greater proportion of the interparticle contacts is bearing 

the strong sliding resistance, which contributes to the enhancement of slope stability. This interesting 

finding can reveal the micromechanics of the interlocking effect induced by the realistic particle 

morphology. These results proved the efficiency of the applicability of the proposed method of generating 

realistic sand particles. Fig. 3-12 further shows the 3D polar distributions of the interparticle contact 

directions for different particle slopes. A major principal direction can be observed for all the polar 

distributions, which agrees well with the direction of the particle collapse slope. Moreover, it can be noted 

that the highly decomposed granite particle slope has the maximum anisotropy degree of the polar 
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distribution, while the spherical particle slope has the minimum anisotropy degree of the polar distribution. 

This result is attributed to the remarkable interlocking effect induced by the irregular particle morphology 

of highly decomposed granite.  

 

 

Figure 3-10 The ultimate slopes of different particle assemblies after their collapse. (a) Spherical particles, 

(b) LBS particles, and (c) HDG particles. 

 

 

Figure 3-11 Probability distributions of the friction mobilization index Im of the interparticle contacts within 

different particle assemblies after collapse. 
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Figure 3-12 3D polar distributions of the interparticle contact directions within the spherical particles, 

Leighton Buzzard sand (LBS) particles and highly decomposed granite (HDG) particles after collapse. 

 

3.1.5 Summary 

This chapter proposed a practical method of generating realistic sand particles based on the fractal nature 

of the particle morphology and further conducted a DEM study of granular column collapse to investigate 

the efficiency and applicability of the proposed method. To implement this method, we mainly introduced 

a set of SH descriptors characterizing the multi-scale morphological features of sand particles. A powerful 

linear correlation between the SH descriptors and the SH degree in log-log scales was found for natural 

sand particles, which indicates a clear fractal nature between the multi-scale morphological features of sand 

particles. Therefore, this study put forward a practical way to measure FD of the particle morphology based 

on SH analysis. The respective mean values and deviations of FD are 2.106 and 0.063 for the LBS particles 

and 2.286 and 0.091 for the HDG particles. This result shows that HDG particles have more complex 

morphological features, e.g., local roundness and surface texture, than LBS particles. 

Based on the interesting finding of the fractal nature of the particle morphology of natural sands, the major 

contribution of this study was to propose a practical method to generate unlimited number of realistic sand 

particles retaining the major morphological features of their mother sands. The visual inspection of 3D 

printed particles and the statistical distributions of the shape parameters (i.e., sphericity, roundness, 

convexity and elongation index) of the generated particles were consistent with those measured for the real 

sand particles from the μCT images. The DEM simulations of granular column collapse indicated that the 

realistic particle morphologies generated by the proposed method show remarkable enhancement of the 

interlocking effect at particle-scale level, thereby increasing the slope stability by resisting particle flow. 

These results strongly proved that the proposed method is robust and efficient in generating realistic sand 

particles and can be further applied to DEM studies to realistically consider the effects of the particle 

morphology of natural sands.  
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3.2 Comparison of SH simulated particles between polar and 

Cartesian coordinate systems 

3.2.1 Introduction 

Particle morphology is one of inherent soil characteristics determining properties of granular soils, e.g., 

mechanical responses (Cho et al., 2006; Yang and Luo, 2015), hydro-mechanical behaviours (Gordon et 

al., 2004; Suh et al., 2017), and electrical/thermal conductivities (Friedman and Robinson, 2002; Lee et al., 

2017). Numerical simulations promote understanding on behaviours of granular soils using spherical 

packings, such as compressibility (Minh and Cheng, 2013), shear strength (Cui and O’Sullivan, 2006), 

wave propagation (Mouraille and Luding, 2008) and hydraulic conductivity (Gan et al., 2013). However, 

numerically quantifying the relation between sand particle breakage and particle morphology still remains 

a challenge. 

Due to the limitations of classical discrete element method (DEM) in investigating particle crushing 

behaviour, FDEM is an alternative for better incorporating particle shape. Recently, micro X-ray computed 

tomography (μCT) can obtain three-dimensional (3D) particle morphology of natural sands. The voxelised 

CT images with stair-step artefacts are either smoothed by marching cubes algorithms (Alshibli et al., 2014; 

Kong and Fonseca, 2017) or mathematically reconstructed with spherical harmonics (Wei et al., 2018a). 

Compared with marching cubes algorithm, SH method is powerful not only in shape quantification and 

surface discretization (Garboczi, 2002), but also generating virtual particles with specified shape parameters 

(Zhao et al., 2017; Wei et al., 2018b). Previously, SH in polar coordinate system is widely used in 

geotechnical engineering (Bowman et al., 2001; Mollon and Zhao, 2012, 2013, 2014), while SH in 

Cartesian coordinate system is applied in medical images (Shen and Makedon, 2006; Yotter et al., 2011). 

However, there are few literatures to clarify their applicability and limitations. 

This chapter focuses on influences of SH-generated mesh qualities on FDEM-simulated particle breakage 

behaviour. Firstly, the hybrid FDEM for simulation of single particle crushing is simply introduced. Then 

the process of generating surface mesh via SH is described. Furthermore, for comprehensive comparisons 

between two SH-generated meshes, we reconstruct two kinds of particles with different irregularity, i.e., 

Leighton Buzzard sand (LBS) and their fragments. Subsequently, shape parameters of reconstructed 

surfaces in both coordinate systems are compared. Finally, FDEM simulation results demonstrate the 

influence of mesh quality on single particle crushing and are compared with those of relevant XFEM studies 

in Druckrey and Alshibli (2016). 

 

3.2.2 Surface Mesh Reconstruction with Spherical Harmonics 

As in Eq. (3.1), any spherical scaler function can be decomposed as the sum of spherical harmonics (SHs): 

𝑓(𝜃, 𝜑) = ∑ ∑ 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑), (3.14) 

where 𝒀𝑛
𝑚(𝜃, 𝜑) and 𝑐𝑛

𝑚 are the spherical harmonic and coefficient at degree n and order m (Press et al., 

1992), 𝜃 ∈ [0, 𝜋] and 𝜑 ∈ [0,2𝜋) denoting latitudinal and longitudinal coordinates. 
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Spherical harmonics reconstruct a particle surface by fitting the coordinates of discretised points on this 

surface. These points can be represented either in a polar system as 𝒓𝑖(𝜃, 𝜑) or in Cartesian system as 

𝒗𝑖(𝑥𝑖(𝜃, 𝜑), 𝑦𝑖(𝜃, 𝜑), 𝑧𝑖(𝜃, 𝜑)), where i indicates the i-th point. 

For polar-SH, to reconstruct a surface with SHs in the polar coordinate system is to find a centroid as a 

reference to calculate its distance to surface. The centroid is selected as averaged coordinates of all vertices 

(Zhou and Wang, 2015). Once the centroid is determined, surface points must be uniquely represented by 

(𝜃, 𝜑), which means only star-like shapes can be regenerated. The second step is to determine the SH 

coefficients up to 𝑛max degree with a cloud of surface points. A surface with N points results in N linear 

equations with (𝑛max + 1)
2 unknown coefficients, usually 𝑁 > (𝑛max + 1)

2. The least-square fitting is 

used to find the optimized coefficients. 

For Cartesian-SH, surface reconstruction requires a one-to-one mapping between Cartesian coordinates and 

polar coordinates, 𝒗(𝑥(𝜃, 𝜑), 𝑦(𝜃, 𝜑), 𝑧(𝜃, 𝜑)), called surface parameterisation, which projects particle 

surface onto a unit sphere surface through a constrained optimisation process, resulting a bijective mapping 

between each surface point and a pair of spherical coordinates, and thus can reconstruct non-star-like shapes 

(Brechbühler et al., 1995). The second step is similar to that of polar-SH. Three systems of linear equations 

are established for 𝑥𝑖(𝜃, 𝜑), 𝑦𝑖(𝜃, 𝜑), 𝑧𝑖(𝜃, 𝜑) 

(

𝑥𝑖(𝜃, 𝜑)
𝑦𝑖(𝜃, 𝜑)
𝑧𝑖(𝜃, 𝜑)

) = (

∑ ∑ 𝑐𝑛,𝑥
𝑚𝑛

−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑)

∑ ∑ 𝑐𝑛,𝑦
𝑚𝑛

−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑)

∑ ∑ 𝑐𝑛,𝑧
𝑚𝑛

−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑)

). (3.15) 

Three sets of coefficients are determined, resulting in 3(𝑛max + 1)
2 coefficients. Cartesian-SH avoids the 

illness in reconstructing non-star-like shapes, and manually selecting the centroid in polar-SH. 

We use 3D morphologies of LBS particles and their fragments obtained from X-ray µCT (Zhao et al., 2015; 

Zhao and Wang, 2016). LBS particles (1-2 mm) are smooth and well-rounded resulted from the abrasion 

during transportation, while LBS fragments (0.2-1 mm) are elongated and angular (Fig. 3-13). The 

voxelised CT images of individual particles undergo a series of image processing: median filtering; 

segmentation and generalized marching cubes algorithm, examples in Fig. 3-13. 

 

 

Figure 3-13 Surface meshes of an LBS particle (a) and an LBS fragment (b) with 1500 triangular elements. 
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Figure 3-14 Surface reconstruction at varying maximum SH degree, nmax, with polar-SH and Cartesian-SH 

for an LBS particle (a) and an LBS fragment (b). The continuum and smooth reconstructed surfaces are 

discretised with 320, 1280 and 5120 triangular elements. 

 

 

(a) 

 

(b) 
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The 752 vertices on each particle surface are reconstructed with spherical harmonics with varying nmax with 

both Cartesian-SH and polar-SH. The LBS particle and fragment are reconstructed with 𝑛max = 1, 5, 10, 15, 

in Fig. 3-14. We assume the surface with 5120 triangular elements is precise enough to capture all surface 

features with nmax up to 15. For LBS particles, a higher nmax leads to gradually better reconstruction of 

surface features with both Cartesian-SH and polar-SH. The surfaces reconstructed with polar-SH have some 

bumps even with the highest reconstruction degree. The more irregular fragment can result in high 

protrusions on the surfaces reconstructed with polar-SH due to the local angular features violating the star-

like shape rule. In general, the Cartesian-SH provides a better reconstruction according to the visual 

inspection. 

To evaluate SH-reconstructed mesh quality, LBS particles are reconstructed with nmax varying from 1 to 15 

with both Cartesian-SH and polar-SH. We use four shape indices: Aspect ratio, Ar, compares three principal 

dimensions; Roundness, R, quantifies the local mean curvature distribution at corners; Sphericity, S, 

describes how the particle is close to a sphere; Convexity, CX, quantifies the relative volume of concave 

features. In general, both Cartesian- and polar-SH reconstructions have relative errors below 5% at nmax= 5 

for Ar and 𝑛max ≈ 10 for other indices (Fig. 3-15). Therefore, a maximum reconstruction degree of 15 is 

sufficient to capture the main shape features. 

 

 

Figure 3-15 Evolution of averaged relative errors of shape parameters with the surfaces reconstructed with 

different maximum SH degrees for polar-SH (a), and Cartesian-SH (b). 

 

The SH-reconstructed continuous surface is then discretised according to θ and φ. The mesh starts with a 

regular icosahedron with its triangular elements divided into four identical triangles. The values of θ and φ 

are determined by projecting the vertices on a sphere. By repeating this operation, we can discretise the 

surface into 20 × 4𝑛 triangular meshes with the integer 𝑛 ≥ 0.  

Surface features of SH reconstruction could be ignored with the reducing mesh number. To quantify this 

effect, we reconstruct 82 scanned LBS particles and 46 fragments with Cartesian-SH at 𝑛max = 15. The 
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reconstructed surfaces are discretised at different levels and then quantified with shape indices. The 

distributions of all shape parameters are very close for the surface meshes with 5120 and 1280 elements 

(Fig. 3-16). Particle angular features are largely smoothed with 320 elements, which leads to larger 

roundness indices. Note that the quantification of roundness is all performed on the surfaces with 1280 

elements by increasing or decreasing surface meshes. 

 

  

Figure 3-16 Influence of surface discretization on particle shape parameters for the surfaces reconstructed 

with polar-SH (a), and Cartesian-SH (b). (Weibull distribution plots with fitting lines.) 

 

The number of triangular elements and their shape quality have a great influence on simulation efficiency 

and precision. Two parameters are defined to evaluate the mesh quality: the normalized element area, 𝑛A, 

and length ratio, 𝑛H. The surface meshes discretised from Cartesian-SH reconstructions have lower element 

quality with higher divergence for both the normalised element area and length ratios, simultaneously SH-

generated surface meshes have higher qualities than generalized marching cubes algorithm (Fig. 3-17 a and 

b). Remarkably, surface meshes (Fig. 3-17c) from marching cubes algorithm are less average than those 

from SH reconstructions visually, whereas polar-SH generates better mesh qualities than Cartesian-SH, of 

which a vertex is shared by 6 triangles while by 4 to 8 triangles from marching cubes method. The lower 

mesh quality of Cartesian-SH is mainly caused by the surface parameterisation, mapping irregular surface 

onto a sphere, which leads to mesh distortions. 

 

 

(a) Polar-SH 

 

(b) Cartesian-SH 
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Figure 3-17 Evaluation of surface mesh quality of LBS particles with the normalized element area, nA (a), 

and the length ratio, nH (b); three kinds of surface meshes for a typical LBS sand (c). The length ratio is 

calculated as the shortest edge divided by its associated height. 

 

3.2.3 Mesh quality in single particle crushing 

In this part, FDEM is implemented to simulate an assembly of solid deformable bodies which can fragment 

(Munjiza, 2004). FDEM models continuous phenomena (particle deformability), discontinuous phenomena 

(interaction and motion of particles), and the transition from continuum to dis-continuum (particle 

fragmentation). We develop a subroutine to simulate the interface between elements in a commercial FEM 

solver Abaqus/Explicit 6.14 (Manual, 2014). The interface degrades after reaching a critical stress level and 

eventually breaks with further energy input (see Chapter 5). The contacts between discrete element objects 

are detected by general contact algorithm available in Abaqus. Individual sand particles are simulated with 

4-node tetrahedrons (C3D4) bonded with zero-thickness and 6-node cohesive interfacial elements 

(COH3D6). 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6 (b)(a)

P
D

F

n
A

 Polar-SH

 Cartesian-SH

 Marching cubes

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

P
D

F

n
H

 Polar-SH

 Cartesian-SH

 Marching cubes



- 56 - 
 

We model crushing behaviour of the LBS particle shown in Fig. 3-13. The particle surface is reconstructed 

with both Cartesian- and polar-SH at 𝑛max = 15. The reconstructed surface is discretised with 320, 1280 

and 5120 triangles, and converted into tetrahedral meshes. Then, we perform single particle crushing 

simulation on these six particles between two flat platens. The material properties, loading conditions, and 

solver precisions are identical. Notably, for comparison with existed XFEM study, all the material 

parameters are the same to Druckrey and Alshibli (2016) without any calibration. The simulated quartz 

sand has Young's modulus of 94.4 GPa, Poisson’s ratio of 0.118; the maximum interface strengths are 25.3, 

12.6 and 8.7 MPa for tension, first shear and second shear directions, corresponding to mode I, II and III 

fracture types of classical Griffith fracture mechanics, for crack initiation. While the crack evolution is 

energy-based independent-mode and only mode I energy release rate (𝐺I = 100N/m ) is needed 

(ABAQUS, 2014). The particle is placed with the smallest principal dimension perpendicular to the loading 

platens moving at a constant rate of 2 nm/step. 

Firstly, for mesh size effect in breakage behaviour, the force-displacement curves of 3D spherical particles 

with various mesh sizes, is provided in Fig. 6. The particles generated with less surface meshes tend to have 

a higher initial stiffness (Figs. 3-18 and 3-19). More meshes result in finer characterization of contact 

morphology leading higher local contact curvature and stress concentration. The Cartesian-SH-based 

meshes have large fluctuations before the peak force, which are mainly due to the low mesh quality, 

especially for 320 and 1280 elements. 

 

 

Figure 3-18 Load-displacement curves for FDEM-simulated single spherical particle crushing with 

different mesh sizes. 
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Figure 3-19 Load-displacement curves for the single particle crushing tests of an LBS particle discretised 

in different surface element number for polar-SH (a), and Cartesian-SH (b). 

 

The von-Mises stress distribution shows a higher stress concentration at the contact area before peak stress 

for the particles with a denser surface mesh (Fig. 3-20a). The fracture patterns also vary largely for six 

simulations (Fig. 3-20b), although they are all more representative than XFEM simulations, of which 

fracture patterns have only one flat fracture surface (Druckrey and Alshibli, 2016). For the simulation with 

the densest mesh, fractures initiate around the contacts, and then, rapidly propagate towards two loading 

platens. Many fragments exist at the contacts due to shear stress. The coarse meshes have much simpler 

fracture patterns since fracture can only propagate through interface elements. 
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Figure 3-20 Von Mises stress distribution at the peak loading force (a), the fracture patterns at 0.06 mm 

displacement (b) for an LBS particle discretised with different element numbers. 

 

3.2.4 Summary 

Simulating crushable irregular 3D particles remains a challenge because of the difficulties in reconstructing 

real particle surface and generating high-quality meshes. This section reconstructed smooth particle 

surfaces with SH in both Cartesian and polar coordinate systems and discretised them into surface and 

volume meshes. We investigated the quality of generated meshes and their influence on FDEM simulation 

results for single particle crushing tests. The results lead to the following conclusions: 

(1) Compared to other computational tools (e.g. DEM clusters and XFEM) to simulate single particle 

breakage behaviours, FDEM can not only effectively take particle shapes into consideration, but 

also generate more reasonable mechanical responsible and more realistic fracture patterns. 

 

(a) 

 

(b) 
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(2) For both Cartesian- and polar-SH reconstructions for FDEM surface meshes, their mesh qualities 

are higher than that from commercial generalized marching cubes algorithm. The aspect ratios 

and roundness features are well captured at a maximum SH degree of 5 and 10, respectively. The 

polar-SH reconstructions may generate unrealistic surface features, such as bumps and protrusions, 

especially for more irregular particles. However, Cartesian-SH may generate mesh distortion due 

to surface parametrisation. 

(3) It is found that a higher mesh number results in a higher local contact curvature, leading to lower 

loading stiffness and higher peak strength for irregular particle crushing tests. Reducing the mesh 

elements may supress fragmentation patterns due to the less breakable interface elements.  
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4 Contact Behaviour of Rough Granular 

Materials 

 

 

In this chapter, normal contact behaviour between non-adhesive fractal rough particles is studied using a 

finite element method (FEM). A series of spherical grain surfaces with distinguished roughness features 

are generated by means of Spherical Harmonics. These surfaces are described by two roughness descriptors, 

namely, relative roughness (Rr) and fractal dimension (FD). The contact behaviour of rough spheres with a 

rigid flat surface is simulated using FEM to quantify the influences of surface structure and sphere 

morphology by focusing on contact stiffness and true contact area. The dependence of normal contact 

stiffness (𝑘) on applied normal force (𝐹) is found to follow a power law (𝑘 = 𝛼𝐹𝛽) over four orders of 

magnitude, with both 𝛼 and β being highly correlated with Rr and FD. With increasing load, the power 

exponent converges to that of Hertzian contact, e.g., 1/3, independent of Rr. Regions of true contact evolve 

through the formation of new microcontacts and their progressive merging, meanwhile the area 

distributions of contact island induced by various forces tend to obey similar Weibull distributions due to 

fractal nature in their surfaces. Contacts with larger values of Rr are found to produce contact contours with 

higher fractal dimension as calculated by a 2D box-counting method. The results suggest that the correlation 

between radial lengths in a quasi-spherical particle should be considered in studying contact behaviour. 

This Chapter has been devoted to the following paper: 

Wei, D., Zhai, C., Hanaor, D., & Gan, Y*. (2020). Contact behaviour of simulated rough spheres generated 

with spherical harmonics. International Journal of Solids and Structures, 193, 54-68. 
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4.1 Introduction 

Granular materials are ubiquitous on Earth and account for a significant portion of the landmass occurring 

on Earth’s surface. The physical behaviour of granular systems may exhibit characteristics of solids, gas or 

liquids (Jaeger and Nagel, 1990). As implied by William Blake, who famously wrote ‘to see a world in a 

grain of sand’, nearly all of the laws of physics can be observed in granular matter. However, the 

observation of a specific phenomenon depends on measurement resolution, due to the geometrical and 

topological variation of granular materials across multiple scales. In the context of soil mechanics, particle 

morphology can be categorized into three diverse yet correlated length scales, namely (1) aspect ratio, 

roundness and roughness for particulate size, (2) local structure and angularity, and (3) asperity structures 

down to the finest scales (Wadell, 1932; Barrett, 1980). Across multiple scales, various correlations 

between morphology and system behaviour have been established using diverse experimental techniques, 

including stereophotography (Zheng and Hryciw, 2017; Sun et al., 2019), photoelastic (Dantu, 1957; Hurley 

et al., 2014), and X-ray computed tomography (Petrovic et al., 1982; Viggiani et al., 2004), and observing 

phenomena such as critical state (Roscoe et al., 1958; Yang and Luo, 2015), stress-dilatancy relation (Taylor, 

1948; Li and Dafalias, 2000), and the evolution of fabric tensor (Oda, 1972; Gao and Zhao, 2013). However, 

as the foundation of granular mechanics, the contact behaviour of natural grains at the particle scale (Zhai 

et al., 2019) merits further investigation. Alternatively, some existing descriptions have been established 

within the context rigid-particle approximation (Khun and Bagi, 2004; Li et al., 2011; Kuhn and Daouadji, 

2018) from Discrete Element Method (DEM).  

DEM was firstly established in the realm of soil mechanics, as an approach in which rigid volume-

equivalent spheres are taken as first-order approximations for irregular shaped sand particles in order to 

facilitate computationally efficient simulations of granular behaviour (Cundall and Strack, 1979). Over the 

past four decades, DEM has been significantly developed by considering more complicated particle shapes, 

for example, clusters of discs or spheres (de Bono and McDowell, 2018), ellipsoids (Ng et al., 2018), super 

or poly super ellipsoids (Zhao et al., 2018; Zhao and Zhao, 2019), polyhedrons (Latham and Munjiza, 2004) 

and also realistic shapes based on image processing and mathematical model (Andrade et al., 2012; Mollon 

and Zhao, 2014; Kawamoto et al., 2016). Although complicated shapes can be used in DEM, the calculation 

of contact forces is the product of progressively overlapping lengths and instant contact stiffness provided 

by the input contact law, thus, only qualitative analysis of particulate systems can be achieved. Discrepancy 

will appear between DEM simulation and real observations (Cavarretta et al., 2010; Zhai et al., 2016a; 

Nardelli and Coop, 2018) especially for small-strain related geotechnical problems including wave 

propagation and liquefaction (Yimsiri and Soga, 2000; Chang and Hicher, 2005). These inconsistences may 

be traced back to the elastic contact region where fine-detailed surface features dominate contact stiffness. 

Besides contact stiffness (Persson, 2006; Akrapu et al., 2011; Pohrt and Popov, 2012), real contact area 

plays a determining role in many other physical phenomena, such as electrical conduction (Yastrebov et al., 

2015; Zhai et al., 2015, 2016b) and thermal transport (Owen and Thomson, 1963; Brutsaert, 1975; Persson 

et al., 2010). While numerous studies can be found on contact between nominally flat rough surfaces, the 

contact behaviour of curved rough surfaces (e.g., granular materials in DEM) has attracted considerably 

less attention. As early as 1882, Hertz analytically studied frictionless and nonadhesive contact between a 

rigid smoothed sphere or asperity and an elastic flat surface (Johnson, 1985). Greenwood and Tripp (GT 

model, 1967) first modelled the elastic contact between rough spheres based on the prevalent Greenwood-
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Williamson (GW) model (Greenwood and Williamson, 1966), where contact between two rough surfaces 

can be seen as the collection of asperity contacts with a nominally flat surface. Due to inherent limitations 

of the original GW model discussed elsewhere (Barber and Ciavarella, 2000; Greenwood and Wu 2001; 

Vakis et al., 2018), GT model uses only standard deviations of sphere ‘radii’ distributions to quantify 

roughness globally without considering their correlation. For greater simplicity, the contact of two elastic 

rough surfaces can be considered equal to that between an equivalent rough surface and a flat (Johnson, 

1985; Barber, 2003), which has been applied by nearly all simulations of contacting rough surfaces. As for 

rough spheres, usually roughness is only mapped into the sphere or corresponding flat platen, and only one 

of them is elastic and the other being rigid (Kagami et al., 1983; Cohen et al., 2009; Pohrt and Popov, 2013; 

Pastewka and Robbins, 2016; Yastrebov, 2019), insufficiently covering the influences of roughness 

asperities if roughness and elasticity are not present on the sphere at the same time. 

Many experimental approaches have been developed for characterizing surface morphology, including 

nano-CT (Shearing et al., 2010), near-field diffraction (Nomura et al., 2005), laser profilometry (Weber et 

al., 2018), atomic force microscopy (AFM) (Buzio et al., 2003) interferometry (Ovcharenko et al., 2006), 

frustrated total internal reflection (Rubinstein et al., 2004), and phase-contrast microscopy (Dyson and Hirst, 

1954). However, in these methods the global 3D object morphology is limited by lateral or vertical 

resolution, requiring the simplified simulation of finest scale features in many computationally generated 

rough surfaces, by methods such as power spectrum density (Persson et al., 2002; Yastrebov et al., 2015; 

Müser, 2018) and Weierstrass-Mandelbrot (Chiaia, 2002; Ciavarella et al., 2006; Hanaor et al., 2015) 

functions. To improve the estimation of the standard deviation of radial length distributions for rough 

spheres in the aforementioned GT model, the power spectrum is directly mapped onto a sphere for 

numerical analysis of rough sphere contact behaviours (Pohrt and Popov, 2013; Pastewka and Robbins, 

2016), however, with the increase of vertical height, the mesh size becomes large, gradually becoming 

unrealistic in computational frameworks for contact mechanics, such as Boundary Element Method (BEM) 

and FEM. Hence, it is reasonable to separate fine surface features from the global particle morphology, 

through two steps: first the reconstruction of particle morphology, on the basis of experimental data at the 

global scale, and then the inclusion of a constant fractal dimension (FD) at finer scales. The key to the latter 

step is to implement an efficient method to quantify particle FD using limited experimental data at the 

surface scale. As early in 1977, Meloy implemented Fast Fourier Transformation (FFT) to reconstruct 2D 

particle outline and found the logarithmic linear relation between Fourier descriptors and degrees (Meloy, 

1977), which was further proved by Bowman et al. (2000) and Mollon and Zhao (2012). Recently, the 2D 

outline has been extended to 3D surface via 3D FT, Spherical Harmonic function (Wei et al., 2018), with 

the aid of X-ray computed tomography (CT).  

In this chapter we revisit the contact behaviour of rough spheres using a more versatile FEM approach, 

motivated by the identified shortcomings of existing analytical approaches, which generally consider 

spherical grains while neglecting asperity deformation.  (Hyun et al., 2004; Etsion et al., 2005; Pei et al., 

2005; Yastrebov, 2013; Xu et al., 2015). This chapter is organized as follows. Section 4.2 provides a brief 

recapitulation of Spherical Harmonics to reconstruct or smooth particle shapes, and a thorough application 

of extremely high degrees for multi-scaled sphere morphology for providing fine-scale feature on a curved 

surface. In addition, the necessary details of FEM simulation, for particle contact behaviours using graded 

mesh, are provided. Then radial length and mean curvature distributions of the generated rough sphere are 

discussed. Section 4.3 describes the results of contact mechanics simulations, with the focus on the 
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combined effects from surface curvature and roughness, i.e., global and local features. Contact stiffness, 

contact area, and radial contact stress distributions are described. Discussions and conclusions are presented 

in Sections 4.4 and 4.5. 

4.2 Methodology 

This section includes two main parts, namely generating spheres with rough surfaces from a smooth sphere 

and finite element method (FEM). The rough spheres can be generated using Ultra-high-degree Spherical 

Harmonics technique (e.g. SH degree up to 2000) to reproduce morphological surface features coexisting 

with a global curvature. The outline of the FEM modelling of rough surface contact is illustrated in Fig. 4-

1. For FEM simulations, the result is first validated by a Hertzian contact solution mimicking the contact 

behaviour between an elastic sphere, with graded mesh sizes, and a rigid flat plane. Then, later in Section 

4.3, the contact behaviour of rough spheres is investigated focusing on the dependency on the 

morphological variations. 

 

 

Figure 4-1 Outlines of FEM simulations of rough sphere contact behaviour. 

 

4.2.1 Ultra-high Spherical Harmonics (SH) for morphology features 

This Section demonstrates the efficiency of SH-based fractal dimension (FD) in characterizing particle 

morphology. SH descriptors have been previously used for describing particle shapes in Chapter 3 and the 

potential of extending this to fine-scale roughness is further explored here. 
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Figure 4-2 Left: Graded FEM mesh for the smooth sphere in the spherical coordinate system; Right: Mesh 

size sensitivity study using elastic material properties of quartz sand in Chapter 5. The morphology of 

models of different mesh size is the same. Surficial mesh of 0.00075R is from the subdivision, connecting 

middle points of surficial meshes of 0.0015R. 

 

The related contents of SH have been given in Chapter 3.1. Here, six more kinds of granular materials in 

construction engineering, as in Fig. C.1, are added to prove the efficiency of SH fractal dimension to 

quantify realistic particle morphology. 

To calculate the difference between two objects, according to Parseval’s theorem and orthogonality of SH 

function, Root Mean Square Distances (RMSD), associated with their SH coefficients, between two objects 

can be applied to quantify how globally different they are and follows (Gerig et al., 2001; Shen et al., 2009): 

𝑅𝑀𝑆𝐷 = √
1

4𝜋
∑ ∑ ‖𝑐1,𝑛

𝑚 − 𝑐2,𝑛
𝑚 ‖

2𝑛
𝑚=−𝑛

𝑛𝑚𝑎𝑥
𝑛=0 , (4.1) 

where c1,n and c2,n are the SH coefficients of two surfaces. Due to the characteristic length scale (i.e. asperity) 

of contacts of rough particles, extremely high degree of SH is necessary. Due to the cumulative changes of 

each order m, the closed form bridging wavelength, in terms of angular resolution, and the specific degree 

n cannot be specified directly. Instead, a frequently used rule of thumb is given by (Jekeli, 1996): 
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where ∆𝜃 is the polar angle between two adjacent surface points. Furthermore, Fig. 4-3 shows a rough 

sphere’s surface depicted using different degrees of SH expansion and the same minimum SH degree from 

identical sets of SH coefficients. It is evident that for simulating asperities of rough spheres the maximum 

SH degree should be higher. From analogous FEM simulations of contact between rough flats of unit square 

surface (Hyun et al., 2004; Pei et al., 2005), a fine mesh size 1/128 of the global surface square is found to 

be sufficient. In this study, the normalized maximum separation or overlap by sphere radius is roughly equal 

to 0.02, hence the selected mesh ratio (0.0015) is considered to be fine enough, as shown in the zone of 

refined FE meshes in Fig. 4-2, and the further proof will be discussed hereafter. Consequently, according 

to Eq. (4.2) and Fig. 4-3 the maximum SH degree is set to 2000, and c2,n is set to the SH coefficient of an 

unit sphere: 

𝑐2,𝑛 =

(
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. (4.3) 
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Figure 4-3 Rough sphere morphology features determined by different degrees of the same set of SH 

coefficients (the red dashed line denotes the boundary of the mesh refinement zone in FEM). 

 

By conducting SH expansion to a greater degree, finer and finer details of particle surfaces can be depicted. 

To isolate roughness from roundness or curvature in the study of contact behaviour, rough spheres are 

considered with isotropic macro-scale curvature. It is possible to combine global (e.g., roundness and 

curvature) and local (e.g., roughness) features using a complete set of SH descriptors. However, this work 

focuses on the roughness features of a curved surface, to highlight the competing effects of local roughness 

and curvature. Hence, the lower SH degree is here set to 31, which is high enough to serve as the cut-off 

between roundness and roughness (Garboczi, 2002; Zhao et al., 2017). Considering 31 ≤n ≤ 2000 and 31, 

the ratio of large to small wavelengths are about 65, which is of the same magnitude of that (512/4) of 

molecular simulations in Pastewka and Robbins (2016). Meanwhile, we apply the power spectrum density, 

widely used in nominally flat surfaces, to directly quantify the cut square area with protection of size 0.2R 

× 0.2R at mesh fine zones of SH-generated rough sphere surfaces. Fig. 4-2 indicate that this type of mesh 

has no mesh size dependence for our simulations. The log-log linear segment, ranging over more than two 

orders of magnitude in the calculated power spectrum densities, demonstrates self-affine features of the 

SH-generated rough structures. After applying roll-off and cut-off of wavelengths in terms of the SH degree, 

SH coefficients 𝑐1,𝑛 can be explicitly denoted: 

𝑐1,𝑛 =

(

 
 
 
 
 

𝑐1,0
𝑐1,1
𝑐1,2
⋮

𝑐1,30
𝑐1,31
⋮

𝑐1,2000)

 
 
 
 
 

𝑇

=

(

 
 
 
 
 
 
 
 
 

2√𝜋
(0 0 0)𝑇

(0 0 0 0 0)𝑇

⋮
(0 ⋯ 0)𝑇⏟        

2×30+1

(𝑐1,31
−31 ⋯ 𝑐1,31

0 ⋯ 𝑐1,31
31 )

𝑇

⏟                    
2×31+1

⋮

(𝑐1,2000
−2000 ⋯ 𝑐1,2000

0 ⋯ 𝑐1,2000
2000 )

𝑇

⏟                        
2×2000+1 )

 
 
 
 
 
 
 
 
 

𝑇

. (4.4) 

The production of virtual complex SH coefficients in polar coordinate systems has been conducted in earlier 

studies (Wei et al., 2018). However, the capacity (10-307, 10307) of standard 64-bit computers can be rapidly 

exceeded. i.e. when n is higher than 200 according to Eqs. (3.3) and (3.4) in the calculation of SH functions. 

We applied recursion formulae of √
(2𝑛+1)(𝑛−|𝑚|)!

4𝜋(𝑛+|𝑚|)!
𝑃𝑛
𝑚(cos𝜃), set to 𝑃𝑛

𝑚̅̅ ̅̅ (cos𝜃), to approximate the SH 

function (see Page 963 in Gradshteyn and Ryzhik, 2007): 
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Although a recursion formula is adopted here, a data underflow phenomenon can still appear in some 

regions. For example, when for low angular separations (θ = 0 or π), The value of 𝑃2500
2500̅̅ ̅̅ ̅̅ ̅(cos𝜃) is about 

10-5000. Hence, a scaling factor Q=10260 is introduced to 𝑃𝑛
𝑚̅̅ ̅̅ (cos𝜃), by which arbitrary polar angles can be 

computed up to the maximum SH degree n = 2190 higher than 2000 for reconstructing rough spheres in 

this study. Simultaneously, to remove influences of randomness of complex SH coefficients on particle 

morphology, all the rough sphere surfaces are generated by the same set of SH coefficients cn
m multiplying 

real numbers kn to form the relations between n and Dn to introduce fractal dimension in Fig. 4-4, hence Eq. 

(3.1) can be written as: 

𝑟𝑖(𝜃, 𝜑) =
1

𝑄
∑ ∑ 𝑘𝑛𝑐𝑛
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𝑛=0 [𝑄𝑃𝑛

𝑚(𝑐𝑜𝑠 𝜃)𝑒𝑖𝑚𝜑], 𝑘𝑛 ∈ ℝ, (4.6) 

where ℝ denotes real number. Furthermore, relative roughness (Rr) is defined as the normalized RMSD by 

radius of unit sphere from c2,0 in Eq. (4.3): 

𝑅𝑟 =
√
1

4𝜋
∑ ∑ ‖𝑐1,𝑛

𝑚 −𝑐2,𝑛
𝑚 ‖
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𝑛𝑚𝑎𝑥
𝑛=0

𝑐2,0
0 ⋅𝑌0

0(𝜃,𝜑)
. (4.7) 

In practice, this term describes the ratio between the local roughness and the radius of surface curvature. 

Then according to Eqs. (3.4) to (3.11) and Eq. (4.7), when FD and Rr are given, kn can be determined, 

following Dn and Ln. 

Notably, the selection of polar angles of refined areas in Fig. 4-2 can also vary the actual spatial distribution 

of asperities even for the same SH coefficients. Here, the same reference polar angle (𝜃, 𝜑), with a 

nominally lowest point equal to (
3𝜋

2
,
𝜋

2
) in Fig. 4-2, is applied for different rough spheres. Fig. 4-4 illustrates 

relations between Dn and n of generated rough spheres, while Fig. 4-5 represents the distributions of radius 

lengths and curvature values of Rr equal to 10-5 and 2×10-4. Rough surfaces are often characterised in terms 

of standard deviations of height distributions in rough surfaces (Persson et al., 2002) or radial length 

distributions in the case of rough spheres (Greenwood and Tripp, 1967), since these are mostly Gaussian 

distributions, this corresponds to commonly used terms of roughness. In this study, the normalized 
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roughness of mean radial length for Rr=10-5 and 2×Rr=10-5 are about 2×10-5 and 10-3, respectively. The 

normalized spherical roughness in analytical solutions of Greenwood and Tripp (1967) corresponds to 

[2×10-5 2×10-4]. Hence, it is reasonable to separate contact response into three stages according to normal 

contact force via GT model in the following parts. Although the radial length distributions of Fig. 4-5 (a) 

and (b) nearly coincide, their morphological features indicated by the contour maps are divergent, 

meanwhile (c) and (d) demonstrate that larger values of Rr increase FD and the mean curvature (see 

Appendix B) value distributions. Greenwood and Tripp (1967) applied a deterministic analytical solution 

(Greenwood and Williamson, 1966) to investigate elastic behaviours of rough spheres and concluded that 

the response, influenced by geometry, is governed by asperity density, roughness (the standard deviation 

of radius length distribution taken to be a strict normal distribution) and sphere-shaped asperity curvature. 

Interestingly, normal distributions can describe both radial length and mean curvature value distributions 

of SH-based fractal surfaces of spheres in Fig. 4-5. Regarding the approximation of asperity shape, 

Ciavarella et al. (2006) re-vitalized the Greenwood and Williamson model and considered the error of mean 

asperity curvature for Gaussian surfaces to be of a constant order. However, from the contour maps of Fig. 

4-5 (c) and (d) the mean curvature may not be always of the same order, and the scope would be much 

larger when Gaussian curvature values are taken instead. Especially for explicit numerical simulations and 

experiments, the points between or connecting asperity regions may also make contact with the compressing 

platen, although they are not commonly considered as asperities. Our results here are based on logarithmic 

linear relations between Dn and n of SH analysis, which is experimentally confirmed in larger-length scale, 

but assumed in finer morphology details. 

 

 

Figure 4-4 Relations between Dn and SH degree of generated rough spheres. Colour black, red, yellow, blue 

and purple indicate Rr equal to 10-5, 2×10-5, 6×10-5, 10-4 and 2×10-4; the scattered levels of lines mean FD 

equal to 2.0, 2.1, 2.2, 2.3, 2.4 and 2.5. 
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Figure 4-5 Cumulative distributions of radii and curvature values for Rr values of 10-5 and 2×10-4. Blue, 

orange, yellow, purple and green curves represent FD vales of 2.1, 2.2, 2.3, 2.4 and 2.5; Black circles 

represent the fitted Normal distributions of FD=2.3. 

 

4.2.2 FEM model 

In this section, a surface mesh is firstly generated via a MATLAB script and is converted into a solid using 

an open-source mesh generator Gmsh (Geuzaine and Remacle, 2009).  

The FEM simulations presented here are conducted using commercial finite element software, ABAQUS. 

According to the Hertzian contact model, the effective radius, R*, is defined as 1/R* = 1/R1+1/R2, where R1 

and R2 are radii of contacting spheres. The effective contact modulus E* is defined as 1/E* = (1-v1
2)/E1+(1-

v2
2)/E2, where E1, E2 and v1, v2 are the elastic Young’s moduli and Poisson’s ratios of the corresponding 

parts. The contact radius a can be calculated by 𝑎 = √𝑅∗𝛿, where 𝛿 is the indentation depth (Johnson, 
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1985). To obtain sufficient accuracy in simulating Hertzian contact and efficiency in FEM-based contact 

behaviours, extremely fine mesh sizes of 0.0015R, are used within the potential contact region, as illustrated 

by the inner yellow circle in Fig. 4-2. The vertical height between the boundary mesh-fine region and the 

lowest point is 0.0225R, with R being the radius of the sphere. In the transition zone (between the yellow 

and red circles in Fig. 4-2), the average mesh size is around 0.1R. Other parts are meshed roughly with a 

mesh size of 0.4R. Following Section 2.1, polar coordinates (θ, φ) of spherical mesh vertices are applied in 

Eq. (4.6) for rough spheres with given FD and Rr. The corresponding triangulated surface is then directly 

implemented as FEM surface mesh. 

By means of regionally varying mesh resolutions, solid elements of high mesh qualities (e.g., 0.5 < h/l < 

1.5, where h is the height, and l is the length) can be obtained, by converting the triangular surface mesh to 

a 4-node tetrahedral volume mesh (C3D4). The rigid platen is composed of 4-node rigid quadrilateral 

elements (R3D4), with mesh size equalling to 0.0015R. Jackson and Green (2005) have pointed out that 

linear FEM elements can yield the same result as that of quadratic elements. Concurrently, compared with 

hexahedron tetrahedron is chosen due to the efficiency of triangles in depicting complicated rough surfaces. 

The values of v and friction coefficient are both set to 0 to isolate the purely normal contact response (Borri-

Brunetto et al., 2001; Pei et al., 2005; Hyun and Robbins, 2007). Indeed, Hyun et al. (2004) suggested that 

the value of Poisson’s ratio has little effect on the relationship between normal contact area and force. 

Elements of the coarsest mesh size of the semi sphere are fixed in all directions, while the movements of 

finer elements are not constrained. The rigid platen moves only vertically, with an increasing normal 

displacement load to compress the sphere.  

 FEM simulations are conducted in Abaqus Explicit environment, only key information is given here with 

more details available in the Abaqus Users’ manual (2016). The constitutive elastic law of bulk material is 

assumed to be isotopically linear in terms of first-order tetrahedron (C3D4) elements (Hyun et al., 2004; 

Abaqus, 2016). Full integration is considered for calculating the virtual work. The total mass of each 

element is defined by lumped mass matrix and averagely distributed over its four nodes. Also, a four-

pointed integration scheme, where distributed loads are integrated with three points, is applied. An explicit 

integration scheme with an augmented Lagrangian framework is considered, 

𝑴 ⋅ �̈� + 𝑭ⅈ − 𝑭𝒆 = 𝟎, (4.8) 

where �̈� is the acceleration vector, M is the diagonal mass matrix and Fi and Fe are internal and external 

force vectors. The central difference integration framework is implemented to discrete Eq. (4.8) in time: 

�̇�𝑛+1/2 = �̇�𝑛−1/2 +
𝛥𝑡𝑛+1+𝛥𝑡𝑛

2
�̈�𝑛, (4.9) 

𝒖𝑛+1 = 𝒖𝑛 + 𝛥𝑡𝑛+1�̇�𝑛+1/2, (4.10) 

𝛥𝑡 = √
𝜌

𝐸
𝐿𝑚𝑖𝑛, (4.11) 
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where u is a freedom degree, n means n-th time step or increment, and Δt denotes time step; ρ is the density 

of the bulk material, E is the elastic modulus, and Lmin is the minimum length of mesh size. 

4.3 Results and discussions 
Here we present simulation results from 25 contacts with rough spheres and one with a smooth sphere, to 

elucidate the influences of Rr and FD on the resulting contact pressure, contact area and contact stiffness. 

 

4.3.1 Contact pressure 

 

 

Figure 4-6 Normalized contact pressure (p/E*) simulated using a constant compressive force (𝐹/𝐸𝑅2 =
4

3
⨯

0.13) for varied conditions of Rr and FD (red circles represent the Hertzian contact boundaries for the same 

normal force). 
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Maps of the contact pressure (corresponding to the sum of nodal contact forces divided by the associated 

element face area) are illustrated in Fig. 4-6. Applying a rigid flat platen as a counter surface and the absence 

of friction results in nodal forces that are all perpendicular to the contact plane. The results suggest that 

greater fractality, as indicated by larger FD values, results in a more heterogenous pressure contour, with 

larger maximum asperity contact stress. An increasing Rr results in an evident drop in the total contact area, 

with increasing stress concentration, and larger maximum radial distance. 

To quantify the influence of surface morphology on contact stress distributions, contact pressure at varying 

radial distances (a) on different regions is further calculated by the ratio of nodal contact force to contact 

area from square R3D4 elements as in Fig. 4-7: 

𝑝(𝑎) =
∑ 𝐹𝑖𝑖

𝜋(𝑎+𝑑)2−𝜋𝑑2
, (4.12) 

where Fi is the i-th nodal contact force on the rigid flat platen and d is the width of the circular ring. Each 

individual ring is divided into several subdomains having identical angles (shown by α in Fig. 4-7) for 

obtaining further information regarding the angular pressure distribution. As shown in Fig. 4-7, the mean 

pressure in blue, yellow and red sub-rings are calculated from the corresponding nodes within these 

domains. 

 

 

Figure 4-7 Schematic for evaluating local contact pressure. 

 

The radial stress distribution for various values of Rr and FD are presented in Fig. 4-8. A nearly complete 

coincidence is found between the Hertzian solution and results for Rr = 0 in Fig. 4-8 (g), validating the 

simulation framework presented in this study. As shown in Fig. 8 (a), the stress distribution for lower values 

of Rr deviates from the Hertzian solution. A larger fluctuation in contact pressure can be generally observed 

for larger FD. It is interesting to note that at large values of Rr there is a contact stress peak at the position 

of a/R ≈ 0.05, due to the randomness of particle morphology which results in a fall of heights of particle 

d1=d

d2=2d

d3=3d

α
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surface asperities, as in Fig. 4-5 (a) and (b). In Fig. 4-8, at a/R ≈ 0.05, the maximal values of contact pressure 

exhibit a sharp increase while the minimal values tend to be smoother, demonstrating the significant 

influence of local surface features on contact pressure. Compared with deterministic models, such as 

Greenwood and Tripp (1967), our numerical results here are more consistent with optical experiments 

(Sharp et al., 2018) where the maximum normalized contact pressure (at a/R=0) is found to be greater than 

that of the Hertzian solution. 

 

 

Figure 4-8 Normalised contact pressure at varying radial distance for different values of Rr and FD. 
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4.3.2 Contact area 

In this study, contact area (A) is calculated based on the sum of the deformable element face areas with 

nodes contacting the rigid platen. According to the Hertzian contact model, the contact radius of a smooth 

sphere compressed against a rigid flat is given as 

𝑟𝐻 = (
3𝐹𝑅

4𝐸∗
)

1

3
. (4.13) 

Here, the contact area is normalised by πR2 and the force is normalised by 𝐸∗πR2, 

𝐴

𝜋𝑅2
= (

3𝜋

4
)

2

3
× (

𝐹

𝐸∗𝜋𝑅2
)

2

3
. (4.14) 

As shown in Fig. 4-9, the relationship between normalized force and area for small Rr is found to agree 

with the Hertzian solution. With increasing FD and Rr, A/(πR2) is found to deviate more significantly from 

the Hertzian solution. Fig. 4-10 illustrates the fractal dimension of the contact boundary, FDBC, calculated 

using a box-counting method, for varied FD and Rr at a constant compressive force. For lower Rr values 

the outlines are tortuous to a similar extent with the increase of FD, meanwhile for higher Rr the FD of 

contact boundary increases. 

 

 

Figure 4-9 Contact area (A/(πR2)) V.S. compression force (F/(EπR2)). Hertzian solution given by the solid 

black line. 

 

In the GT model (Greenwood and Tripp, 1967), Hertzian contact becomes applicable only when F > N2, 

with 

𝑁2 = 100𝑁1 = 100𝑆𝑞
∗𝐸∗√2𝑅∗𝑆𝑞

∗
, (4.15) 

where 
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𝑆𝑞
∗ = √𝑆𝑞1

2 + 𝑆𝑞2
2
, (4.16) 

where 𝑆𝑞 is the root mean square (RMS) surface roughness and can be denoted by the standard deviation 

of the normal distribution to fit asperity ‘radius’ distribution. We apply a power law, i.e., 
𝐴

𝜋𝑅2
= 𝛼(

𝐹

𝐸∗𝜋𝑅2
)𝛽, 

to correlate normalized forces with contact area for contact forces smaller than N2. For all 25 cases, values 

of goodness of fit (calculated as R-square) are more than 0.99. As shown in Fig. 4-11 (a) and (b), for the 

lowest relative roughness (e.g. Rr = 10-5) the values of both α and β do approach closely to those of the 

Hertzian solution in Eq. (4.14) ((
3𝜋

4
)

2

3
 and 

2

3
, respectively), however for higher Rr both of them are not well 

described by the Hertzian solution and more fluctuations appear, although convergence to the Hertzian 

solution occurs at high loads as the limit of linear elastic material is achieved, thus the contact forces cannot 

be enlarged for the rationality of pure elasticity in FEM models. By contrast, for spheres of both high- and 

low-roughness, Pastewka and Robbins (2016) showed the convergence of the contact area to the Hertzian 

solution at extremely high loads. This discrepancy may be attributed to: (i) Sphere rigidity limiting the 

study of deformation-induced contact (Li et al., 2018); or (ii) plasticity in molecular simulations, which 

significantly influences contact behaviour (Song et al., 2016, 2017.), herein just purely elastic contact is 

studied. 

Contact island distribution plays a vital role in thermal and electrical conductivity properties at the 

interfacial scale in granular materials (Persson et al., 2010; Zhai et al., 2016b). As shown in Fig. 4-6, larger 

values of Rr and FD bring about more scattered distributions of contact stress. Increasing loads will result 

in larger contact areas by expanding existing contact islands and the formation of new contact islands, i.e., 

fringing the boundary of contact zone. This process is also accompanied by the merging of existing contact 

islands. In order to quantitatively evaluate merging and fringing processes of contact islands, we implement 

image segmentation techniques to separate connecting contact islands, shown in Fig. 4-12. The quadrilateral 

R3D4 elements composing the rigid flat are considered as image pixels with greyscale values denoting the 

nodal contact forces. Pixels corresponding to the maximum normal contact force are set to a greyscale value 

of 255, with a linear representation of contact forces. A contact stress contour map, in which values denote 

nodal contact stresses, is drawn. Then, a threshold value equal to 0.3 times the maximum nodal contact 

stress is chosen to separate contact islands. Finally, the number of contacting regions forming separated 

contact islands can be obtained. Furthermore, besides the case in Fig. 4-6, three more cases of Rr and FD 

equal to 6×10-5 and 2.3, while from different sets of SH coefficients, are added for more universally 

statistical features. In summary, Fig. 4-13 (a) provides the probability density function (PDF) of segmented 

contact island area with gradually enlarged contact forces for 4 cases of Rr = 6×10-5 and FD = 2.3. The 

merging of centre islands and fringing the boundary demonstrate competitive tendency. Notably, for smaller 

islands (Ac/(πR2) < 1.5×10-5), the PDF seems to have a consistent power-law distribution. Simultaneously, 

as shown in Fig. 4-13 (b), obtained contacts for varying loads contain microcontacts, of which areas nearly 

conform to the same Weibull distribution over a wide range of self-similar length scales. By assigning the 

same Weibull modulus of 0.503 for smaller contacting islands (Ln(Ac/Ac,0) < 3.5), the goodness-of-fitting 

coefficients (R-square values) for five consequent loading stage range from 0.951 to 0.997. It is reasonable 
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to postulate that the Weibull modulus is correlated to the fractal nature of contacting surfaces, warranting 

future systematic studies focusing on the variations of FD and Rr. 

For rough interfaces, contact area distributions can have significant implications. For interfacial electrical 

conduction of granular materials, for example, these microcontacts of different sizes transport electrical 

current through different conduction mechanisms (Zhai et al., 2015), including Holm contacts, Sharvin 

contacts and electron tunnelling. When the size of contacting asperities is comparable or smaller than the 

average electron mean free path, electrons travel ballistically across the microcontacts (Zhai et al., 2016b). 

The herein proposed power-law correlation for describing the contact area distribution and its evolution 

enables the identification of the dominant conduction mechanisms across multiple length scales. 

 

 

Figure 4-10 Relationship between the fractal dimension of contact area, FDBC, calculated by a 2D box-

counting method and FD of particle surface for various Rr at the same compressive force (
𝐹

𝐸∗𝜋𝑅2
=
4

3
× 0.13) 

in Fig. 4-6. 
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Figure 4-11 Relationships between FD and 𝛼 and 𝛽 for various Rr. 

 

 

Figure 4-12 Segmentation process of contact islands. 

 

 

Figure 4-13 Distributions of normalized contact island area (Ac) for various normalized contact forces �̅�: 

(a) Probability density distributions (PDFs); (b) Weibull distributions. Rr and FD equal to 6×10-5 and 2.3, 

respectively; The transport purple dot line is just for illustration purpose, where the relations between �̅� 
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and PDF at the decrease period are roughly linear; Ac,0 is the characteristic area where 37 % of the contact 

regions survive. 

 

 

Figure 4-14 Dimensionless normal contact stiffness (k/(ER)) vs. compressive force (F/(EπR2)). Hertzian 

solution is given by the solid black line. The dot and solid vertical lines denote values of N1 and 50N1 (or 

0.5N2), respectively. 

 

4.3.3 Normal contact stiffness 

Normal contact stiffness is calculated by the following equation: 

𝑘𝑖 =
𝛥𝐹𝑖

𝛥𝑑𝑖
=

𝐹𝑖+1−𝐹𝑖

𝑑𝑖+1−𝑑𝑖
, (4.17) 

where subscript i indicates the i-th time step in the explicit FEM scheme; ki is the normal contact stiffness; 

Fi and di represent respectively the normal force acting on the rigid plate and its displacement. In DEM, it 

is widely accepted (Greenwood and Tripp, 1967; Yimsiri and Soga, 2000; Pohrt and Popov, 2013) to 

consider contact stiffness based on Hertzian contact solutions when the overall contact force is large enough, 

i.e., >N2. The relation between contact stiffness and force in the Hertzian contact model is (Johnson, 1985): 

𝑘

𝐸∗
= (6𝑅∗

𝐹

𝐸∗
)

1

3
. (4.18) 

Here, the contact stiffness k is normalized by ER, and Eq. (4.18) can be rewritten as: 

𝑘

𝐸𝑅
= (6𝜋)

1

3 × (
𝐹

𝐸𝜋𝑅2
)

1

3
. (4.19) 

The power law 
𝑘

𝐸𝑅
= α(

𝐹

𝐸∗𝜋𝑅2
)𝛽  is employed here to fit the relationship between normalized contact 

stiffness and forces. We consider two segments, F < N1 and F > 50N1 = 0.5 N2. 
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Figure 4-15 Relationship between fitting parameters of k-F curves and Rr ((a) and (b)) and FD ((c) and (d)) 

for F < N1. 
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Figure 4-16 Relationships between fitting parameters of k-F curves and Rr ((a) and (b)) and FD ((c) and (d)) 

for F > 0.5N2. 

 

Figs. 4-15 and 4-16 illustrate the relationships between fitting parameters and relative roughness and fractal 

dimension, respectively. For cases of >N2, the Hertzian contact solution is considered applicable for the 

calculation of contact stiffness. Meanwhile for cases of < N1, both fitting parameters are found to be 

influenced by Rr and FD. It further reveals that the application of RMS alone to describe a rough-sphere 

contact is insufficient, and correlations between ‘radii’, evaluated by fractal dimension, should be included. 

Based on the presented parametric studies, one simple empirical model is proposed for determining the 

dependence of k on F for contacts of rough spheres: 

𝑘

𝐸∗𝑅∗
= (√6𝜋

3
+ 𝑅𝑟 ⋅ 𝐷𝑓

4𝜋) × (
𝐹

𝐸∗𝜋𝑅∗2
)

1

3
+351𝑅𝑟⋅𝐷𝑓

, (4.20) 

where Df denotes FD. Note this proposed correlation can be reduced to Hertzian contact while Df or Rr 

approaches zero, i.e., cases of smooth spheres.  

Fig. 4-17 represents the 3D plots describing α and β versus FD and Rr, showing a reasonable goodness-of-

fitting for all simulation cases presented in this work. Correlations developed here can be extended to 
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incorporate the multiscale features in contact mechanics of rough surfaces, and readily to be implemented 

in other numerical schemes where the inter-particle contact model is pivotal, such as Discrete Element 

Methods (DEM), under a consequent multiscale modelling scheme. Moreover, for applications involving 

contact rough interfaces, the effects of hierarchical properties of the surface structure can be estimated using 

the above proposed correlation, in conjunction of measuring surface profiles. 

 

 

Figure 4-17 Unique power law parameters (α in (a) and β in (b)) to denote normal contact stiffness of rough 

sphere contact in α and β -FD-Rr spaces. 

 

4.4 Comparisons with rough flat surfaces 
It is reasonable to compare the contact response from rough spheres and nominally flat rough surfaces at 

low loads, as a small section of a sphere’s surface can be seen as a rough platen under such conditions. 

Some reports indicate that contact responses of rough sphere approach the results of nominally flat surfaces 

(Pohrt an Popov, 2013). However, mapping a sphere surface to a flat without geometrical distortion is not 

possible. Thus, it is difficult to quantitatively compare normal contact response between them, bridging 

such responses with roughness (e.g., fractal dimension, root mean square roughness and gradient, and high 

and low wavelength). Despite these differences, at low loads (e.g. F < N1 in GT model) our model states 

that 𝑘 ∝ 𝐹𝐷𝑓, which is consistent with BEM simulations of contact behaviour of nominally flat surface in 

Pohrt and Popov (2012): 

𝑘

𝐸∗√𝐴0
=
𝜋𝐷𝑓

10
(

𝐹

𝐸∗ℎ√𝐴0
)
0.2567𝐷𝑓

. (4.21) 

where h is root mean square roughness, Df is the fractal dimension determined by PSD, and A0 is the 

projection area of nominally flat platen. Compared with Eq. (4.20), both models have two fitted or 

approximated parameters, which are 
𝜋𝐷𝑓

10
 and 0.2567𝐷𝑓 in nominally flat platen and 𝑅𝑟 ⋅ 𝐷𝑓

4𝜋 and 351𝑅𝑟 ⋅

𝐷𝑓 for the case of a rough sphere, considering the influences of both roughness and fractal dimension. 
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R = 0.89 



- 82 - 
 

Furthermore, two ideal conditions are covered, where the stiffness of a rigid flat is infinite while a smooth 

sphere conforms to the Hertzian solution. 

Besides contact stiffness, it is necessary to mention the most accepted relation between contact area and 

force. At low loads, from the analytical solutions of contact behaviour of nominally flat surfaces with 

spherical (Greenwood and Williamson, 1966) or ellipsoidal asperities (Bush et al., 1975), the relation 

between contact area and force is linear, which is consistent with FEM simulations including irregular 

asperities considering plasticity (Song et al., 2016, 2017) or not (Hyun et al., 2004). As Fig. 4-9, this relation 

of spherical surfaces with higher Rr and FD approximates more linear, and the influence of FD is not 

evidently weaker than that of Rr, because rougher sphere behaves more like nominally rough flat platen in 

small scale of surface. 

4.5 Summary 
In this chapter, we propose an effective framework for generating realistic fractal rough particle surfaces 

and the corresponding FEM meshes, based on spherical harmonics (SH). The effect of local asperity 

curvature is incorporated explicitly in this study, via the term of relative roughness, the ratio between global 

curvature and local roughness. Compared to the classical contact model (e.g. GT model), the local asperity 

curvature (or radius) can be included by using ultra-high SH resolution to capture multiscale morphological 

features, namely the local curvature and roughness. Finite element analyses of rough sphere contacts 

demonstrated the morphological dependencies of contact behaviour, e.g., contact area and contact stiffness, 

with a focus on relative roughness and fractal dimension of surface features. The main findings and 

conclusions are summarized as follows: 

• Contact behaviour depends strongly on surface features, characterised here by relative roughness and 

fractal dimension, in the regime of relatively low loads.  

• With increasing contact pressure, competition exists between contact area merging and the formation 

of new small contact islands occurring around contact area boundaries for spheres of intermediate 

roughness. For spheres with highly rough surfaces, contact islands do not tend to merge, and increasing 

contact pressure is associated mainly with the formation of new contact islands. During the contact, 

individual contact islands evolve and merge, which follows a Weibull-type distribution independent of 

the loading level. 

• For relatively small contact forces, the normal contact stiffness of rough spheres is dependent on both 

fractal dimension and relative roughness and is well-described by power law correlations, differing 

from Hertzian theory at low load. The contact stiffness presents a power law behaviour with the applied 

force, empirical relations between contact stiffness and load have been proposed considering 

topological indices, including the relative roughness and fractal dimensions. 

The numerical framework presented here for the study of contact mechanics of rough particles warrants 

further investigation. More specifically, using the developed SH-mesh based FEM schematic in this study, 

the simulation of contact behaviours of rough particle with globally irregular shapes can be conducted. In 

addition to the normal contact behaviours presented here, further studies are required to elucidate 

relationships between particle friction behaviour and asperity level morphology. Some studies have 
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discussed influences of explicitly generated asperities on 2D circular grains on frictional jamming of 

granular materials. Interestingly, the static packing of geometrical asperity-based grains is isostatic, which 

is similar to that of frictionless circular particles, while the amorphous packing of of frictional circular 

particles is hyperstatic at jamming onset.   
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5 Single Particle Breakage 

 

 

The most commonly adopted method to test the strength of single sand particles is based on platen 

experiments. This setup tends to align the loading direction towards the particle minimum axis and provide 

an upper limit for the breakage stress. This chapter numerically bypasses such limitation by using a 

combined finite and discrete element method (FDEM). FDEM was first validated via a mesh size analysis 

of a spherical particle and calibrated by in-situ experimental compressions of the single quartz sand particle, 

where the particle shape was obtained by X-ray micro-computed tomography (XCT) and then imported 

into the numerical model. Systematic point loading tests were recreated to explore the role of the curvature 

at contacting points on the breakage behaviour. The simulations allow to probe the same non-spherical 

particles, i.e., realistic quartz sand and ellipsoid particles, with multiple measurements highlighting the 

importance of the loading direction, which was inaccessible experimentally. Results show that FDEM can 

capture not only the crack initiation but also fracture patterns, while taking into account realistic shapes. It 

is found that the distance between two contact points and their combined curvedness reflecting the particle 

morphology are the two major factors governing fracture patterns and stresses. When loading is roughly 

parallel to the minimum principal dimension of particles, the obtained breakage stress and the number of 

fragments approach the upper limits. 

This Chapter has been devoted to the following paper: 

Wei, D., Zhao, B., Dias-da-Costa, D., & Gan, Y*. (2019). An FDEM study of particle breakage under 

rotational point loading. Engineering Fracture Mechanics, 212, 221-237. 
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5.1 Introduction 

The micromechanical understanding of particle breakage targeting particle morphology, size and packing 

structure, bulk material properties and loading conditions is sought-after in an extensive range of 

applications including granular materials, soil mechanics, geology, and across the broader field of 

engineering (Coop et al., 2004; Mook et al., 2007; Yin et al., 2011). Due to the difficulty in quantifying 

particle morphology features, particle size is usually taken as a first-order approximation for correlating 

breakage behaviours. There are two types of models considering size effects in the strength of material and 

structure design: deterministic size effect based on stress redistribution and released energy, e.g., un-

notched size effect law (Bažant, 1984; Bažant and Yavari, 2005); and statistical size effect considering 

material defects, e.g., using Weibull distribution (Weibull, 1951; Nakata et al., 1999).  

Stress-induced single particle breakage associated with its morphology features is of fundamental 

importance in geotechnical applications including blast loading, pile driving and large rockfill dams. 

Methods to study single particle strength or breakage can be classified into three categories: experimental 

(Nakata et al., 1999; Wang and Coop, 2016), analytical (McDowell et al., 1996; Bartake and Singh, 2007; 

Cavarretta and O’sullivan, 2012) and numerical (McDowell and Harireche, 2002; Cil and Alshibli, 2014; 

Tapias et al., 2015) approaches. 

In the experimental approach, due to the small size of sand particles, nearly all 1D compression tests to 

measure individual particle strength through flat platen loading, where a single particle is compressed 

between two flat rigid platens. Displacement and force at the loading platen on the particle are 

simultaneously recorded. Point loading, widely applied for large-sized rock blocks (ISRM, 1985), is a more 

realistic testing method, since most contacts inside granular assemblies are point-to-point rather than point-

to-flat-face contacts. Based on point load tests for unconfined compressive strength, most analytical 

methods (Hiramatsu and Oka, 1966; Chau and Wei, 1999) are conducted with the assumption of hard-soft 

contacts between load caps and spherical particles. In fact, the mechanical properties of compressing platens 

govern the breakage behaviour of the quartz sphere via the ratio between contacting radius (a) and sphere 

radius (R).For low (a/R<0.3), intermediate (0.3<a/R<0.65) or high (a/R>0.65) contact radius, the 

corresponding particle breakage occurs just outside the contact perimeter, near the sphere centre, or along 

the particle equator due to the shift of maximum tensile stress (Pejchal et al., 2017). Apparently, the location 

of fracture initiation is hard to detect experimentally even though necessary to bridge analytical solution 

and experiments. From the analytical solution of Russell and Wood (2009), the breakage occurs just below 

contacting points and is driven by shear stresses, which have been qualitatively reflected by many small 

fragments below contacting area. This has been captured by the X-ray micro computed tomography (CT) 

images (Zhao et al., 2015). Zhu and Zhao (Zhu and Zhao, 2018) simulated the compression of a single 

sphere particle using peridynamics and found the fracture pattern to be similar to the experimental breakage 

behaviour of an LBS particle with the so-called good roundness contact point in Zhao et al. (2015). However, 

such peridynamics simulations did not reproduce the typically observed small shear-induced fragments near 

contact areas. 

When platen loading tests are applied for irregular-shaped particles, the most used equation for calculating 

irregular particle strength is taken from the analytical and experimental approach of point load tests in 

(Hiramatsu and Oka, 1966): σf = F/d2, where F is the breakage force, σf is the breakage stress, and d is the 
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distance between the two contact points at the particle surface in point load tests. It should be highlighted 

that if the particle, particularly of non-convex shape, is laid on a bottom platen, at least three contact points 

would theoretically develop, either macroscopic or at asperity level contact points, on the bottom platen 

and more than one contact point with the upper platen, although during the consequent loading process of 

the compressed particle the contact points may vary. Therefore, occasionally the extremely non-spherical 

particle does not endure purely compressive loading but also structural bending, which may hinder the 

extended use of the simplified equation in the analysis. 

Regardless of the difficulties in quantitatively correlating particle morphology, in terms of shape parameters 

and curvature of contact points, there are experimental investigations on single particle breakage behaviour 

in 1D compression that can be highlighted. Zhao et al. (2015) found the stress concentration to occur at 

contact points with high curvature via X-ray CT, which was also observed by Wang and Coop (2016). 

Cavarretta et al. (2016) discussed the relevance of roundness from 2D curvature to particle crushing strength 

and concluded that rounded particles can endure high loaded stress due to the increased possibility of larger 

contact radii. Brzesowsky et al. (2011) polished the bottom of crushing irregular particles to discover the 

relation between the curvature of only one contact point touching the top platen and breakage force for 

simplification. However, the curvature values in their experiments were based on one or several randomly 

selected 2D particle projections, which may not be sufficiently representative in 3D. Therefore, they found 

no obvious quantitative relation between particle breakage stress and curvature index. 

A complementary tool to investigate particle breakage behaviour can be based in computational mechanics. 

Discrete element method (DEM) is currently the most often adopted in the context of geotechnical 

engineering for sand particles. Two main approaches for handling particle breakage can be identified: one 

is based on bonded clusters, where a particle is composed of bonded small sphere elements (McDowell and 

Harireche, 2012; Cil and Alshibli, 2014; Cheng et al., 2003; Hanley et al., 2011); and another approach 

replaces a ‘broken’ particle with a few smaller spherical particles (Lobl-Guerrero and Vallejo, 2005; de 

Bono and McDowell, 2018; Ciantia et al., 2018). Unfortunately, both approaches lack rigorous theoretical 

basis of fracture mechanics at the particle scale. In recent years, the development of 3D X-ray micro-

tomography and laser techniques for accurate reconstruction of sand particle surfaces opened the possibility 

for simulating realistic particle morphology with computational models, such as the granular element 

method (GEM, Andrade et al., 2012) and level set DEM (LS-DEM, Kawamoto et al., 2016). The finite 

element method (FEM) with surface meshes is more suitable for depicting realistic particle morphology 

when compared with other DEM-based computational tools (Nadimi and Fonseca, 2017). Druckrey and 

Alshibili (2016) implemented the extended finite element method (XFEM) to simulate the 1D compression 

of single quartz sand particles based on in-situ X-ray synchrotron images. However, due to the features of 

the enriched elements used to simulate smeared fracture and difficulties in handling differences in density 

within the particle, only one flat fracture surface connecting two loading areas could develop, which may 

be insufficient for capturing the fracture patterns found in experiments and including four typical modes, 

namely major splitting, explosive, chipping and mixed modes (Wang and Coop, 2016). 

In this chapter, a combined finite and discrete element method (FDEM) approach is adopted to simulate 

particle breakage behaviour, via multi-directional two-point loading, focusing on the particle shape effects. 

The simulations of rotational point loading provide a unique advantage since it allows probing the same 

non-spherical particle shapes with multiple breakage measurements assessing the role of loading direction, 
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which is inaccessible in experiments. The paper is organised as follows. In Section 5.2, the FDEM approach 

is introduced and benchmarked with XCT-monitored experiments. In Sections 5.3 and 5.4, spherical quartz 

particles are simulated with variant relative contact radius, to bridge breakage behaviour and curvature 

values of contact points. Rotational loading simulations of the XCT scanned particle and ellipsoid are also 

conducted and analysed, revealing that particle breakage behaviour, regarding breakage stress and fracture 

patterns, is governed by both their loading distance and the curvature of contact points, as deduced from 

results and discussions of Section 5.5. Further analyses show that the maximum stored strain energy during 

deformation can be an effective breakage criterion to determine brittle particle strength. Finally, the main 

conclusions are summarised in Section 5.6. 

 

5.2 Combined finite and discrete element method 

FDEM combines FEM with contact detection and interaction to simulate not only the continuum behaviour 

within the particle but also the initiation and development of internal cracks and the interactions between 

fragments. Abaqus/Explicit (2014) is herein adopted for developing the FDEM simulations given its ability 

to deal with a large number of contacts between discontinuous elements undergoing large deformation. 

 

5.2.1 Image processing and mesh generation 

 

 

Figure 5-1 From experimental in-situ X-ray computed tomography to FDEM simulation of particle 

breakage behaviour using platen loading 

 

Fig. 5-1 shows a typical workflow for preparing our FDEM simulations of single particle crushing 

considering realistic particle shape. There are four steps: (1) the CT-monitored experiment for an LBS 

particle in (Zhao et al., 2015) offering a series of X-Ray raw CT images during platen loading; (2) extraction 

of 3D voxel-based particle shape using image processing; (3) reconstruction of particle morphology with 

Spherical Harmonic analyses; and (4) discretization into 3D tetrahedron meshes for FDEM simulation. 

        The 3D CT data can be visualised as a stack of 2D images, each with a cross-section of the scanned 

sample with the thickness of one voxel of high resolution of 3.3 μm. The image processing and scanning 
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from CT-monitored sets of 2D slice images to reconstruct the particle mesh is done following the procedure 

described in (Zhao et al., 2015). The main steps include the use of a 2D median filter (Gonzalez and Woods, 

2010) to reduce the noise on every slice, then followed by binarization of the filtered image for detection 

of the LBS particle boundaries from distinct material phases. The labelled CT images are smoothed using 

spherical harmonics (SH) in polar coordinates by decomposing a spherical scaler function as follows 

Chapter 3. 

 

 

Figure 5-2 The ‘diameters’ connecting the centre-of-mass and the vertices on particle surface 

To perform rotational point load tests for the same particle, we apply icosahedron-based geodesic structures 

of 1280 triangular faces to reconstruct and smooth of particle surficial mesh, of which only vertices of 

triangular meshes contact with load point ends. The selected surface point (𝑟𝑖(𝜃, 𝜑)) have a corresponding 

point (𝑟𝑗(𝜋 − 𝜃, 𝜑 + 𝜋)) and the mass centre is on the line connecting them, as in Fig. 5-2. Finally, the 

generated surface mesh is converted into tetrahedron-composed solid domain (Imseeh and Alshibli, 2018). 

 

5.2.2 Model description 

A particle is herein discretised in the context of FDEM by 4-node solid tetrahedron elements connected by 

zero thickness cohesive interface elements (CIEs in Fig. 5-1). The tetrahedron elements are adopted for 

their compatibility with the triangular surface mesh reconstructed from CT images. The interface elements 

connect the adjacent solid elements until fracture initiation conditions are met. Fragments are generated 

when a throughout fracture plane develops. To allow for the multiple possibilities of fracture propagation, 

the tetrahedron elements need to be small enough. Following standard FEM principles, the nodal matrix for 

a moving element is governed by the following equilibrium equation: 

𝑴 ⋅ �̈� + 𝑭𝑖 − 𝑭𝑒 = 𝟎 , (5.1) 

where �̈� is the acceleration vector, M is the diagonal mass matrix and Fi and Fe are internal and external 

forces. Fi is composed of elastic force from isotropic solid tetrahedron elements and intact CIEs; Fe is 

resulted from the external contacts between particle and platens or between newly generated fragments. 
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A penalty formulation is used for contact with a tangential friction coefficient (μ=0.5) between fractured 

solid elements, and between solid elements and rigid platens. An explicit solver is adopted to obtain the 

solution via central difference integration framework, due to its higher efficiency in dealing with large 

number of contact and deformation when compared to implicit solvers. During the explicit integration 

scheme, 

�̇�𝑛+1/2 = �̇�𝑛−1/2 +
𝛥𝑡𝑛+1+𝛥𝑡𝑛

2
�̈�𝑛, (5.2) 

𝑢𝑛+1 = 𝑢𝑛 + 𝛥𝑡𝑛+1�̇�𝑛+1/2, (5.3) 

𝛥𝑡 = √
𝜌

𝐸
𝐿𝑚𝑖𝑛, (5.4) 

where u is a freedom degree, n means n-th time step or increment, and Δt denotes time step; ρ is the density 

of bulk material, E is the elastic modulus, and Lmin is the minimum length of mesh size. For the balance 

between computation efficiency and accuracy, mesh size should be selected carefully and will be discussed 

hereafter. 

5.2.3 Damage model 

Fracture or breakage is herein simulated by the failure of geometric zero-thickness cohesive elements using 

traction-separation damage laws (Barenblatt, 1959; Hillerborg et al., 1976; Xu and Needleman, 1996). The 

relationship between displacement and traction force at the cohesive zone follows the bilinear function, as 

stated in Fig. 5-3: 

𝝈 = (

𝜎𝑛
𝜎𝑠
𝜎𝑡
) = 𝑲𝜹 = (

𝑘𝑛𝑛 𝑘𝑛𝑠 𝑘𝑛𝑡
𝑘𝑠𝑛 𝑘𝑠𝑠 𝑘𝑠𝑡
𝑘𝑡𝑛 𝑘𝑡𝑠 𝑘𝑡𝑡

)(

𝛿𝑛
𝛿𝑠
𝛿𝑡

) , (5.5) 

where σ is the traction stress vector, K is the elasticity matrix, δ is the relative displacement matrix, and n, 

s and t denote the normal and two shear directions. Off-diagonal components of the elastic matrix K are set 

to zero. The relative displacements are defined as: 

𝛿𝑛,𝑠,𝑡 = 휀𝑛,𝑠,𝑡𝑇, (5.6) 

where ε is the strain along the three directions for the CIEs and T is the fictitious thickness herein set as 1 

for the equality of nominal strain to its corresponding displacement (Guo et al., 2016; Wu et al., 2018). 
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Figure 5-3 Bilinear constitutive relations of CIEs: (a) Normal component; (b) Shear components. 

 

The constitutive response of the CIEs covers two main stages, i.e., before and after breakage initiation. The 

maximum nominal stress criterion is applied to identify the breakage initiation in quartz sands as suggested 

in (Druckrey and Alshibli, 2016; Imseeh and Alshibli, 2018): 

𝑚𝑎𝑥 {
〈𝜎𝑛〉

𝑁𝑚𝑎𝑥
,

𝜎𝑠
𝑆𝑚𝑎𝑥

,
𝜎𝑡
𝑇𝑚𝑎𝑥

} = 1 

〈𝜎𝑛〉 = {
𝜎𝑛𝑓𝑜𝑟𝜎𝑛 ≥ 0
0𝑓𝑜𝑟𝜎𝑛 ≤ 0

 , (5.7) 

where Nmax, Smax and Tmax are the failure stress of CIEs. Compressive stress is set to 0 to evaluate crack 

initiation criterion since compression is not considered as a source of breakage at micro-scale. After crack 

initiation, contact stiffness reduces according to partial interface damage, and the stress-displacement 

relationship is updated by (Fig. 5-3): 

𝜎𝑛 = {
𝑘𝑛𝛿𝑛𝑓𝑜𝑟𝛿𝑛 ≥ 0

𝑘𝑛
0𝛿𝑛𝑓𝑜𝑟𝛿𝑛 ≤ 0

 

𝜎𝑠 = 𝑘𝑠𝛿𝑠 

𝜎𝑡 = 𝑘𝑡𝛿𝑡 , (5.8) 

where 𝑘𝑛,𝑠,𝑡 = (1 − 𝐷)𝑘𝑛,𝑠,𝑡
0 . D is the damage variable for linear damage evolution defined as: 

𝐷 =
𝛿𝑚
𝑠𝑒𝑝(𝛿𝑚

𝑚𝑎𝑥 − 𝛿𝑚
0 )

𝛿𝑚
𝑚𝑎𝑥(𝛿𝑚

𝑠𝑒𝑝 − 𝛿𝑚
0 )

 

𝛿𝑚
𝑠𝑒𝑝 =

2𝐺𝐶

𝜎𝑒𝑓𝑓
0  , (5.9) 
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where 𝛿𝑚
𝑠𝑒𝑝

 and 𝛿𝑚
0  are the corresponding displacements for complete failure and crack initiation, and 𝛿𝑚

𝑚𝑎𝑥 

is the maximum displacement registered during the loading history, 𝜎𝑒𝑓𝑓
0  (=√⟨𝜎𝑛⟩

2 + 𝜎𝑠
2 + 𝜎𝑡

2) is the 

relatively effective traction stress at crack initiation, and GC is the Griffith fracture energy for crack 

evolution. The Benzeggagh-Kenane criterion (Benzeggagh and Kenane, 1996) is used to consider the mixed 

mode opening: 

𝐺𝐶 = 𝐺𝑛,𝐶 + (𝐺𝑠,𝐶 − 𝐺𝑛,𝐶) (
𝐺𝑠ℎ𝑒𝑎𝑟
𝐺𝑇

)
𝜂

 

𝐺𝑠ℎ𝑒𝑎𝑟 = 𝐺𝑠 + 𝐺𝑡 

𝐺𝑇 = 𝐺𝑛 + 𝐺𝑠 + 𝐺𝑡 , (5.10) 

where Gn,C and Gshear are the relatively critical energies for pure mode I (tension) and combination of mode 

II and mode III (shear), η is a material parameter, and GT is the mixed fracture energy for CIEs. An energy-

based mode mixed ratio is defined to detect the dominant type of damage during breakage: 

𝜒 = 1 −
𝐺𝑛

′

𝐺𝑛
′+𝐺𝑠

′+𝐺𝑡
′ , (5.11) 

where Gn’, Gs’ and Gt’ are the fracture energy done by tractions along corresponding displacements of 

normal, first and second shear directions, respectively. Accordingly, χ is set to -1 before crack initiation. χ 

=0, χ =1 and 0 < χ <1 denote pure tension damage, pure shear damage and mixed damage modes, 

respectively. When defined during crack evolution or at crack initiation, χ varies or remains constant with 

time at an integration point. 

 

Table 5-1 FDEM material parameters of quartz sand particles 

 Parameter Value 

Solid elements Density, ρ (kg/m3) 2650 

 Elastic modulus, E (GPa) 94.4 

 Poisson’s ratio, υ 0.118 

Cohesive 

interface 

elements 

(CIE) 

Normal stiffness, kn (N/m3) 9.44×1013 

First shear stiffness, ks (N/m3) 4.22×1013 

Second shear stiffness of, kt (N/m3) 4.22×1013 

Tensile strength, Nmax (MPa) 25.3 

First shear strength, Smax (MPa) 12.6 

Second shear strength, Tmax (MPa) 12.6 

Mode I fracture energy, Gn (N/m) 100 

Mode II and III fracture energy, Gs and Gt (N/m) 200 

Material parameter, η 2 

Contact law Friction coefficient, μ 0.5 
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Table. 5-1 summarises the main parameters obtained from the previous publications for quartz. These 

include the measurable physical parameters of quartz sand particle including density (ρ), elastic modulus 

(E), Poisson’s ratio (υ), tensile strength (Nmax) and shear strength (Smax and Tmax) (Alshibili et al., 2013) and 

CIE stiffness (kn, ks and kt), fracture energy (Gn, Gs and GT) and material parameter (η) and their calibration 

process in FDEM (Turon et al., 2007; Lens et al., 2009; Tatone and Grasselli, 2015). The selection of 

adequate mesh size is key to accurately represent the fracture initiation and fracture energy; the element 

size should be less than the length of fracture propagation zone (FPZ). A rough estimation of the length of 

FZP was done following (Turon et al., 2007). Then according to (Ma et al., 2018a, 2018b), a mesh size 

sensitivity study can be more targeted for the accuracy representation of fracture path. 

 

5.3 Validation of FDEM in simulation particle breakage behaviour 

5.3.1 Mesh sensitivity analysis 

It has been widely known that mesh size significantly influences the mechanical behaviour in FEM-based 

simulation, hence the first part of study focuses on the analysis of a spherical particle with a diameter of 

1.0 mm, which is close to the size of a realistic LBS particle. The material parameters are identical to the 

ones shown in Table. 5-1. The flat loading caps much harder than particles are used here for the mesh 

sensitivity study. To keep the quasi-static loading condition as in the experiments of (Zhao et al., 2015), the 

loading speed in computational simulations has been checked to attain enough efficiency while keeping 

kinetic energy below 10% of its associated internal energy at the same time step. The upper platens ramp 

up to 0.2 m/s to stably introduce the contact between particle and two caps. 

 

 

Figure 5-4 The Mises stress distributions before the peak force for the spheres discretised with various mesh 

sizes 

 

Fig. 5-4 illustrates the Mises stress distributions of 4 spheres just before breakage. Coarser mesh size results 

in less CIEs along which fracture surfaces can propagate thus generates simpler failure patterns. Finer 

meshes can alleviate this problem, meanwhile there is no obvious difference in stress distribution when the 

mesh size is sufficiently small (e.g., less than 0.075 mm). 
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Figure 5-5 Load-displacement curves (a) and the evolution of internal (Ei) and kinetic energies (Ek) (b) for 

the spheres discretised with different mesh sizes 

 

5.3.2 Simulation of CT monitored platen loading test of a single LBS particle 

The model is further validated by simulating an experimental single crushing test schematically shown in 

Fig. 5-1. The implemented particle shape was taken at the first CT scan with a prestressed state of a force 

of around 12.8N between two platens. In the experiment, this placement of the particle can bypass redundant 

rotation and sliding due to complexity of contact interactions, in particular within the low loading range. 

Please note that the loading platens in our experiments (with a cylindrical shape of radius 5 mm and height 

5 mm) are made of ceramics with high Young’s modulus (380 GPa) and low Poisson ratio (0.22), which is 

closer to rigid properties than steel (with Young’s modulus and Poisson ratio about 200 GPa and 0.3) as 

used in other relevant studies. Furthermore, the size of loading platens is much larger than that (about 1 

mm) of particle.  

 

Figure 5-6 Comparison of results for simulated and experimental 1D compression tests of single particle 

using flat platen: (a) Load-displacement curves; (b) Fractal distribution of fragment volume-equivalent 

sizes with two snapshots for the simulation (the left) and experiment (the right) at 0.135 mm displacement 

 1 

 1 
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For FEM-based simulations, the mesh size of two different contacting elastic parts should have similar 

mesh size. If realistic platens were to be considered, a significantly heavy computational burden would be 

obtained. However, there is no significant difference in load-displacement curve and peak forces between 

cases with the rigid and elastic properties. Fig. 5-6 (a) shows the load-displacement curves for both 

simulation and experiment. Even though there are some differences regarding the peak load, which could 

be attributed to uncontrolled factors including differences of the platen, i.e., elastoplastic material in 

experiments and rigid platen used in simulations, mesh size, parameter selection, CIE model, and influence 

of preload on the shape of the scanned particles, it is worth noting that the curves are in a good agreement 

both in the elastic stage and after the first load drop. Furthermore, considering the resolution of CT images, 

Fig. 5-6 (b) plots the accumulative number N (>d) of 60 largest fragments versus their equivalent-volume 

diameters (d) in log-log scales. As found in previous studies (Turcotte, 1986; Nagahama, 1993), both 

experimental and simulated results shown here follow fractal relationships, N~d-D, where D is the fractal 

dimension. The largest 6 fragments are significantly close, which proves the ability of the model in 

capturing the particle breakage behaviour, even if no internal inhomogeneity was included in the simulation. 

Although the smaller fragment size is highly dependent on the mesh size, the fractal dimension (1.542) 

from simulation results is still within the typical range for sand when compared with that (1.475) of relative 

in-situ CT experiments. In addition, higher values of D in FDEM studies (Ma et al., 2018a, 2018b) has been 

found for impact-induced single particle breakage behaviour. 

 

        The force-displacement curves of sphere simulations are shown in Fig. 5-5 (a), where convergence is 

observed with mesh size below 0.075 mm, although the 0.0375 mm mesh results in slightly higher peak 

force and displacement at failure. It should be noted that for the smaller mesh size, the local contact area 

with the platens increases, contributing to the higher failure stress. Meanwhile the number of fractured CIEs 

increases, resulting in more potential crack paths, as compared with the courser mesh cases. This is 

attributed to the possible reason why variation of the displacement at failure is observed whilst the forces 

are nearly close to each other during loading process. A mesh refinement at contact area could be helpful 

in future simulations. The mesh size 0.075 mm corresponds to to 1,280 triangular surface elements, about 

7,000 4-node solid elements and 20,800 6-node CIEs. To balance the simulation cost and accuracy, 1280 

triangular surface meshes are used in all following simulations. Fig. 5-5 (b) illustrates the evolution of 

kinetic energy and internal energy during loading, inferring that the maximum ratio of kinetic energy to 

associated internal energy is less than 0.1, hence the loading rate is appropriate for representing quasi-static 

simulations. Notably, for platen loading on spherical particles, despite the main breakage observed, there 

are still remaining parts, particularly for fine-meshed particles, that are further compressed. Therefore, the 

internal energy continues to increase. Furthermore, fine meshes can induce larger maximum internal and 

kinetic energies. 
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5.4 Modelling diametral point load tests 

In this part, traditional point load tests are applied to study the relations between particle breakage behaviour 

(e.g., breakage stress and fracture patterns) and particle morphology features (e.g., loading distances and 

curvature at contact points). The relation, σf = F/d2, here used to calculate the breakage stress, is more 

suitable for point load tests and, since only pure compression forces are considered, deformation from 

bending moment needs to be excluded. The loading distances (d) are the ‘diameter’ connecting two load 

points; whereas the curvature values are quantified at the contacting vertices of the 3D surface meshes. 

Crushing of spherical and non-spherical particles is addressed here: spherical particles are compressed for 

validation of the analytical solution and studying the relation between breakage behaviour and curvature at 

contacting areas; and CT-scanned realistic-shaped and ellipsoid particles are compressed at variable 

diametrical positions via rotation of the loading caps to consider not only the effects of the contact curvature, 

but also of load distances. Furthermore, the fracture patterns are categorised by the number of main 

fragments. 

5.4.1 Spherical particle breakage behaviour 

 

 

Figure 5-7 The 2D representation of point load tests for various sized spherical particles 

 

To assess the differences in particle breakage behaviour between point and platen loadings, the study starts 

with spherical particles since they have constant curvature regardless of the point considered over the 

surface. Three equal-mesh-sized spheres with radius 0.5 mm, 0.75 mm and 1.0 mm are compressed 

diametrically by two equally sized rigid spheres as shown in Fig. 5-7. All material properties, as well as the 

friction coefficient, are taken from Table. 5-1. Fig 8 shows for one compressed spherical particle how its 

•

•
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breakage or failure stress σf is significantly correlated with the relative contact radius (R*) in the Hertzian 

contact model, defined as: 

𝜎𝑓 =
𝐹𝑚𝑎𝑥

𝑑2
 (5.12) 

1

𝑅∗
=

1

𝑅1
+

1

𝑅2
 (5.13) 

where Fmax is the maximum force applied on the particle during the compression process, d is the distance 

between two contact points, and R1 and R2 are the radiuses of each contacting sphere. For one sphere, there 

are seven simulations considering various rigid sphere radius including 0.1, 0.2, 0.4, 0.8, 1.6, 3.2 mm and 

∞ (i.e., flat platen), of which surfaces are always composed of 5,120 triangular elements. 

 

 

Figure 5-8 Breakage of spherical particles: (a) Correlation between breakage stress and relative radius for 

different sized spheres (the solid lines represent approximate dividing lines for three different failure modes: 

no main fragments, two main fragments and three main fragments.), (b) load-displacement curves for platen 

compression, (c) relationship between input energy and relative radius, and (d) relationship between input 

energy normalized by particle volume and relative radius. (R_0.5 means the sphere with radius of 0.5 mm). 

 1 

 2 



- 97 - 
 

 

The linear relations between breakage stress and relative radius in the log-log scale are observed in Fig. 5-

8 (a), showing that the particle breakage is sensitive to the stress concentration at the contact points. 

Therefore, it would be expected that the commonly adopted maximum stress criteria should depend on the 

local contact curvature. Another obvious tendency is the equivalent breakage stresses for the three sphere 

particles when compressed by platens, as illustrated in Fig. 5-8 (b) showing no size dependency since the 

simulations did not include any micro-flaw distributions. By eliminating material inhomogeneities from the 

analysis, focuses can be given to the influence of the particle shape alone on the breakage behaviour. As 

the mesh size of the three different-sized spheres is the same, for large sized particle more CIEs need to be 

fractured, hence requiring more energy and fracture force, as in Fig. 5-8 (b) and (c). With decreasing contact 

curvature, the spherical particle would split into more major fragments. This phenomenon is associated 

with the stored energy which is required at breakage to generate the fracture surfaces (Fig. 5-8 (c)), e.g., 

less force concentration and higher stored energy for cases with higher relative radii at the contact.  In 

addition to generating two or three main fragments, when the curvature of the rigid sphere is much less than 

that of the breakable sphere, the small sphere would engrave into the larger sphere without major fragments, 

as illustrated in Fig. 5-8 (a). Interestingly, from the view of a deterministic model of input energy normalised 

by the particle volume (Zhang et al., 2016), for the same particle, the volume-averaged energy is also high 

relevant to the relative contact radius, and the model is thus size independent, as in Fig. 5-8 (d). 

 

 

Figure 5-9 Early breakage types of CIEs from platen loading: (a) crack initiation; (b) crack evolution (Red 

denotes shear dominant crack type). 

 

As aforementioned, Russell and Wood (2009) concluded that sphere breakage initiate just below the contact 

area, locally shear-induced and dependent on the maximum ratio of the second to the first stress tensor, 

denoted by a large number of small fragments underneath contact areas numerically (the fracture pattern of 

platen load in Fig. 5-8 (a)) and experimentally (Zhao et al., 2015). Even though Russell and Wood (2009) 

conducted analytical modelling of single particle compression in the context of point loading, a uniform 

normal pressure is applied at contact area (see Fig. 3 of Russell and Wood (2009)), which is different from 
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flat platen loading condition. As demonstrated by the defined mixed-mode ratio χ in Fig. 5-9, it is evident 

that not only the maximum-stress-based crack initiation but also the energy-based crack evolution result 

from shear deformation, which is consistent with the analytical solution. 

 

5.4.2 Fracture patterns of realistic particle shapes 

The traditional test method for assessing the single particle strength has a pre-step of letting the particle 

settle down by gravity onto the platen. This results in the particle alignment towards its minimum principal 

dimension. However, in a granular assembly, particle orientations tend to be rearranged frequently and the 

resulting contact force network can be rather complex. In the following, the single particle breakage 

behaviour under different diametrical loading conditions is investigated. The radius of curvature at point 

ends, similar to Wang and Coop (2018), is 0.2 mm and the height of the loading cap is 0.1 mm above all 

the corresponding displacements at breakage. The particle is rotated around its centre-of-mass, as shown in 

Fig. 5-2. Using spherical harmonic reconstruction, vertex-vertex contacts, rather than vertex-face contacts, 

between rigid and breakable parts can be obtained before particle breakage, thus avoiding difficulties in the 

determination of the curvature values within flat triangles. We select 30 diametrical directions through the 

mass centre of the particle by equal spherical angles, including also the three principal dimensions for 

subsequent diametrical point loading. For comparing the breakage stress and energy between irregular and 

regular shaped particles, an ellipsoid with three principal dimensions equal to 2.6, 1.3 and 0.65 mm is also 

compressed by the same loading procedure of the LBS particle. The ellipsoid also has 1,280 triangular 

meshes over its surface generated by spherical harmonics. 

 

 

Figure 5-10 Three types of fracture patterns due to rotational point loading: (a) chipping; (b) two main 

fragments splitting; (c) three main fragments splitting; (d) platen load towards minimum dimension (i, ii 

and iii denote maximum, median and minimum principal dimensions, respectively, of the intact LBS 

particle before compressed). Coloured by the scaler displacement, U. 

 

Regarding the fracture patterns, there are three main types: chipping, two main fragments splitting, and 

three main fragments splitting. The patterns shown in Fig. 5-10 (a), (b) and (c) are taken from loading 

directions aligned with the maximum, median and minimum principal dimensions, respectively, of the 

particle shape during the crushing processes. Notably, the direction of the minimum dimension also 

coincides with experimental platen loading, which is also simulated and shown in Fig. 5-10 (d) as a 

comparison. The differences between fracture patterns in Fig. 5-10 (c) and (d), again confirm that a reduced 
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contact curvature avoids stress concentration, while higher energy is needed for a major breakage thus 

causing more severe fracture patterns. This is consistent with the results of spherical particles, shown in 

Fig. 5-8 (a), regarding breakage for point and flat platen loads.  

No main fracture surface is found through the whole particle in the chipping mode. This is because the 

breakage stress is relatively small, which results in less energy to generate the fracture. By contrast, when 

compressed along the minimum dimension direction, the higher breakage stress contributes to increased 

fracture energy producing wider fractures and even up to three main fragments can be generated. The 

simulated fracture patterns are similar to relevant experiments in Wang and Coop (2018), except for the 

chipping mode. Considering that the LBS particle in their experiment is rotated in a smoothed drum and 

points of long diameters usually have high curvature values, it is difficult to compress it stably along with 

longer dimensions. As a result, the crushed particles are usually fractured along smaller dimensions in Wang 

and Coop (2018), thus leading to higher breakage stress similar platen loading tests and no chipping 

breakage mode. 

 

5.5 Results and discussions 

5.5.1 Distributions of breakage stresses 

 

 

Figure 5-11 Distributions of breakage stress of rotational point loading compression tests for the LBS and 

the ellipsoid particles: (a) Cumulative distributions; (b) Weibull distributions (𝜎0=1MPa). The dashed 

vertical lines indicate the corresponding values for the equivalent-volume sphere. 

 

The 30 cases of diametrical directional loading presented in Section 3.2 show distinct breakage behaviour. 

Fig. 5-11 depicts the cumulative distributions (a) and the Weibull distributions (b) of breakage stresses for 

the LBS and the ellipsoid particles. Evidently, even though both particles have the same material properties, 

the breakage stresses along the different diametrical directions are contrasting. The ellipsoid particle has an 

averaged breakage stress (10 MPa) much lower than LBS particle (20 MPa) and a larger stress variance, 

 1 



- 100 - 
 

due to its more elongated shape. That may be the reason why LBS particle shapes are more likely to survive 

in sand assemblies rather than elongated ellipsoid-like shapes (Altuhafi and Coop, 2011), because their 

directional strength is more stable and overall, the whole particle can sustain higher stress conditions when 

pushed against one another. Interestingly, the Weibull modulus (4.4) of the distribution for rotational 

breakage stresses of the LBS particle is close to the value reported in experimental platen-loading-based 

breakage stresses of single quartz sand particles (e.g., 4.2 in Nakata et al. (1999)). The obvious difference 

here is that our simulations were conducted on only one identical sand particle, while the experiments were 

performed on multiple particles. The nearly identical Weibull modulus also implies that particle shape may 

also contribute to the variance of breakage stresses in addition to internal flaws. 

 

5.5.2 Influences of curvature and loading distance 

 

 

Figure 5-12 Breakage stresses vs (a) loading distances and (b) combined curvedness for rotational 

diametrical point loading for the scanned LBS particle and an ellipsoid. (The corresponding red triangle 

and black circle represent point-loading tests towards the minimum dimensional directions for the ellipsoid 

and LBS particles.) 

 

Apart from the commonly used maximum curvature (k1), minimum curvature (k2), average curvature (kM = 

(k1+k2)/2) and Gaussian curvature (kg = k1*k2) from their one-ring neighbourhood for 3D vertices (Dong 

and Wang, 2005; Zhao and Wang, 2016), the curvedness (kC = √(𝑘1
2 + 𝑘2

2)/2) is considered here as an 

alternative measure from principal curvatures which avoid negative values found in  k1, k2, kM and kg , and 

seamlessly combines two contact points. The combined curvedness is defined in similar manner to that of 

curvedness (kC): kcom = √(𝑘𝐶1
2 + 𝑘𝐶2

2)/2 , where kC1 and kC2 are curvedness of two contact points. 
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Figure 5-13 Distributions of normalised curvedness multiplied by its corresponding diametrical distance 

versus 321 diametrical lengths crossing the mass centre for the LBS and ellipsoid particles 

 

 

Figure 5-14 Unique point-load-induced single particle breakage stress curve in logarithmic scale σf-kcom-d 

space 

 

Fig. 5-12 shows that the particle breakage stress is highly correlated with both contact distances and the 

combined curvedness of two contact points, for both LBS and the ellipsoid particles. However, the 

‘diameters’ would have some implicit correlation with the curvature values of their two end points for a 

given shape. Fig. 5-13 shows a general monotonic relationship between the diametrical length and 
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corresponding normalised combined curvedness sweeping through the particle surfaces. Fig. 5-14 shows a 

3D plot for breakage stress of rotational point loading compression, versus loading distance and its 

combined curvedness. It has been widely accepted that particle strength is size dependent and the 

correlation in log-log scales is linear (Nakata et al., 1999). For simplicity, the load distances (d) between 

two platens just before compression is usually considered as the particle sizes. From the FDEM simulations 

using rotational point loading tests, the breakage stresses are found to be linearly correlated with d in log-

log scale for the same particle. Thereby, it seems that the so-called size effect may be due to variations of 

loading distances rather than the actual size. 

Furthermore, the breakage stresses of point loading close to the minimum principal dimension directions 

are pointed out in Fig. 5-12 and among the highest values. In some cases, higher breakage stresses may be 

observed since another major influencing factor is the combined curvedness of the two diametrical contact 

points. Consequence of the above conclusion, traditional compression tests using platens somewhat 

overestimate the breakage stresses.  

In the perspective of sand particle samples in continuum scale, their anisotropic fabric features are usually 

quantified by fabric tensors, and a popular directional fabric tensor is defined and based on the distribution 

of the principal dimension directions (Oda, 1982). Meanwhile, deformation-induced inhomogeneity of 

granular materials is also observed during the loading (Fonseca et al., 2013, 2016), also called yielding 

(McDowell and Bolton, 1998). Therefore, the fracture criteria based on the shortest dimensions is not 

sufficient to assess the breakage behaviour of irregular particles within a granular assembly. At the grain 

scale, particle strengths depend on the contact direction, i.e., stress and fabric tensors, can be used to better 

describe the continuum breakage behaviour. 

 

5.5.3 Energetic analysis 

 

 

Figure 5-15 Correlation between input energy and (b) cumulatively increased surface area and displacement 

for experimental and simulated platen load tests in Fig. 5-1 
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In geomechanics, energy evolution is the main concern of constitutive modelling in continuum scale 

(Oldecop and Alonso, 2007; Einav, 2007a, 2007b; Russell and Einav, 2013; Zhang et al., 2015; Zhang and 

Buscarnera, 2015, 2017). In this section, the energy evolution during the breakage processes is analysed at 

the grain scale. In single particle crushing experiments two energy forms, namely input energy and fracture 

energy, can be retrieved. Input energy is calculated from load-displacement curves, while fracture energy 

is obtained from the newly created fracture surface areas, which are directly obtained from CT images 

(Landis et al., 2003; Sufian and Russell, 2013). Fig. 5-15 provides (a) input energy and (b) increased surface 

area of the experimental and simulated platen-loading of single particle breakage. During the severe 

breakage process, however, fragments may be too small for the resolution of CT images to accurately 

capture the total surface area. In addition, bigger internal cracks or flaws can also reduce accuracy of 

calculating surface area. While in FDEM simulations the cracked area is highly dependent on pre-existing 

CIEs, the size of which determines the smallest available fragments. That is the reason why discrepancies 

in terms of fracture area are found between experimental and simulation results, in particular for Scan 3 in 

the CT monitored experiments, shown in Fig. 5-15 (b). In contrast, for Scan 2 fewer fragments are generated 

and thus less affected by CT resolution in experiments and CIE size is found, demonstrating the capability 

of FDEM simulations. 

 

Figure 5-16 Distributions of energy terms for rotational point load: Compression of LBS ((a) and (b)) and 

ellipsoid ((c) and (d)) particles (E0=1N·mm) 

 

1 

 2 
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In Fig. 5-16, four types of energy are analysed, namely maximum elastic strain energy (𝐸𝐸), input energy 

by external works (𝐸𝑊), damage energy (𝐸𝐷), and friction energy (𝐸𝐹) at the final stage with no load bearing 

capacity. In this study, the damage in CIEs is defined through (in Fig. 5-3): 

𝝈𝑐 = (1 − 𝐷′)𝝈𝑢, (5.14) 

where 𝝈𝑢 is the undamaged stress and 𝐷′ ∊ [0,1] is the damage parameter. Thus, the strain energy is 

𝐸𝑆 = ∫ (∫ (1 − 𝐷
′)

𝑉
𝝈𝑢: 휀̇𝑒𝑙𝑑𝑉)𝑑𝑡

𝑡

0
. (5.15) 

Simultaneously, the damage 𝐷′ is time dependent and the strain energy (ES) could be decomposed into the 

recoverable elastic energy (𝐸𝐸) and damage-dissipated energy (𝐸𝐷): 

𝐸𝐸 = ∫ (∫ (1 − 𝐷𝑡
′)

𝑉
𝝈𝑢: 휀̇𝑒𝑙𝑑𝑉)𝑑𝜏

𝑡

0
= ∫ (∫

(1−𝐷𝑡
′)

(1−𝐷′)𝑉
𝝈𝑐: 휀̇𝑒𝑙𝑑𝑉)𝑑𝑡

𝑡

0
, (5.16) 

𝐸𝐷 = ∫ (∫ (𝐷𝑡
′ − 𝐷′)

𝑉
𝝈𝑢: 휀̇𝑒𝑙𝑑𝑉)𝑑𝜏

𝑡

0
= ∫ (∫

(𝐷𝑡
′−𝐷′)

(1−𝐷′)𝑉
𝝈𝑐: 휀̇𝑒𝑙𝑑𝑉)𝑑𝑡

𝑡

0
. (5.17) 

For explicit definition of friction energy (𝐸𝐹), the surface traction vector (t) can be split into surface normal 

load (𝐭𝑙) and frictional traction (𝐭𝑓) along boundary S. Then it can be written as 

𝐸𝐹 = ∫ (∫ 𝒗 ⋅ 𝒕
𝑓𝑑𝑆

𝑆
)𝑑𝑡

𝑡

0
. (5.18) 

where v is the velocity field vector. 

 

 

Figure 5-17 The correlation between the maximum 𝐸𝐸 and ultimate 𝐸𝐷 for rotational point compression 

tests for the LBS and ellipsoid particles 
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Table 5-2 Summary of average ratios of maximum 𝐸𝐸, 𝐸𝐷 and 𝐸𝐹 to 𝐸𝑊 for LBS and ellipsoid particles 

Particle kind (𝐸𝐸/𝐸𝑊) (𝐸𝐷/𝐸𝑊) (𝐸𝐹/𝐸𝑊) 

LBS 0.3288 0.3071 0.6384 

Ellipsoid 0.2378 0.2394 0.6918 

 

Except for the friction energy, all other 3 energy terms conform to Weibull distributions well in Fig. 5-16. 

Interestingly, regardless of the particle LBS particle or ellipsoid, the Weibull modulus of maximum elastic 

strain energy is evidently higher than those of other energy distributions; that is, with respect to the loading 

directions, the maximum stored strain energy changes less than other energy types. Although the Weibull 

modulus of the maximum elastic strain energy for the LBS particle (7.3298) is slightly lower than that of 

the input energy (7.4427), the two values for the ellipsoid particle are 17.278 and 3.5808, respectively. The 

less variance in maximum elastic strain energy than the breakage stress implies that the stored maximum 

elastic strain energy can be a replacement as a breakage criterion. In particular, for regular-shaped particles, 

of which maximum elastic energy can be obtained analytically by integrating the Hertzian contact force for 

assessing the particle breakage (Zhao et al., 2013; Annabattula et al., 2014). We further compare the 

maximum 𝐸𝐸 and 𝐸𝐷 during the compression process of rotational point tests for both LBS and ellipsoid 

particles in Fig. 5-17, where the maximum 𝐸𝐸 is significantly close to 𝐸𝐷 for the 60 tests. Although in this 

study diametrical point load with less sliding or rotation in fracturing processes is applied, friction 

dissipation yet takes more parts of input energy than any other energy components, as illustrated in Table. 

5-2. The sliding between fractured parts also contributes to the total friction energy. In continuum-scaled 

simulation of granular samples considering particle breakage (Wang and Yan, 2012; Ma et al., 2016), the 

ratio of friction dissipation to input energies is larger than that of point-load-induced single particle 

breakage due to the sliding of particles. 

 

5.6 Summary 

In this Chapter, a combined FDEM approach has been adopted to simulate particle breakage behaviour 

emphasising on the particle shape effects. A CT-monitored experiment of a single particle crushing was 

taken as a benchmark and the analytical solution was verified. The main conclusions withdrawn from this 

study are as follows: 

• The simulations of rotational point loading provide a powerful tool to assess the same non-spherical 

particle shapes with multiple breakage measurements that are impossible to study experimentally.  

• Diametric-load-induced particle breakage behaviour, in terms of breakage stress and fracture 

patterns, is governed by both their loading distances and curvature at contact points. Therefore, the 

new breakage stress concept proposed based on load distance and curvedness at contact points 

provides an important reference for future numerical researches on single particle breakage. 
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• The maximum elastic strain energy during deformation was found to be an effective energy 

breakage criterion to determine strength of brittle particles.  

These conclusions are generalised from three types of shapes investigated in this study, i.e., spheres of 

difference sizes, ellipsoids, and LBS particles, of which global morphology features are isotropic, 

symmetric and irregular, respectively. In a continuum-scaled particulate environment, since most fractured 

particles are in contact with more than two neighbour particles, it is necessary to consider the contribution 

of all forces to the stored elastic strain energy in them. Care should be taken when taking critical elastic 

strain energy in the strength model as the sum of the strain energies of all contacts of a particle as a 

hypothesis and until experimental justification becomes possible. The results and findings in this study 

provide a promising way to unravel the dominating fracture mechanisms for irregular particles, and a 

conceptual numerical framework for particle breakage. It also enables future investigations to understand 

the behaviour of brittle granular media and offers a new way to interpret the available experimental data 

regarding particle fracture behaviour.  
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6 Fracture Behaviour of Granular-composed 

Cementitious Materials 

 

 

In this chapter, we enlarge the scale, where particle is crushed, to bonded granular materials. Due to the 

discrete innate character, granular materials are often combined via cementation for better load capacity. 

Cemented sands are not only widely found in nature, but also artificially made broadly for various 

engineering applications.  

In Chapter 6.1, we experimentally studied underlying breakage behaviour of artificially cemented sands 

under different loading paths at particle scale. Two types of sands (Leighton Buzzard sand and crushed 

limestone particles) and two types of bond materials (gypsum plaster and Portland cement) were used to 

prepare artificially cemented particles. Three typical loading paths, resulting in different breakage modes 

of specimens, including (1) uniaxial compression, (2) combined compression-pure shear (shorted by ‘pure 

shear’) and (3) combined compression-shear-bending (shorted by ‘bending’) were applied. It was found 

that when catastrophic failure occurred, cracks propagated roughly parallel to the loading axis in both 

particles and their bridging cementation in uniaxial compression tests. While under pure shear loads, the 

macroscopic fracture initiated at and evolved along particle-bond interfaces. By contrast, bending moment 

induced shear bands of which crack planes only occurred in cementation and were nearly parallel to each 

other in bending tests. For the intact samples before compression tests as well as fragmentations after 

breakage, Scanning Electron Microscope (SEM) images were taken for samples prepared by four kinds of 

materials, and multiscale rotational Haar Wavelet Transformation (HWT) was implemented to quantify 

their fabric including fabric value and direction. It is concluded that fracture surfaces of particle materials 

had more distinct fabric than intact particle surface. Meanwhile, due to sliding shear-dominant longitudinal 

bond fracture surfaces had more evident fabric than their corresponding tensile-dominant horizontal 

fracture surfaces. Consequently, our developed apparatus combined with the fabric quantification method 

sheds new light on cemented granular materials at the particle scale. 

Concrete is the most-used cementitious material and usually considered a three-phase composite with a 

mortar matrix, aggregates, and interfacial transition zones, all of which can fracture and even fragment. In 

Chapter 6.2, the combined finite and discrete element method (FDEM) benchmarked with an in-situ X-ray 

micro-computed tomography and diffraction experiment is applied to bridge this gap in the meso-scale 

concrete fracture behaviour. To this end, algorithms are developed for realistic-shaped particle, packing, 

and high-quality FEM mesh- generation based on Voronoi tessellation and spherical harmonics. Using 

comprehensive simulations of virtually generated meso-scale concrete samples, it is found that rough 

particulates in concrete can increase its stress bearing capacity by enhancing intra-aggregate fracture paths. 

Results show that, the hierarchical aggregate morphology expressed by the fractal dimension more directly 

determines the compressive strength. Among the accessible conventional shape indices, convexity is the 

most effective parameter to correlate the global concrete fracture stress. 
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This Chapter has been devoted to the following papers: 

Wang, W., Wei, D*., & Gan, Y. (2020). An experimental investigation on cemented sand particles using 

different loading modes: Failure modes and fabric quantifications. Construction and Building Materials, 

258, 119487. 

Wei, D., Hurley, R., Poh H., Dias-da-Costa, D., & Gan, Y*. (2020). The Role of Particle Morphology on 

Concrete Fracture Behaviour: A Meso-Scale Modelling Approach. Cement and Concrete Research, 134, 

106096. 
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6.1 Failure modes and fabric of cemented sands1 

6.1.1 Introduction 

Cemented sands, bridged by cementation matrix, sharing microscopic processes via interfaces in control of 

their macroscopic behaviour can be divided into two categories, namely artificially and naturally cemented 

granular materials (Pettijohn et al., 2012). Similar to concrete, cemented sands are composed of three phases, 

namely, sand, cementation, and interfacial transition zone (ITZ) between the two. It is widely accepted that 

ITZ is the weakest phase among the three. Cementation in nature can be combinations of calcite, quartz, 

iron oxides and clay, such as sedimentary rocks (Topin et al., 2007). Artificially cemented sands have an 

extensive range of applications including concrete, recycling construction materials, asphalts, cemented 

paste backfill and bio-grouted soils, across the broader field of engineering (Landis et al., 2003; Xiao et al., 

2005; Masad et al., 1999; Yang et al., 2018; Anagnostopoulos, 2005). In geotechnical engineering, because 

many natural sands are weakly cemented, mixtures of cementation and soil have been widely used for 

enhancing soil strength (Thawadi, 2011) and liquefaction resistance (Saxena et al., 1988), such as building 

stable foundations and strengthening slopes (Mitchell and Soga, 2005). Among a large number of studies 

for characterization of cemented sand structures of which inelasticity is due to grain crushing, cementation 

disintegration and reorganization of fragments, it is well accepted that the major two dominant factors are 

bonding and fabric (Cuccovillo and Coop, 1999; Zhao and Gao, 2012). 

There are three mainstream methods to investigate cemented sands: experimental (e.g., Leroueil and 

Vaughan, 1990; Huang and Airey, 1998; Coop and Willson, 2003), analytical (e.g., Reddy and Saxena, 

1992; Nova et al., 2003;Hicher et al., 2008) and numerical approaches (e.g., Wong and Wu, 1995; Wang 

and Leung, 2008a, 2008b; Estrada et al., 2010a, 2010b;). In the last decades, experimental studies may be 

the most commonly implemented, and many contributions have been made: (i) the presence of bonding 

could make sandy soil structures more stable and, thus increase their stiffness and strength (Airey, 1993; 

Kasama et al., 2006); (ii) under identical triaxial loading, the sample response shows less contraction or 

more dilation with cementation as compared with clean sands (Dano and Hicher, 2003; Lo et al., 2003); 

(iii) the critical state parameters seem to be independent of the cementation level when stresses are more 

than the apparent pre-consolidation stress (Coop and Atkinson, 1993; Huang and Airey, 1998); and (iv) 

with the debonding-induced stiffness degradation, post-peak behaviours become more brittle, and 

significant fracture or breakage of bonding material appears accompanying the initiation of yielding (Wang 

and Leung, 2008b). However, contributions from the particle scale, e.g. a bond is sandwiched by two 

particles, as one set of most fundamental elements in cemented sands, can be seldomly found. Based on 

experimental studies for parameters calibration, many constitutive models have been proposed for 

accounting the breakage of cemented sands, and most of them are focused on bonding degradation (Lagioia 

and Nova, 1995; Yu et al., 1998), so does some numerical discrete element modelling (de Bono and 

McDowell, 2014; Shen et al., 2016). Only considering bonding failure is evidently problematic, because all 

three phases can fracture and attribute to the final complete fracture surface (Hurley and Pagan, 2019; Zhai 

et al., 2019). To tackle this issue, based on recently developed breakage mechanics (Einav, 2007), 

 
1 This Chapter has been devoted to the paper “An experimental investigation on cemented sand particles using different 

loading modes: Failure modes and fabric quantifications” by Wang, W., Wei, D*., & Gan, Y. (2020), in Construction 

and Building Materials, 258, 119487. 
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Tengattini et al. (2014) propose a novel thermodynamics-based constitutive model coupling grain crushing 

and cement disintegration. However, as the weakest phase compared with sand and cementation, the 

interface fracture is not considered in their model. Although breakage of both bond and particle is not 

covered, Zhao and Gao (2012) propose an elastoplastic constitutive model on cemented granular materials 

with strong sands, as the first step towards uncovering fabric constitutively. Nevertheless, too many 

parameters exist in analytical models and some of them lack the intrinsic physical meaning, which hiders 

their wide applications. 

Due to the limitations of experiments and analytical solutions, numerical methods are alternative in 

quantitatively characterizing micro mechanics of cemented sands. Discrete element method (DEM) has 

been mostly implemented for cemented sands in geotechnical engineering (e.g., Potyondy and Cundall, 

2004; Jiang et al., 2011; Cheung et al., 2013). However, to the best knowledge of the authors DEM seems 

not very suitable for simulating breakage behaviour of cemented sand. For example, spherical particles are 

bridged by bonds, while the bond in DEM has been usually simplified as a thickness-free interface; that is 

to say there is no cementation mass in the cemented granular sample. Furthermore, basic elements in 

classical DEM are regarded as rigid bodies, hence deformations of which are the key to breakage cannot be 

considered. More importantly, this type of DEM cannot even effectively reproduce the simplest bulk elastic 

behaviour defined just by two common parameters, elastic modulus and Possion’s ratio, because these 

apparent properties are dependent on both mechanical and structural properties (local coordinate numbers 

of the rigid sphere element) (Celigueta et al., 2017; Andre et al., 2019).Wong and Wu (1995) proposed 

finite element method (FEM) to simulate normal compression behaviour of a cemented sand in 2D using 

two idealized circles. Although particles and their bridging bond are ideally connected without interface 

elements, they found the normal stiffness and maximum tensile stress are both significantly influenced by 

the thickness of the bond. 

Based on aforementioned research, we are motivated to revisit the breakage behaviour of cemented sands 

under different loading paths experimentally. Fracture surfaces of particles and bonding materials are 

examined with the aid of SEM images, of which the fabric is quantified by multi-scale rotational Haar 

Wavelet transformation (HWT). The paper is organized as follows. In Section 6.1.2, our newly developed 

equipment and examined materials are introduced. In Section 6.1.3, the image process, in terms of multi-

scale rotational HWT, is illustrated. Different fracture mechanics inducing diverse fabric can be analysed. 

Results about fracture patterns under three kinds of loading paths and their associated mechanical responses 

and fabric are presented in Sections 6.1.4 and 6.1.5, with relevant discussions in Section 6.1.6. Finally, the 

main conclusions of this study are summarized in Section 6.1.7. 

 

6.1.2 Experiments of unit cemented sands 
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Figure 6-1 Schematic illustration of tests artificially cemented particles under different loading paths: (a) 

compression (b) combined compression and shear (c) combined compression, shear and bending. 

 

 

Figure 6-2 Apparatus used in tests for artificially cemented particles under complex loading paths: (a) global 

view; (b) details for the loading part. 

 

In this study, a group of artificially cemented sand particles were tested under different loading paths, 

including uniaxial compression, pure shear with or without bending moment, as shown in the schematic 

illustration of Fig. 6-1. Fig. 6-1a shows the uniaxial compression tests along vertical directions, in which a 

pair of axial force applied along the vertical central axis of the cemented grains. In Fig. 6-1b, a pair of 

cemented grain is held by a certain normal force, and then another pair of horizontal force is applied along 

the horizontal central axis of the bond. In this case, the cemented grain is in a combined compression and 

shearing. When the horizontal forces move along vertical and opposite direction, which means there is an 

eccentric distance e0, the specimen is tested on compression, shearing as well as bending (Fig. 6-1c).  

The loading apparatus developed is shown in Fig. 6-2 (Wang et al., 2018). The system consists of a 

supporting frame, two stepper motors with controllers, two load cells with a capacity of 1000N (sensitivity 

of 2 mV/V and accuracy of 0.15 %), four high-resolution Linear Variable Differential Transformers 

(LVDTs) with a resolution of 0.1 micros, a sensitivity of 375 mV/V and an accuracy of 0.25%, and a digital 

microscope camera. The two stepper motors are fixed along orthogonal directions to supply normal and 

  1 
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shear forces, respectively. They are in the control of force or displacement by a custom-built program. 

When the cemented grain is under compression, the force is applied by the vertical linear actuator with a 

loading speed of 0.2 mm/hour. While the specimen is tested under compression-shearing or compression-

shearing-bending loading paths, the shear force is applied by the horizontal linear actuator with a loading 

speed of 0.2 mm/hour, and the vertical linear actuator applies the constant normal force in a force-controlled 

manner. Two load cells were assembled with each actuator to measure the forces along the orthogonal 

directions. The artificial cemented particles were held by a pair of L-shape mounts, which allowed the 

external horizontal force applied on the vertical arms. Both the upper and lower mounts could move freely 

along the horizontal loading axis. Besides, both mounts were connected to the upper and lower parts of the 

apparatus by pin joints, allowing the bending moment applied on the specimen. During the combined 

compression-shear tests (shorted as “pure shear”) and combined compression-shear-bending tests (short as 

“bending”), the horizontal force was applied on the arm of upper L-shape mount by a loading end, while 

the lower L-shape mount was the reaction end. Two pairs of LVDTs were used in this apparatus. One pair 

was fixed symmetrically to the vertical loading axis with a spacing of 16 mm. The armatures of the other 

pair of LVDTs were glued on the arm of the upper mount, which were symmetrical to the horizontal loading 

axis and 8mm apart. The vertical and horizontal displacements could be obtained from the average readings 

from each pair of LVDTs, respectively. The rotation angle during the bending tests could be calculated by 

the difference in readings from the horizontal LVDTs and the distance between them by a simple geometric 

relationship. A digital microscope camera was used to capture the failure behaviour of the cemented 

particles in different loading paths. The details of the loading part are shown in Fig. 6-2b.  

LBS particles and crushed limestone, of size 2.36-5.00 mm, were used. The former is a silica sand from the 

United Kingdom (UK) and with high degree of roundness and smooth texture, due to geological 

transportation process, as in Chapter 3. While the latter is a diagenetic rock with rectangular sections, 

relatively angular particle surfaces and many internal flaws or fractures resulting from the crushing. Two 

types of bonding materials, Portland cement and gypsum plaster (Crystacal D from the UK), were used to 

cement single grains to investigate the effect of different bonding materials. The two bonding materials, 

gypsum and Portland cement, were prepared with their optimal water contents of 25% and 40% as suggested 

by manufacturers, respectively, after waiting for at least 24 hours for fully hardening. Artificially cemented 

particles with such procedures could represent, perhaps, weakly cemented sands or young clastic rock. The 

unit artificially cemented particles were prepared and equipped using a pair of containers made of Perspex, 

with a bond thickness of 2 mm named of “thick bond” as defined by Jiang et al. (2012). Notably, in Wong 

and Wu (1995)’s FEM simulations, both bond thickness and cross-section area can significantly influence 

global strength of unit cemented sands. In this study, we aim to investigate different failure modes induced 

by competition fracture mechanism among three phases, hence care must be taken to convince mass of 

cementation bond is not much far from that of sand particles. Consequently, bond thickness and cross-

section area are nearly identical to those of sand particles, as shown later in Fig. 6-9.  

According to Wang et al. (2017), using gypsum plaster as the bonding material gave more constant results, 

in terms of force-displacement relationship curve for loading tests, compared with Portland cement. 

Simultaneously, because of the stress concentration induced by angular morphology features and more 

internal flaws due to crushing, crushed limestone tended to be fractured prior to the bond and even ITZ. As 

a result, no wanted competition mechanism among three phases occurred. To bypass this problem, although 

the implemented bond was the thinnest for adequate cementation process, limestone grains could still 
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fracture before other two phases. Therefore, for such competition mechanism, only cemented sands, 

composed of LBS particles and gypsum plaster, were emphasized for the mechanical responses in this study. 

As for the other types of cemented particles, only scanned using SEM for fabric quantification was 

conducted for intact samples before tests as well as debris after compressive loading tests. 

 

6.1.3 Fabric quantification of fractured surfaces 

The Haar Wavelet transformation (HWT), originally proposed by Haar (1910), has been most widely used 

in image compression. Additionally, as a novel and all-round image processing technique HWT can also 

be applied in image segmentation, edge detection, denoising, and feature and texture analysis. In 

geotechnical applications, HWT has been successfully applied in detecting soil particle size distribution 

(Shin and Hryciw, 2004; Ohm and Hryciw, 2013), roughness (Chandan et al., 2004) and fabric tensor 

(Zheng and Hryciw, 2017, 2018). HWT could be introduced from a 2 × 2 pixels grey image: 

𝐼(𝑥, 𝑦) = [
𝑖 𝑗
𝑘 𝑙

], (6.1) 

where x and y denote the point positions in the whole grey image and belong to 1 or 2 in this 2 × 2 pixels 

grey image; i, j, k and l are grey values from 0 (black) to 1 (white). The HWT for this squared image is: 

𝐼𝐻𝑊𝑇(𝑥, 𝑦) = [
𝐴(𝑥, 𝑦) 𝐻(𝑥, 𝑦)

𝑉(𝑥, 𝑦) 𝐷(𝑥, 𝑦)
] = [

(𝑖+𝑗)+(𝑘+𝑙)

2

(𝑖+𝑗)−(𝑘+𝑙)

2
(𝑖+𝑘)−(𝑗+𝑙)

2

(𝑖+𝑙)−(𝑗+𝑘)

2

]. (6.2) 

where𝐴(𝑥, 𝑦) is the downscaling of 𝐼(x, y)by factor 2; 𝑉(𝑥, 𝑦) ,𝐻(𝑥, 𝑦)and 𝐷(𝑥, 𝑦)  are the average 

differences in vertical, horizontal and diagonal directions, respectively. An important property of HWT is 

the invariant tensorial property, defined as energy, during transformation. The energy 𝐸𝐼(𝑥,𝑦) reads: 

𝐸𝐼(𝑥,𝑦) = ∑ ∑ [𝐼(𝑥, 𝑦)]22
𝑦=1

2
𝑥=1 = 𝑖2 + 𝑗2 + 𝑘2 + 𝑙2, (6.3) 

And it can be easily obtained: 

𝐸𝐼(𝑥,𝑦) = 𝐸𝐼𝐻𝑊𝑇(𝑥,𝑦) 

𝑖2 + 𝑗2 + 𝑘2 + 𝑙2 = [
(𝑖+𝑗)+(𝑘+𝑙)

2
]
2

⏟        
𝐸𝐴

+ [
(𝑖+𝑗)−(𝑘+𝑙)

2
]
2

⏟        
𝐸𝐻

+ [
(𝑖+𝑘)−(𝑗+𝑙)

2
]
2

⏟        
𝐸𝑉

+ [
(𝑖+𝑙)+(𝑗+𝑘)

2
]
2

⏟        
𝐸𝐷

  
(6.4) 

where 𝐸𝐴 , 𝐸𝐻 , 𝐸𝑉  and 𝐸𝐷  are the energy subsets of 𝐸𝐼𝐻𝑊𝑇(𝑥,𝑦) . Accordingly, 𝐸𝐻  and 𝐸𝑉  denote the 

differences in horizontal and vertical directions of the transformed image.  

For a 4×4 image (𝐴0(𝑥, 𝑦)), it can be downscaling into 2×2 image for the first time HWT performed on 

every adjacent sub 2×2 image: 
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𝐴0(𝑥, 𝑦) = [

𝑖 𝑗 𝑘 𝑙
𝑚 𝑛 𝑜 𝑝
𝑞 𝑟 𝑠 𝑡
𝑢 𝑣 𝑤 𝑥

], (6.5) 

𝐴1(𝑥, 𝑦) = [

(𝑖+𝑛)+(𝑚+𝑗)

2

(𝑘+𝑝)+(𝑜+𝑙)

2
(𝑞+𝑣)+(𝑢+𝑟)

2

(𝑠+𝑥)+(𝑤+𝑡)

2

], (6.6) 

And if HWT is continually conducted on 𝐴1(𝑥, 𝑦): 

𝐴2(𝑥, 𝑦) = [
(𝑖+𝑛)+(𝑚+𝑗)+(𝑘+𝑝)+(𝑜+𝑙)+(𝑞+𝑣)+(𝑢+𝑟)+(𝑠+𝑥)+(𝑤+𝑡)

4
]. (6.7) 

 

 

Figure 6-3 A0, a fractured LBS fracture surface, and its seven levels of Haar Wavelet transformation. The 

two arrows denote energies with respect to vertical (𝐸𝑉𝑖−𝑡ℎ) and horizontal (𝐸𝐻𝑖−𝑡ℎ) directions. i-th means 

the number of times for downscaling of the original image. The scale bar in it represents 100 μm. 
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Figure 6-4 Rotational Haar Wavelet transformation for an SEM image of LBS fracture surface of 363×363 

pixels. The red square denotes the zone of 256×256 pixels for quantifying vertical and horizontal energies 

during rotation. θ is for the rotation angle. The scale bar in it represents 100 μm. 

 

Given a 2𝑀 × 2𝑀(𝑀 ∈ 𝑁∗)image, HWT can be done for M times for it and its associated vertical and 

horizontal energies for the i-th HWT are 𝐸𝑉𝑖 and 𝐸𝐻𝑖, respectively. Fig. 6-3 illustrates an original SEM 

image of a fractured LBS particle and its seven levels of HWT-generated images. Then, follow Zheng and 

Hryciw (2017), the maximum of energy of the two are defined: 

𝐸𝑚𝑎𝑥(𝐸𝑉1 , 𝐸𝑉2 , . . . 𝐸𝑉𝑀−1 , 𝐸𝑉𝑀)𝑉𝑚𝑎𝑥  

𝐸𝑚𝑎𝑥(𝐸𝐻1 , 𝐸𝐻2 , . . . 𝐸𝐻𝑀−1 , 𝐸𝐻𝑀)𝐻𝑚𝑎𝑥 . 
(6.8) 

Perpendicular to the fabric direction of fracture surfaces, grey values of SEM images change most and 

produce maximum energy. That means searching for the direction of fracture fabric is changed to that of 

maximum/minimum energy direction. However, HWT only quantifies horizontal and vertical direction 

energies considering diagonal energies are of limited values. Rotational Haar Wavelet transformation 

(RHWT) proposed by Zheng and Hryciw (2017, 2018) was applied to rotate the original image for 

computing fabric tensors towards more rounded directions (Fig. 6-4). An energy ratio is defined: 

𝐸𝑅(𝜃) =
2

𝜋
arctan [

𝐸(𝜃+90∘)

𝐸(𝜃)
] =

2

𝜋
arctan (

𝐸𝑉𝑚𝑎𝑥

𝐸𝐻𝑚𝑎𝑥
). (6.9) 

where 𝜃 ∈ [0°, 360°) is the rotation angle of the original image. Due to the symmetry of rotating, 𝐸𝑅(𝜃) =

𝐸𝑅(180° + 𝜃)  can be obtained. Simultaneously, due to 𝐸𝑉𝑚𝑎𝑥(𝜃) = 𝐸𝐻𝑚𝑎𝑥(𝜃 + 90
°) and 𝐸𝐻𝑚𝑎𝑥(𝜃) =

𝐸𝑉𝑚𝑎𝑥(𝜃 + 90
°), if 𝐸𝑅(𝜃) is known for 𝜃 ∈ [0°, 90°), 𝐸𝑅(𝜃) of the full range 𝜃 ∈ [0°, 360°) is known. For 

simplicity, the continuum 𝐸𝑅(𝜃)function is discretized by 1° increments from 1° to 360°, and 90 𝐸𝑅(𝜃) 

values (𝐸𝑅(0°), 𝐸𝑅(1°), 𝐸𝑅(2°)… , 𝐸𝑅(89°)) are sufficient for the full scope. Notably, from Figure 4 it is 

evident that during the rotation process, where the subareas are rotated clockwise, the certain central 
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2𝑀 × 2𝑀 window must be fully contained in the rotated image. Hence, the minimum size of the original or 

rotated image is 2𝑀+0.5 × 2𝑀+0.5for 2𝑀 × 2𝑀sized window. 

 

 

Figure 6-5 Results in polar coordinate system of RHWT on the LBS fracture surface in Fig. 6-4. 

 

The image noise and multiscale morphology features of fracture surface may influence the image fabric 

direction, therefore the second order Fourier series is implemented to make it more obvious visually via 

fitting its distribution 𝐸𝑅(𝜃): 

𝐸𝑅(𝜃) = 0.5 + 𝑎 ⋅ cos( 2𝜃) + 𝑏 ⋅ sin( 2𝜃), (6.10) 

where 𝑎  and 𝑏  are Fourier coefficients determined by 𝐸𝑅(𝜃) using the least square fitting method, as 

shown in Figure 5. Eq. (6.10) can also be written as: 

𝐸𝑅(𝜃) = 0.5 + √𝑎2 + 𝑏2 sin( 𝛽 + 2𝜃) 

sin 𝛽 =
𝑎

√𝑎2 + 𝑏2
 

cos 𝛽 =
𝑏

√𝑎2+𝑏2
, 

(6.11) 

Thus, the maximum and minimum 𝐸𝑅(𝜃) are calculated: 

[
𝐸𝑅𝑚𝑎𝑥
𝐸𝑅𝑚𝑖𝑛

= 0.5 ± √𝑎2 + 𝑏2]. (6.12) 

For example, the determined Fourier coefficients of the LBS fracture surface are 𝑎 = 0.0776 and 𝑏 =

−0.0604; the maximum and minimum fabric scalar are 0.598 and 0.402; the direction of 𝐸𝑅𝑚𝑎𝑥 is towards 

162°, highlighted in Fig. 6-5. For an ideal complete isotropic fabric, the 𝐸𝑅 yields a circle of radius equal 
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to 0.5 in Fig. 6-5. Generally, fabric of a specific image is quantified by and compressed into 2 values, 

namely the fabric value 𝐸𝑅𝑚𝑎𝑥 and fabric direction 𝐸𝑅𝑚𝑎𝑥 is oriented. 

In Zheng and Hryciw (2017), only one original 2𝑀+0.5 × 2𝑀+0.5 SEM image is selected for once RHWT 

to determine the fabric direction, however it is somewhat coarse regarding the multiscale morphology 

features presented. Based on the above description, we propose here a multiscale RHWT to detect fabric 

direction of the SEM images of cemented sand fracture surface; that is, the large image is divided into 

subareas and RHWT is performed on each of them. As shown in Fig. 6-6, the image is divided into 

𝑁 × 𝐿minor parts, each of which has more than 2𝑀+0.5 × 2𝑀+0.5 pixels. Then the 𝐸𝑅𝑎𝑙𝑙(𝜃) of the whole 

image is defined by the sum of those of subareas at corresponding angle 𝜃𝑖: 

𝐸𝑅𝑎𝑙𝑙(𝜃𝑖) = ∑
𝐸𝑅(𝜃𝑖)

𝑁×𝐿

𝑁×𝐿
𝑖=1 , (6.13) 

where 𝜃𝑖 = 0
°, 1°, 2°…179° . Notably, the size of subarea has great influence on the resulting fabric 

direction and value, thus the values of M selected subarea size is 2, 3, 4, 5, 6 and 7, considering the SEM 

images used in this study have 712 × 423  pixels. After the accumulated distribution of 𝐸𝑅𝑎𝑙𝑙(𝜃)  is 

obtained, the second Fourier series in Eq. (6.10) is then applied to fit it. Figs. 6-6 and 6-7 illustrate the 

representative process of multiscale rotational HWT for SEM images of a limestone fracture surface and 

an intact LBS surface. 
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Figure 6-6 Multiscale rotational HWT for an intact limestone surface with resolution of about 28.5×28.5 

pixels: (a), (c) and (e) are with M equal to 3, 5 and 7. The scale bar in it represents 20 μm. 
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Figure 6-7 Multiscale rotational HWT for a fractured limestone surface with resolution of 28.5×28.5 pixels: 

(a), (c) and (e) are with M equal to 4, 6 and 8. The scale bar in it represents 20 μm. 
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6.1.4 Breakage behaviour and mechanical response 

Cemented sands, bridged by cementation matrix, sharing microscopic processes via interfaces in control of 

their macroscopic behaviour can be divided into two categories, namely artificially and naturally cemented 

granular materials (Pettijohn et al., 2012). Similar to concrete, cemented sands are composed of three phases, 

namely, sand, cementation, and interfacial transition zone (ITZ) between the two. It is widely accepted that 

ITZ is the weakest phase among the three. Cementation in nature can be combinations of calcite, quartz, 

iron oxides and clay, such as sedimentary rocks (Topin et al., 2007). Artificially cemented sands have an 

extensive range of applications including concrete, recycling construction materials, asphalts, cemented 

paste backfill and bio-grouted soils, across the broader field of engineering (Landis et al., 2003; Xiao et al., 

2005; Masad et al., 1999; Yang et al., 2018; Anagnostopoulos, 2005). In geotechnical engineering, because 

many natural sands are weakly cemented, mixtures of cementation and soil have been widely used for 

enhancing soil strength (Thawadi, 2011) and liquefaction resistance (Saxena et al., 1988), such as building 

stable foundations and strengthening slopes (Mitchell and Soga, 2005). Among a large number of studies 

for characterization of cemented sand structures of which inelasticity is due to grain crushing, cementation 

disintegration and reorganization of fragments, it is well accepted that the major two dominant factors are 

bonding and fabric (Cuccovillo and Coop, 1999; Zhao and Gao, 2012). 

 

6.1.4.1 Uniaxial compression 

 

 

Figure 6-8 Relationship between compression force and vertical displacement of a GPLBS during a normal 

compression test (Data points of 1, 2, 3 and 4 correspond to the images in Fig. 6-9). 
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Figure 6-9 Breakage behaviour of GPLBS under compression corresponding to Fig. 6-8. 

 

Fig. 6-8 illustrates a representative force-displacement relationship for two LBS particles artificially 

cemented by gypsum plaster (GPLBS) under uniaxial compression. It could be observed that the curve 

before the peak is roughly linear in spite of some scatter at beginning. That means vertical force applied on 

the specimen increases lineally with the increasing of the vertical displacement during tests until a peak 

value appears, which is about 260 N in this case.  

Corresponding to Fig. 6-8, a series of images illustrating the specimen breakage process under compression 

is shown in Fig. 6-9. At point 2, where is prior to the peak force in Fig. 6-8, a crack occurred along the 

loading axis inside the upper LBS particle. It is noted that the particle broke with no immediate effects on 

the force-displacement response. Following the particle failure, a fracture quickly propagated through the 

bond vertically and a chip split off. This occurred instantaneously, resulting in a sudden drop of the force-

displacement curve. After the failure, it could be observed that the lower sand particle also broke in this 

process, with a part of cementation retaining between two particles and small gypsum plaster chip laying 

on the lower mount. 

 

6.1.4.2 Pure shear 

 



- 122 - 
 

 

Figure 6-10 Relationship between shear force and horizontal displacement of a GPLBS for a pure shear test 

with no bending and a normal force of 50N (Data points of 1, 2, 3 and 4 correspond to the images in Fig. 

6-11). 

 

 

Figure 6-11 Breakage behaviour of GPLBS for a pure shear test with no bending corresponding to Fig. 6-

10. 
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At the beginning of pure shearing test, vertical force with a speed of 2 mm/hour was applied along the 

vertical axis of GPLBS. Once the force reached 50N, it turned to be controlled as a constant value using an 

inhouse control code. The left and right loading ends were adjusted in one horizontal plane, which coincides 

with the horizontal symmetry plane of the cementation. Then horizontal shear force was gradually applied, 

in which no bending moment application on the specimen. Fig. 6-10 presents a representative shear force-

horizontal displacement curve for a pure shear test under a constant normal force 50N without bending 

moment. At the beginning of the test, the curve shows convex. Then it turns to be linear when the shear 

force exceeds10N. The curve continues to rise to about 24N, following with a sudden drop indication the 

GPLBS fails.  

Fig. 6-11 describes the failure process of GPLBS under pure shearing with a normal force 50N 

corresponding to test in Fig. 6-10. Compared to image at point 1 in initial loading stage, the specimen at 

point 2 inclines slightly along the horizontal loading direction. Cracks could be observed to initiate at both 

upper and lower interfaces between cementation and particles. In terms of the mechanical response in Figure 

10, however, the curve seems to be affected insignificantly by the crack initiation and continues to increase 

after experiencing a short standstill. At point 3, where the shear force reaches maximum value, cracks at 

both sides propagate and the cemented grains is more inclined. Thereafter, at point 4, the cracks propagate 

rapidly. As a result, the particle completely debonds from cementation and no longer carries shear force, 

corresponding to a sharp decline in the force-displacement curve in Fig. 6-10. 

 

6.1.4.3 Bending 

 

 

Figure 6-12 Relationship between shear force and horizontal displacement of a GPLBS for a bending test 

with normal force of 50N (Data points of 1, 2, 3 and 4 correspond to the images in Fig. 6-13). 
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Figure 6-13 Breakage behaviour of GPLBS for a bending test corresponding to Fig. 6-12. 

 

Figs 6-12 and 6-13 illustrate a representative shear force-horizontal displacement curve along with particle 

images describing breakage process for a compression, shear and bending combined test. In this case, an 

eccentric distance e0 1.6 mm for horizontal force was set for application of bending moment. Also, a normal 

force, e.g. 50N, was applied first and then set as a constant value to keep the cemented sand vertically stable. 

The relationship between shear force and horizontal displacement for combined shear and bending tests 

shows a quite similar trend with that for pure shear tests before failure. However, unlike the sudden drop 

of shear force after failure in pure shear tests, the curve comes to a softening regime for compression-shear-

bending test. That coincides with results from Jiang et al. (2012), in which a softening regime was found 

for the thick bond. It should be noticed that the horizontal displacement in this case consists of two parts: 

one resulting from rotation of the upper mount, the other resulting from shearing. That’s the reason why 

two LVDTs were assembled symmetrically about load axis in each direction. The displacement caused by 

shearing is obtained from the average value of the readings from the two LVDTs, which is used in Fig. 6-

12.  

From point 1 to point 2, where the shear force gradually increases to about 20N, the images in Fig. 6-13 

shows no visible crack either in bond or particles. As the shear force reaching to the peak value 21.2N, one 

visible inclined crack though the bond has been seen, followed by a slight drop in force. In this case, the 

cemented grains do not fail completely and continue to carry retaining force. At point 4, which is the second 

peak value of shear force 19.5N, two more roughly parallel inclined cracks propagate inside the bond. 

Among the three cracks, there is longest one through the whole height of the bond, named major crack. As 

the major crack occurring and propagating, the shear force decreases remarkably, followed by a softening 

regime. The retaining of the specimen after failure could continue to carry a certain compressive force. 

Therefore, the softening regime is actually the compressive softening. The results are consistent with the 

conclusion of Jiang et al. (2012). 
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Figure 6-14 Mechanical response for the bending tests on cemented LBS grains with gypsum plaster under 

different normal force (a) shear force-horizontal displacement (b) bending moment-rotation angle. 

 

Moreover, the influence of constant normal force applied on the cemented grains during normal-shear-

bending tests on shearing as well as bending strength was investigated. For the series of tests, the 

eccentricity of the shear force to the centreline is all equal to 1.6mm and three different values of constant 

normal force 10N, 20N, and 50N were applied. Fig. 6-14(a) illustrates the mechanical response for the 

combined bending tests under normal force 10N, 20N and 50N in terms of curves between shear force and 

horizontal displacement. When the normal force applied is equal to 10N, the peak shear force is round 16N 

while the displacement at failure is about 0.08mm. After the first peak, the force decreases slightly to 13.9N 

and then continues to rise to the second peak 14.7N, followed by a remarkable drop. If the normal force 

increases to 20N, it is noticed that with the increase of horizontal displacement, the increase of shear force 

becomes obviously slow. After a hardening regime, the shear force reaches to about 21.4N and then drops 

to 17N, turning to a softening regime. When the normal force is equal to 50N, the trend of the force-

displacement relationship is similar to that under normal force of 10N, and the peak force is 34.4N with a 

horizontal displacement of 0.08mm. Again, after a short decrease to 26.8N, the shear force continues to go 

up. In this case, the second peak force was not found, partly because of the short record of the further data. 

It could be found that with the increase of the normal force, the peak shear force increases for compressive-

shear-bending tests. Also, the stiffness of the cemented samples shows an increase tendency with the 

increase of normal force. However, there is no apparent trend of the horizontal displacement at failure with 

the variation of the normal force. The relationships of bending moment and rotational angle force the 

combined bending tests under different normal forces 10, 20 and 50N are given in Fig. 6-14(b). It could 

also be found that the bending moment increases with increase of the normal force, for which the moment 

values are 0.03, 0.04 and 0.07N⋅m corresponding to under normal force 10, 20 and 50N, respectively. In 

this case, a roughly positive trend of rotation angle at failure with normal force increasing could be observed. 
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Figure 6-15 Ratio of peak shear force over normal force under different normal force for the bending tests 

on GPLBS. 

 

Fig. 6-15 illustrates the relationship between the ratio of shear force over normal force and horizontal 

displacement under different normal force 20 and 50N for combined bending tests. The curves show that 

for same normal force, the ratio is quite consistent. If normal force is applied as 20N, the ratio of shear 

force over normal force is about 0.75 while that value changes to 1 if the normal force is equal to 50N. Not 

only the ratio of shear force over normal force increases with normal force increasing, the slopes of the 

curve also shows an increasing tendency with normal force increase. 

 

 

Figure 6-16 The relationship between shear force and bending moment for bending tests on LBS cemented 

particles with gypsum, compared the results from Jiang et al. (2012). 
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Jiang et al. (2012) plotted stress envelops for combined bending tests on cemented aluminium bars in terms 

of the relationship between shear force and bending moments. Although the figure indicated no clear trend 

for the effect of the normal force on the shear and moment resistance, the slope of the line for the points 

connection decreased with the increase of the eccentricity as shown in Fig. 6-16. In terms of shear force 

and bending moment, the data points are linear and indicates roughly positive correlations between shear 

force or bending moment and the normal force. In addition, the connection line of the four data points lying 

between the two lines for eccentricity of 1.5 and 2.3mm. In this study, the eccentricity of shear force applied 

on the cemented particle is about 1.6mm, which agree well with the conclusion of Jiang et al. It should be 

pointed that particles in Jiang et al.’s experiments are made of steel, which aims at an ideal case for DEM 

calibration, thus fractures cannot propagate inside aggregates. Meanwhile, the spherically shaped 

geometries would not induce high-stress concentration as realistic sand shapes. Refer to our experiments, 

more advanced combined finite and discrete element method (FDEM, Wei et al., 2019) in Chapter 5 can be 

taken into consideration to shed light on micro mechanics phenomenon, to which experiments are not 

accessible, of cemented sand fracture behaviour. 

 

6.1.5 Fabric quantification of fracture surface 

There are 10 SEM images for each intact and fractured LBS, limestone, gypsum and Portland cement 

surfaces conducting multiscale RHWT. Table 6-1 summarizes them with SEM properties on the bottom of 

them in Fig. 6-17. Notably, for quantitative comparison of fracture-induced surfaces, for one particular 

material (e.g. LBS, limestone, gypsum and Portland cement) the SEM images are of the same resolution, 

in terms of pixel size. 

 

Table 6-1 Summarization of SEM properties for Figure 17. 

Number Type Pixel size (μm) 

(a) Intact LBS surface 0.870 

(b) Fractured LBS surface 0.870 

(c) Intact limestone surface 0.174 

(d) Fractured limestone surface 0.174 

(e) Horizontal fractured gypsum surface 0.174 

(f) Longitudinal fractured gypsum surface 0.174 

(g) Intact Portland cement surface 0.174 

(h) Longitudinal fractured Portland cement surface 0.174 

(i) Longitudinal fractured Portland cement surface 0.345 

(j) Horizontal fractured Portland cement surface 0.345 
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Figure 6-17 SEM images summarized in Table 6-1 for multiscale RHWT 
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Figure 6-18 Fabric directions (black lines) and values (red lines) for intact (lines with circle) and fractured 

(lines with diamond) LBS surfaces (a), intact (lines with circle) and fractured (lines with diamond) 

limestone surfaces (b), horizontal (lines with circle) and longitudinal (lines with diamond) fracture surfaces 

of gypsum (c), intact (lines with circle) and fractured (lines with diamond) surfaces of Portland cement (d), 

and longitudinal (lines with circle) and horizontal (line with diamond) fractured surfaces of Portland cement 

(e). 

1 

2 

 3 
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Fabric directions are meaningful only when they indicate the directions of the same image with diverse 

subarea sizes because the SEM images are obtained from a random view rather than in in-situ experiments, 

where the camera angles were kept the same for all crushing tests of cemented sands. Simultaneously, 

surface morphology does have multi-scaled features, and thus influence the distribution of 𝐸𝑅𝑚𝑎𝑥 , as 

indicated in Fig. 6-6 (a), (c) and (e), with the increase of subarea sizes tiny features can be smoothed or 

eliminated. However, tiny morphology characteristics are not considered here, and only rough textures are 

covered, which means the size of subareas cannot be too small or large because of the fluctuated fabric 

directions in both ends of black lines in Fig. 6-18. Hence only fabric of subarea of size 16 pixels is taken 

into consideration to quantify fabric values. 

Specifically, for sand materials, due to crushing LBS surface becomes smoothed as the fabric value 

decreases from 0.61 to 0.54 for subarea size equal to 16, in Fig. 6-18 (a). As for limestone, striped textures 

are more distinct than LBS (see Fig. 6-17). With the increase of subarea size, small-scale morphology 

features can be filtered, as demonstrated in Figure 7(a), (c) and (e), which results in higher fabric value 

(0.78) of its fractured surface than 0.76 of its intact surface, although both introduce more evident fabric 

than LBS surfaces. Interestingly, the fabric changes of bonded materials, such as Portland cement in Figure 

18 (d), are much different from those of sand materials; that is, there is no distinct change occurring due to 

crushing, as the described in their SEM images in Figs. 6-17 (g) and (h). Meanwhile, the fabric values of 

horizontal and longitudinal fractured surfaces are contrary for gypsum and Portland cement. The fabric 

value of longitudinal fractured surface is much larger than that of horizontal fractured surface for gypsum 

materials, while the fabric of longitudinal fractured surface is, although slightly, smaller than that of 

horizontal fractured surface. 

 

6.1.6 Discussion 

According to the classical Griffth fracture mechanism, fracture modes can be classified into three modes: 

tension (mode I), shear (mode II) and slip (mode III). Although in this study three different loading modes 

are applied, in micromechanics all the fractures are induced by mixed Griffith fracture modes. Meanwhile, 

seldom are cemented sand in reality fractured from purely single Griffith fracture mechanism. As a result, 

it is not trivial to merge SEM fabric analysis of fractures from three different loading modes. The focus of 

this study is on presenting different failure modes induced by various loading conditions and the existence 

of distinctive fracture surface fabric of composed materials of cemented sands; thus, indicate the 

insufficiency of current studies in cemented sand breakage for classical geotechnical problems. For example, 

with the increase of included angles by fabric directions and loading directions of composite material, 

nominal stresses with the same stretch would evidently decrease (Astruc et al., 2019). It should also be 

noted that in this study only SEM images of totally intact or completely fractured surfaces are applied to 

conduct multiscale rotational HWT. It is reasonable to conduct multi-scale rotational HWT on images 

mixed with unfractured and fractured surfaces, which can be distinguished by the fabric difference, to 

extract more fracture features, such as fracture location and fracture width via fabric value, and complex 

fracture paths via fabric direction. 
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We also realize the disadvantages of this study; that is, no quantitative relations between fabric tensor and 

failure mechanism parameters, such as failure stress and elastic modulus. However, our experiments 

currently do not have enough data for efficiently introducing this, which is ongoing. 

 

6.1.7 Summary 

In this Chapter, real soil grains (e.g. Leighton Buzzard sands, crushed limestone sands) were used to prepare 

artificially cemented particle samples, which could present slightly cemented or younger clastic rock in 

nature, according to Jiang et al. (2012) as defined as a “thick bond”. Gypsum plaster and Portland cement 

were used as the bond materials. The artificially cemented particles were tested using a novel apparatus 

under different loading paths, including compression, shear and bending to investigate the mechanical 

response and the failure behaviour.  

The results show that under compression, the compressive force increases roughly linearly with increasing 

of displacement until a catastrophic failure occur sand cracks along loading axis could be observed in both 

particles and cementations. For pure shear tests (with a constant compressive load), with increasing of shear 

force and horizontal displacement, cracks at both interfaces between grains and bond could be found. 

Detachment of particles from cementation results in the failure in this loading paths. During the combined 

compressive-shear-bending tests, the mechanical response in terms of shear-displacement curves exhibited 

a hardening regime before the peak force and then turned into a softening regime with a residual stress. 

Inclined cracks initiated and propagated in the cementation in this case. Also, for combined bending tests, 

with the increasing of normal force, peak shear force, bending moment at failure as well as the ratio of shear 

force over normal force could increase, respectively.  

For compressive tests, the samples before and after tests were scanned using scanning electron microscope 

(SEM) and a fabric quantification method for cemented sand fracture surface was proposed. Since cracks 

could initiate in both sand particles and cementation in this loading path, generated fracture surface 

tomography features are rather different, especially for different materials. Using a newly defined fabric 

tensor based on rotational Haar Wavelet transformation (HWT) performed on subareas of SEM images, the 

change of fabric could be described quantitatively, and the compressing-induced fracture surfaces could be 

automatically characterized rather than by vague human cognition. More interesting results sufficiently 

indicating the dependence of failure modes on fracture surface fabric, as well as influences of fracture 

surface fabric tensor on fracture stress and elastic modulus can be obtained by large number of experimental. 
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6.2 Fracture of concrete at meso-scale2 

6.2.1 Introduction 

In the context of particulate composites with second phase particles embedded in a host matrix material, 

the discrepancy of mechanical properties between the two phases can be used to produce superior overall 

material performance. For example, hard particulate inclusions can strengthen a non-composite matrix 

material, such as in metal matrices enhanced by ceramic particles (Li et al., 2010; Christman et al., 1989). 

In contrast, soft particulates can be distributed in a brittle matrix to enhance the universal fracture toughness 

(Sigl et al., 1988). Concrete is a typical example of a matrix-inclusion composite containing hard 

particulates. Its deformation, damage and failure can occur across the different length scales: macro, meso, 

micro and nano (Vandamme and Ulm, 2009).  

Macroscopically, there is no doubt that excellent progress has been achieved by representing concrete as a 

homogenous material. However, it is recognised to a certain extent that some mechanical properties, such 

as the inelastic deformation and brittle fracture behaviour, of heterogenous materials cannot be effectively 

captured by local continuum mechanics and linear elastic fracture models (Bažant et al., 1990). Despite the 

advancement and development of nonlocal continuum mechanics and nonlinear elastic fracture models 

(Sun and Poh, 2016; Wu, 2017; Le et al., 2019), through which mean macro material responses can be 

described, the spatial variability of local responses is difficult to capture (Zubelewicz and Bažant, 1987). 

The first level of concrete inhomogeneity can be found at the meso-scale, where the cementitious composite 

is a combination of coarse aggregates, interfacial transition zone (ITZ) and mortar paste for normal strength 

concrete. Fine aggregates and surrounding hardened cement paste hold the mortar paste. High strength 

concretes typically have low water to cement ratio (e.g. < 0.3 by mass) and may incorporate only mortar 

paste containing fine sands. Both of them, normal or high strength, are called concrete in some studies 

(Richard and Cheyrezy, 1995; Green et al., 2015; Williams et al., 2016; Hurley and Pagan, 2019). Up to 

now, most numerical studies meso-scale concrete using explicitly-generated particle shapes focus on 

normal strength concrete with coarse aggregates and mortar paste (Zaitsev and Wittmann, 1981; Leite et 

al., 2004; Wriggers and Moftah, 2006; Grassl et al., 2010; Huang et al., 2015; Roubin et al., 2015; Nguyen 

et al., 2016; Wang et al., 2016; Yang et al., 2017; Yılmaz and Molinari, 2017; Yang et al., 2019; Zhang et 

al., 2019). Due to the computational limitations, requiring similar mesh sizes for coarse and fine aggregates, 

the mortar paste must be treated as a homogeneous medium, which hinders investigation of fracture 

nucleation in finer-scale phases within the paste. In this study, we focus on the class of concretes without 

coarse aggregates, to reveal the interaction and competition of failure mechanisms between the cement 

paste matrix, fine aggregates and the ITZ, for compression induced fracture behaviour. The numerical 

framework can be extended for other classes of concretes with coarse aggregates, though at a significantly 

increased computational cost. 

In the context of the prediction of mechanical properties for cementitious concrete, a major source of 

discrepancy with conventional composite theories (Christensen, 1979), originates from the complexity of 

the interfacial transition zone (ITZ, e.g., Garboczi (1990) and Zhang et al. (2017)). For high strength 

 
2 This Chapter has been devoted to the paper “The Role of Particle Morphology on Concrete Fracture Behaviour: A 

Meso-Scale Modelling Approach” by Wei, D., Hurley, R., Poh H., Dias-da-Costa, D., & Gan, Y*. (2020), in Cement 

and Concrete Research, 134, 106096. 
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concrete, the strengths of ITZ and mortar are widely assumed to be the same as aggregates (Wu et al., 2001), 

though actual measurement data remains scarce. Due to the experimental difficulties in controlling other 

factors of inclusions influencing the overall concrete strength (e.g. aggregate fabric, size, morphology and 

spatial distribution), the solid fraction of sand is widely adopted as the first primitive approximation for a 

net characterisation of these factors. Accordingly, contrasting findings appear in the literature. For example, 

when the aggregate volume fraction increased from 45% to 60%, Amparano et al. (2000) indicate that the 

fracture energy and compressive strength would decrease, whereas Tasdemir and Karihaloo (2001) 

conclude the opposite; Guinea et al. (2002) found that rough aggregates can decrease the overall strength 

due to stress concentration at sharp corners, however in Wu et al. (2001)’s experiments, 10-20% higher 

strength could be achieved using crushed quartzite instead of rounded marble aggregates. A plausible 

explanation for such an observation in Wu et al.’s experiments is that the stress concentration could induce 

cracks to propagate across harder aggregates when their morphology is rough, and hence more energy 

would be consumed when compared with fracturing along the relatively weaker ITZ and cement phase, 

therefore enhancing the overall compressive strength. In a short conclusion, experimental approaches at 

this scale are complex and difficult to control, particularly when attempting to isolate a single factor from 

the many other controllable and uncontrollable features. 

A complementary tool to investigate the meso-scale fracture behaviour of concrete can be based on 

computational mechanics. In this scope, many works have explicitly depicted particle shapes using different 

approaches: molecular dynamics (Sanchez and Sobolev, 2010; Xu and Wang, 2016), DEM (Nitka and 

Tejchman, 2018; Nguyen et al., 2019), FEM (Shen et al., 2016; Zhu et al., 2018), FEM with various fracture 

models (e.g., cohesive element methods: Wang et al. (2016) and Yılmaz and Molinari (2017); phase field: 

Nguyen et al. (2016) and Yang et al. (2019); and damage plasticity: Grassl et al. (2010) and Huang et al. 

(2015)). Given its ability to describe discrete cracks, DEM is a promising approach for the purpose in this 

paper. Although the classical parallel bond DEM with rigid circular or spherical elements (Potyondy and 

Cundall, 2004) may not be the most suitable for fracture simulation, due to its inherent limitations in 

describing elasticity and the fact that it requires the fitting of many local model parameters (André et al. 

2019), many attempts have been made with DEM due to its novelty in dealing with the search and 

determination of contacts between fractured surfaces (Nguyen et al., 2017a, 2017b; Nguyen et al., 2018), 

considering that friction dissipates most input energy. To bypass the fractured surface contacting behaviour, 

most continuum-mechanics-based FEM simulations assume that tensile-induced behaviour and fractured 

surfaces after debonding would not contact intrinsically as encountered in DEM (Fan and Choo, 2019). For 

meso-scale concrete simulations, where fracture can initiate and propagate in different phases, contact 

between fractured surfaces is an important feature of the underlying mechanisms. 

Focusing on particles with regular or irregular morphology features, packing (for granular media) or parking 

(for cementitious materials) models for heterogenous composite materials can be classified into two main 

categories: real image-based and virtual computer-generated models. The former type of model takes real 

2D pixels (Yue et al., 2003; Yang et al., 2019; Xu et al., 2019) or 3D voxels (Garboczi, 2002; Ren et al., 

2015; Yu et al., 2018) as inputs and generates the corresponding computational model. This bottom-up 

method includes filtering for reducing noise of raw data, a threshold to separate different phases, and mesh 

generation for numerical methods (e.g. FEM and DEM). Each step of processing contains many parameters 

and nearly any of them can influence the final computational mechanics model to a certain degree. Further, 

besides the dependence on image resolution, the meshing of contacting aggregates is still a challenge. This 
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is so because the approximation of the particle geometry would bring unavoidable intersections between 

contacting particles, which become unrealistic for meso-scale modelling. Some studies have directly 

implemented voxel data as the FEM mesh. However, after debonding, the contact between non-smooth 

voxelised surfaces becomes rather inaccurate. Even the approximation for Herztian contact for contacting 

spheres may not be fully satisfactory (Arbenz and Flaig, 2007).  

In a top-down fashion, on the contrary, the computer-generated composite model firstly generates single 

aggregate shapes, and then park or pack them into a predefined domain. As early in 1980s, Zaitsev and 

Wittmann (1981) pioneered the implementation of circular pores and circular or polygonal aggregates in 

2D to simulate the fracture nucleation of meso-scale concrete, which attracted a number of subsequent 

studies (Zubelewicz and Bažant, 1987; Bažant et al., 1990; Leite et al., 2004; Wriggers and Moftah, 2006). 

Since then, more types of irregular particle shapes have been covered. Although many irregular shapes have 

been applied in recent computer-generated models, most are still far from being realistic and are completely 

convex for ease of contact detection. Considering the complexity of hierarchical particulate geometry, an 

effective shape parameter is required for describing its universal morphology features in addition to the 

conventional shape indices (e.g. aspect ratio, sphericity, convexity, roundness and roughness). The fractal 

dimension (Df), a cross-scale descriptor that incorporates localised and overall particle morphological 

features, has the potential for serving as such a parameter (Hanaor et al., 2016; Wei et al., 2018a).  

Based on the above clarification, we are motivated to revisit the meso-scale concrete fracture behaviour 

with a specific focus on the role of particle morphology. The study is organised as follows. First in Section 

6.2.2, a combined Spherical Harmonic (SH) analysis and Voronoi tessellation method is proposed to 

effectively produce realistic particle parking. Then, a combined finite and discrete element method (FDEM) 

approach is presented, where FEM with contact detection and interaction which is able to simulate not only 

the continuum behaviour within different phases, but also the initiation and development of internal cracks 

and the interactions between fractured parts, is adopted to simulate concrete fracture behaviour in Section 

6.2.3. For the validation of the developed FDEM scheme, in-situ experimental XCT data of a meso-scale 

concrete sample is imported as a benchmark, including diffraction data for comparing aggregate stress 

tensors. For better clarity on the meaning and necessity of the simulations with virtual concrete specimen, 

additional inspirations from the in-situ experiment are also included. In Section 6.2.4, results of virtual 

meso-scale concrete simulations, focusing on various factors, such as aggregate volume fraction, particle 

morphology and particulate fabric, are discussed. Factors influencing concrete fracture behaviour are 

studied, highlighting the significant contributions from the particle morphology. Finally, discussions and 

conclusions are drawn in Sections 6.2.5 and 6.2.6. 

 

6.2.2 Generation of meso-scale concrete 

In general, for non-overlapping particles via top-down fashion, there are 4 main methods for parking: i) the 

take-and-place method (Wang et al., 2016; Qian et al., 2016); ii) size scaling method (Gan et al., 2010); iii) 

Tetris method for minimum rectangle or cube particle boundary box (Tang et al., 2008); and iv) Graph-

based (e.g. Delaunay triangulation in 2D and Voronoi diagram in 3D) shrinking method (Caballero et al., 

2006). By keeping the concept of DEM contact search (Cundall and Strack, 1979) in mind, many dynamic 

packing methods, where particles are allowed to overlap slightly with one another, have been proposed 
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(Sheng et al., 2016; Zhang et al., 2019). When such methods are used, a further scaling of particles is needed 

after packing to eliminate overlapping from meshing. However, both existing parking and packing 

algorithms are mostly applicable for simplified particle shapes, and with the increase of particle vertices, 

they become significantly time-consuming (Garboczi and Bullard, 2013; Mollon and Zhao, 2014; Zhang et 

al., 2017). On the other hand, due to the limited computational resources, meso-scale simulations must be 

performed on a representative volume element (RVE). Aggregates across RVE boundaries should be 

segmented, which is satisfied only by some research works containing simple-shaped inclusions (Brassart 

et al., 2010; Lavergne et al., 2015). When rough shapes comprising of many fine scale features are cut, a 

compromise must be made between merging short edges for computational efficiency and the retention of 

geometrical particle features. 

Based on above discussions, this section presents the three-main parts of the procedure adopted for the 

generation of meso-scale concrete samples. This procedure includes, along with the up-down algorithm, 

three main parts: Voronoi tessellation, Spherical Harmonic (SH) analysis and high-quality surficial mesh 

generation. First, the concrete domain is tessellated with a Voronoi tessellation, with the resulting cells 

becoming FEM elements. Compared with relevant research by Mollon and Zhao (2014), the faces of the 

resulting FEM elements have a similar area, thereby avoiding distortions in SH expansion, and every 

Voronoi cell vertex is FEM node, well preserving cell geometry. For better reconstruction of cell surfaces, 

more vertices via sub-dividing FEM meshes are covered. Then, an SH analysis is conducted for every 

meshed cell, of which SH coefficients are subsequently altered to conform to the desired Df and aspect ratio. 

The generated single particles are also scaled via their SH coefficients to be totally contained within the 

associated cell. At last, the SH coefficients are scaled by the given aggregate fraction. High-quality meshes 

are obtained by reconstructing particle geometry using spherical coordinates (𝜃, 𝜑) from icosahedron-

based geodesic sphere and unit octahedron-based geodesic sphere for complete and cut aggregates, of which 

the surface is composed of nearly uniform triangles. 

 

6.2.2.1 Combined SH analysis and Voronoi tessellation 

The distance rI(xI(θ, φ), yI(θ, φ), zI(θ, φ)) between surface points on a star-shaped particle and the particle 

centroid in polar coordinate system, can be represented by the orthogonal Spherical Harmonic (SH) function: 

𝑟𝐼(𝜃, 𝜑) = ∑ ∑ 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑), (6.14) 

𝑟𝐼(𝜃, 𝜑) = √(𝑥𝐼 − 𝑥0)
2 + (𝑦𝐼 − 𝑦0)

2 + (𝑧𝐼 − 𝑧0)
2, (6.15) 

 

where I denoted the I-th selected node on the sub-divided cell mesh, (xI, yI, zI) and (x0, y0, z0) are the 

Cartesian coordinates of I-th node and the mass centre of the intact particle; θ∈[0,π] and φ∈[0,2π) are the 

latitudinal and longitudinal coordinates respectively, and 𝑐𝑛
𝑚 are the SH coefficients of degree n and order 

m.𝒀𝑛
𝑚(𝜃, 𝜑)(𝑛 ∈ ℕ, -n ≤ m ≤ n, ℕ denotes natural number) is the so-called SH function defined on the 

surface of a sphere as: 
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𝑌𝑛
𝑚(𝜃, 𝜑) = √

(2𝑛+1)(𝑛−|𝑚|)!

4𝜋(𝑛+|𝑚|)!
𝑃𝑛
𝑚(cos 𝜃)𝑒𝑖𝑚𝜑, (6.16) 

𝑌𝑛
−𝑚(𝜃, 𝜑) = (−1)𝑚 [√

(2𝑛+1)(𝑛−|𝑚|)!

4𝜋(𝑛+|𝑚|)!
𝑃𝑛
𝑚(cos 𝜃)𝑒𝑖𝑚𝜑]

∗

, (6.17) 

where [.]* denotes the complex conjugate and 𝑃𝑛
𝑚(𝑥) are called associated Legendre functions, which can 

be expressed by Rodrigues’ formula (Askey, 2005): 

𝑃𝑛
𝑚(𝑥) = (1 − 𝑥2)

|𝑚|

2 ⋅
𝑑|𝑚|

𝑑𝑥|𝑚|
[
1

2𝑛𝑛!
⋅
𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)𝑛]. (6.18) 

The derivations and definitions of SH-based fractal dimension (Df) are included in Appendix C. The relation 

between SH descriptors and degree n can be bridged by fractal dimension (Df) as: 

𝐷𝑛 = 𝐷2 · (
𝑛

2
)
2𝐷𝑓−6

, (6.19) 

where Dn is the SH descriptor defined by the normalised amplitude (Ln) of SH coefficient cn by L0 in Chapter 

3, where six kinds of commonly used concrete particulate materials demonstrate the novelty of SH Df in 

denoting realistic aggregate morphology. The relative roughness (Rr) quantifying how globally different 

the irregular aggregate shape is from its 𝑐0-determined sphere can be expressed as (see the derivation in 

Appendix C)  

𝑅𝑟 = √∑ (𝐷2 · (
𝑛

2
)
2𝐷𝑓−6

)
2

𝑛𝑚𝑎𝑥
𝑛=1 , (6.20) 

from which it is clear that such aggregate roughness is dependent on both D2 and Df. 

Given a domain 𝛺 ∈ 𝑅𝑑, d is the dimension, and it had N Voronoi cell points or generators, {𝑝𝑖}𝑖=1
𝑁 , with 

its corresponding Voronoi tessellations or diagrams, {𝑉𝑖}𝑖=1
𝑁 . The so-called Voronoi tessellation within 

specific domain can be generated (Du and Gunzburger, 2002): 

𝑉𝑖 = {𝑥|𝑥 ∊ 𝛺 ∧ ‖𝑥 − 𝑝𝑖‖ ≤ ‖𝑥 − 𝑝𝑗‖, 𝑖 ≠ 𝑗, 𝑖, 𝑗 ∊ [1, 𝑁] ∧ ℕ}. (6.21) 

 where i and j are i-th and j-th points of N; only if x belongs to the Voronoi cell boundary totally inside the 

domain boundary, ‖𝑥 − 𝑝𝑖‖ = ‖𝑥 − 𝑝𝑗‖. Consequently, the whole domain is entirely discretised: 

{
⋃ 𝑉𝑖
𝑁
𝑖=1 = 𝛺

𝑉𝑖 ∩ 𝑉𝑗 = ∅
. (6.22) 

If the mass density of the domain or Voronoi tessellations is ρ(x), the concurrent mass centre {𝑚𝑖}𝑖=1
𝑁  of 

single cell with its volume equal to vi is 

𝑚𝑖 =
1

𝑣𝑖
∫ 𝑥 · 𝜌(𝑥) 𝑑𝑥
𝑣𝑖

, 𝑖 ∊ [1, 𝑁] ∧ ℕ. (6.23) 
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To introduce the differences between cells of a domain, a geometry energy function is defined as: 

𝔼({𝑝𝑖}𝑖=1
𝑁 , {𝑉𝑖}𝑖=1

𝑁 ) = ∑ ∫ ‖𝑥 − 𝑝𝑖‖ · 𝜌(𝑥)𝑣𝑖

𝑁
𝑖=1 𝑑𝑥. (6.24) 

Evidently, when {𝑝𝑖}𝑖=1
𝑁  coincides with {𝑚𝑖}𝑖=1

𝑁  the energy is the least and the cell geometry is the most 

stable. However, these two points are usually far from each other, and a perfect coincidence is rather 

difficult to be obtained. Iterations are applied to the easy case where {𝑝𝑖}𝑖=1
𝑁  is randomly distributed in the 

domain via moving generators of next loop to the mass centre of current cells: 

{{𝑝𝑖}𝑖=1
𝑁 }ⅈ+1 = {{𝑚𝑖}𝑖=1

𝑁 }ⅈ. (6.25) 

where ⅈ means ⅈ-th loop or iterations. In this study, aggregate shapes are generated by the shrinking of 

Voronoi cells, via SH analysis, and are statistically similar, though not yet identical, to each other. With the 

given D2 and Df, the process to obtain temporary SH coefficients {𝑐′′𝑛}𝑖=1
𝑁  of realistic aggregate shapes 

from those ({𝑐′𝑖,𝑛}𝑖=1
𝑁

) of Voronoi cells is given in Appendix B. To guarantee the aggregate to be completely 

contained in the cell, one can have: 

∀{𝑟𝐼(𝜃, 𝜑)}𝑖=1
𝑁 ≤ {𝑑𝐼(𝜃, 𝜑)}𝑖=1

𝑁  (6.26) 

where 𝑑𝐼(𝜃, 𝜑) is the distance between cell surface vertices and its mass centre. 

The scaling from mass centre for SH coefficients {𝑐𝑖,𝑛}𝑖=1
𝑁

 of final aggregate shapes must be done: 

{𝑐𝑖,𝑛}𝑖=1
𝑁

≤
{𝑐′′𝑛}𝑖=1

𝑁

max({
𝑟𝐼(𝜃,𝜑)

𝑑𝐼(𝜃,𝜑)
}
𝑖=1

𝑁

)

. (6.27) 

For further improving the efficiency of proposed framework in producing realistic particle shapes, five 

shape parameters are defined as: 

ℱ =
𝐼𝐼𝐼

𝐼𝐼
; (6.28) 

ℰ =
𝐼𝐼

𝐼
; (6.29) 

𝒮 = √36𝜋𝕍𝑎
2

𝕊

3

; (6.30) 

𝒞 =
𝕍𝑎

𝕍𝑐
; (6.31) 

ℛ =
∑(𝕊𝑙·

𝑘𝑖𝑛
𝑘𝑀,𝑙

)

∑𝕊𝑙
, ∀𝑘𝑀,𝑙 ≤ 𝑘𝑖𝑛, (6.32) 

whereℱ,ℰ,𝒮, 𝒞 and ℛ are shape indices of flatness, elongation, sphericity, convexity and roundness; I, II 

and III (I > II > III) denote the lengths of the longest, intermediate and shortest dimensions of the box 

exactly containing the aggregate using the Principal Component Analysis (PCA) in Matlab environment 



- 138 - 
 

(Zhao and Wang, 2016), respectively; 𝕊 and 𝕊𝑙 are the surface area of the aggregate and l-th triangular 

mesh to compose its surface; 𝕍𝑎 and 𝕍𝑐 are the volumes of the aggregate and its perfect convex hull; 𝑘𝑖𝑛 

is curvature value of the maximum inscribed sphere, while 𝑘𝑀,𝑙 is the average of median curvature values 

of l-th triangle’s three vertices (Deng and Wang, 2005).  

 

 

Figure 6-19 (a) and (d): snapshots of real fine sand (MA-106A) and coarse sand (MA-1117) after (Bullard, 

2014), of which mean size is about 1 mm and 3 cm; (b) and (c): virtual fine sand packings from Voronoi 

cells after 0 and 100 iterations; (e) and (f): virtual coarse sand packings from Voronoi cells after 0 and 100 

iterations. The colour bar denotes mean curvature value of vertices normalised by that of its correspondingly 

maximum sphere (
𝑘𝑀,𝐼

𝑘𝑖𝑛
). 

 

A domain composed of 200 Voronoi cells is generated, of which the parental particles are two kinds of real 

sands, one coarse sand (MA-1117) and one fine sand (MA-106A) in Fig.C.1 of Appendix C. Fig. 6-19 

illustrates the morphological features of the real and virtual particles, of which shape indices of virtual 

particulates are compared with their corresponding virtual samples in Fig. 6-20. The shape parameters of 

real aggregates in Fig. 6-20 are from an open-source software, Virtual Cement and Concrete Testing Library 

(VCCTL, Bullard, 2014). We use the Spherical Harmonic (SH) coefficients of various kinds of aggregates 

in VCCTL to conduct SH expansion in Eq. (6.14) and icosahedral geodesic structures with 1,280 faces to 
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reconstruct their shapes. Then, the parameters of the virtual aggregates are calculated according to Eqs. 

(6.28) to (6.32). Df and D2 conform to the fitted normal distributions of those from parental ones. Since the 

packing and generation of realistic-shaped aggregates are obtained from the shrinking process of Voronoi 

cells, the aggregate shapes are somewhat dependent on their corresponding cells, although irregular 

morphology features can be imposed via Spherical Harmonic (SH) analysis. According to properties of 

centroidal Voronoi tessellations (Du and Gunzburger, 2002), increasing iterations (moving generators of 

the next loop to the mass centre of current cells) makes the shapes and sizes of Voronoi cells more uniform. 

For example, if a large enough number of iterations are made for a cubic domain containing L3 generators, 

L3 congruent cubic cells would be composing the whole region. Hence, the generated aggregates are more 

realistic than after 100 iterations in their spatial distributions, size distributions and shape parameters. One 

may expect the number of iterations for original Voronoi generators would much influence the shape 

parameters of the final particle shapes. However, from our quantitative results of shape indices of 200 

particles in Fig. 6-20 and snapshots of virtual particle morphology in Fig. 6-19 (b) to (c) and (e) to (f), such 

an influence is not too evident and a convergence tendency of particle shape indices appears with the 

increase of iterations of the initial Voronoi tessellations. Similar results, where Voronoi shapes have limited 

influence on shape parameters of their correspondingly realistic particles, have also been reported by 

(Mollon and Zhao, 2014), who first produce realistic-shaped particles and then put them into Voronoi cells. 

For coarse sands, clear angular faces can be seen from Fig. 6-19 (d) while in Fig. 6-19 (a) the fine sands 

have more curved surfaces. These key features also occurred in virtual samples from the high normalised 

curvature value (
𝑘𝑀,𝐼

𝑘𝑖𝑛
) in Figs. 6-19 (e) and (f). Notably, to facilitate the study on the effects of D2 and Df in 

concrete fracture behaviour, each aggregate had the same D2 and Df values in the following parts for the 

virtual concrete sample. 

 

 

 

Figure 6-20 Cumulative distribution functions (CDF) of various shape parameters for real and virtual fine 

((a)-(e)) and coarse aggregates ((f)-(j)). ℱ,ℰ,𝒮, 𝒞 and ℛ denote flatness, elongation, sphericity, convexity 

and roundness. 

 
ℱ ℰ 𝒮 𝒞 ℛ 

 
ℱ ℰ 𝒮 𝒞 ℛ 
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Figure 6-21 Periodic Voronoi domain with 27 sub-domains (a), the enlargement of interest cells containing 

complete and cut aggregates (b) and cut Voronoi cells in the domain of concrete (c). 

 

Voronoi tessellation has boundary effects since the cells connecting the domain boundary must have the 

boundary shapes of the domain (Gan et al., 2005). To this end, as shown in Fig. 6-21 (a), a larger periodic 

domain with size equal to 3L × 3L × 3L is defined for its uniformly distributed sub-boxes, each of size L × 

L × L. Ten iterations are first conducted in a sub-box having 64 random generators, which is more than the 

24 aggregates for the RVE in composite theory (Brassart et al., 2010). The distributions of the Voronoi cell 

points are then copied into other 26 sub-domains. Finally, Voronoi cells are generated in the larger domain. 

Consequently, to avoid lengthy computation only cells including complete or cut aggregates are selected in 

Fig. 6-21 (b), of which the entire concrete boundary is shown in Fig. 6-21 (c). 

 

6.2.2.2 Surface mesh generation 

 

 

Figure 6-22 Final surficial meshes of aggregates in concrete sample with size equal to 1mm × 1mm × 1mm. 
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High-quality FEM mesh generation is still a big challenge to successfully simulate meso-scale concrete 

fracture behaviour, especially for realistically shaped aggregates, for which four neighboured vertices do 

not fall on the same flat plane. This may be the reason why voxel data, after being re-scaled and resolution 

sacrificed, is implemented as a FEM cubic mesh for most XCT-based simulations (Huang et al., 2015; 

Garboczi and Kushch, 2015; Yang et al., 2017). Some researches (Roubin, 2013; Roubin et al., 2015) also 

generate a tetrahedral aggregate volume mesh via a mapping into an unstructured FEM mesh of the whole 

concrete. However, the resulting aggregate surface tomography is dependent on the pre-defined mesh of 

concrete, which is not sufficient for incorporating the influence of the aggregate morphology features. For 

example, even though diverse morphological details have been given to aggregates in terms of initial 

surficial meshes, the morphology would be transformed after mapping to that of pre-defined volume meshes. 

In this study, the generated aggregate mesh is first generated before the determination of cement paste 

matrix by cutting the aggregate mesh from the entire concrete domain.  

One main advantage of SH-generated surfaces is the ability to reconstruct particle shapes based on the 

implicit form of aggregate boundary, as long as its SH coefficient is known in Eq. (6.14). On the other hand, 

to bypass the computational burden of FEM, an appropriate number of high-quality surficial triangular 

meshes is needed. To mesh implicit boundary with SH function, many researches have implemented 

icosahedron-based geodesic spheres for this purpose (Mollon and Zhao, 2014; Zhao et al., 2017), of which 

nodes are projected to those of implicit boundary with the same spherical angles. However, the gap between 

the number (20×4ℵ, ℵ ∊ ℕ) of meshes for this type of spherical angles is very long. Here, we approximate 

the arbitrary number of uniform triangular tessellating the unit sphere surface via searching for the 

minimum electrostatic energy (Borodachoy et al., 2008): 

Є = ∑ ∑
𝑞𝑗·𝑞𝑘

√𝑑𝑗,𝑘

ℵ
𝑘=1

ℵ
𝑗=1 , 𝑗 ≠ 𝑘, (6.33) 

where ℵ is the number of vertices on the sphere; q is the product of length and area distortion or the so-

called particle charge; j and k denote j- and k-th vertex; d is the geodesic distance between two vertices. 

Appendixes C and D introduce surficial mesh generation of complete aggregates, as well as cut ones using 

octahedron-based geodesic structure. Fig. 6-22 shows the final surficial mesh of aggregates in the concrete 

sample. Clearly there are no short edges due to the cutting process, and the mesh sizes of uncut aggregates 

are nearly identical to each other. 

 

6.2.3 FDEM simulation and its validation 

In this section the combined finite and discrete element method (FDEM) is applied to simulate fracture 

behaviours, similar to Chapter 5. The combined XCT and diffraction data from a uniaxial compression 

experiment on concrete (Hurley and Pagan, 2019) is also used as a benchmark for the simulations. 

 

6.2.3.1 FDEM and its damage model 
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Figure 6-23 (a) FEM meshes with displacement boundary conditions at top and bottom layer nodes, (b) 

fracture pattern and (c) stress contour of one typical virtual meso-scale concrete 

 

 

Figure 6-24 Different FDEM elements of the experimental sample of which aggregate elements are in 

Fig. 6-25 (d). 

 

Within FDEM, solid parts are discretised using 4-noded tetrahedral FEM elements and the deformation and 

stress in them can be captured as in FEM, as shown in Fig. 6-23 (a). Simultaneously, Fig. 6-23 (b) shows 

the capability of DEM to deal with contact, thus FDEM can efficiently model the transition of continuum 

to discrete states, including the presence of fracture or even breakage of concrete. Although most aggregates 

undergo fracture, they can still bear a significant portion of the macro load due to their high strength, see 

Fig. 6-23 (c). An explicit solver via central difference integration framework is adopted, due to its higher 

efficiency in dealing with a large number of contacts and deformation when compared with implicit solvers. 

A penalty function is implemented to calculate contact forces and prevent the overlapping of contacting 

elements. Viscous damping, together with normal elastic response, is also introduced for numerical stability, 

while a Coulomb-type friction law is employed for friction forces. In addition to solid aggregate elements 

used to simulate fracture of three-phase composed of concrete, another two kinds of CIEs and two types of 

solid elements are needed, see the experimental sample in Fig. 6-24 and corresponding solid aggregate 

elements in Fig. 6-25 (d). After the deletion of the CIEs that have failed, completely fractured surfaces can 

still develop contact via the penalty function. The material failure process had two stages: fracture initiation 

and propagation. The maximum stress criterion, including tensile and shear strengths, is applied for crack 



- 143 - 
 

initiation. Bilinear traction-separation damage laws are employed for the stiffness degradation during crack 

evolution. More details about the damage models are provided in Appendix E. For mixed damage-mode 

opening, the Benzeggagh-Kenane criterion (Benzeggagh and Kenane, 1996) is employed: 

{
𝐺𝐶 = 𝐺𝑛,𝐶 + (𝐺𝑠,𝐶 − 𝐺𝑛,𝐶) (

𝐺shear

𝐺𝑇
)
𝜂

𝐺shear = 𝐺𝑠 + 𝐺𝑡
𝐺𝑇 = 𝐺𝑛 + 𝐺𝑠 + 𝐺𝑡

, (6.34) 

where Gn,C and Gshear are the respective critical energies for pure mode I (tension) and combined modes II 

and III (shear), η is a material parameter, and GT is the mixed fracture energy for the CIEs. For simplicity, 

we set 𝐺𝑠,𝐶 = 𝐺𝑛,𝐶 and thus only 𝐺𝑛,𝐶 influenced the energy-based crack evolution criterion. 

 

Table 6-2 FDEM material parameters of elements in concrete 

 Parameter Value 

Solid elements Density, ρ (kg/m3) Agg: 2,650 

CP: 2,200 

Elastic modulus, E (GPa) Agg: 96 

CP: 16 

Poisson’s ratio, υ Agg: 0.08 

CP: 0.23 

Cohesive 

interface 

elements 

(CIEs) 

Normal stiffness, kn (N/m3) Agg: 9.6×1013 

CP: 2.5×1013 

ITZ: 1.36×1013 

Shear stiffness, ks (N/m3) Agg: 4.44×1013 

CP: 1.04×1013 

ITZ: 5.53×1013 

Tensile strength, Nmax (MPa) Agg: 10 

CP: 4 

ITZ: 2.4 

Shear strengths, Smax and Tmax 

(MPa) 

Agg: 5 

CP: 2 

ITZ: 1.2 

Fracture energy, GC (N/m) Agg: 60 

CP: 50 

ITZ: 30 

Contact law Friction coefficient, μ 0.5 

 

Table 6-2 summarise the mechanical parameters adopted in this study. Note that the solid properties are 

taken from experimental researches by Bass (1995) and Königsberger et al. (2014); the stiffness values and 

mesh size are determined following Yılmaz and Molinari (2017) and Turon et al. (2007); other mechanical 



- 144 - 
 

properties of CIEs are taken directly from relevant research by Turon et al. (2007); and the friction 

coefficient was 0.5. 

Quasi-static loading conditions are approximated in the simulations by keeping kinetic energy below 10% 

of the associated internal energy. In this study, no loading platens are explicitly constructed, while the 

boundary conditions are set on the nodes at the top and bottom surfaces of the hexahedron concrete along 

loading direction, as in Fig. 6-23 (a). The bottom surface is fixed in the loading direction, while the nodes 

at the top surface are applied a downward linearly ramp displacement velocity up to 0.04 m/s, which is then 

kept constant until an overall displacement of 0.1 mm was met. Nodes at both bottom and top surfaces are 

allowed to expand in other directions than loading direction. 

 

6.2.3.2 In-situ experiment and its simulation 

 

 

Figure 6-25 Image processing from XCT images to FEM mesh 

 

The experimental uniaxial compressive test of a concrete sample described in the recently published paper 

(Hurley and Pagan, 2019) is selected as the benchmark for the FDEM simulation. The size of the concrete 

sample was about 1mm × 1mm × 1mm and it contains 52 small aggregates. For more information about the 

experimental procedures and sample preparation, please refer to (Hurley and Pagan, 2019). At the 

experimental concrete boundary where the concrete sample contacted with the steel loading platens, a 

voxel-mixed zone with fuzzy 2D images occurred. Since the XCT images became unclear near the loading 

boundaries due to imaging artefacts, we heuristically cut out an interest volume that is about 85% of the 

full height of the sample, which is shown in Fig. 6-25 (a). Given that Hurley and Pagan (2019) used image 

processing to separate the different aggregate phases, in Fig. 6-25 (b) the grey value intensities could be 

directly taken for binarization. However, there is still image noise that could be identified incorrectly as 

small ‘aggregates’, for example inclusions in the red ellipse of Fig. 6-25 (b). These are removed after the 

labelling of various particulate phases in Fig. 6-25 (c) by measuring and deleting all those small ‘aggregates’. 

The volume ratio of the largest deleted small ‘aggregate’ to the smallest real aggregate was less than 1%, 

which confirms that such deletions do not significantly alter the underlying composition. Finally, in Fig. 6-
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25 (d) surficial meshes of different aggregates are generated with given numbers to retain a nearly linear 

relation between aggregate surface mesh number and surface area, using an open-source mesh tool, 

Iso2mesh (Fang and Boas, 2009). Care is taken to avoid mesh intersection between touching aggregates, 

which are connected by ITZ CIEs, the same as the connection between aggregate and cement paste (CP) 

phases. The volume mesh of aggregates is produced using the open-source mesh tool Gmsh (Geuzaine and 

Remacle, 2009) with controlled mesh quality and number. Each simulation of the experiment and other 

virtual concrete samples involved about 350,000 solid and 700,000 cohesive elements. According to 

relevant studies of Wang et al. (2016) having nearly identical number of aggregates to our model, 236,260 

solid elements are found to be sufficient for the simulation of fracture behaviour of a meso-scale cubic 

concrete sample, from which the number of elements herein adopted are deemed adequate and no further 

mesh sensitivity studies are performed. 

 

 

Figure 6-26 Comparisons between simulations and experiments of the in-situ concrete fracture behaviour: 

(a) force-displacement curves; (b) evolutions of stress tensors with σ and σ’ denoting aggregate stress 

tensors of simulations and experiments; (c) and (e) raw CT images without any image processing of the 

concrete before and after fracture and (d) and (f) associated FEM results before and after fracture with the 

same normalized forces by their maximum compression forces. The slice of XCT image in (c) is from the 

bottom of the cubic volume of interest and is highlighted by bold rectangular edges in Fig. 6-25 (a). 
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Notably, with the aid of XCT at a resolution of 1.48 μm, some initial voids were found in the experimental 

concrete sample, though at a low volume ratio of about 1%. Hence, voids are not considered in this study 

since the emphasis is on pure influences of particle morphology features. Fig. 6-26 (a) illustrates the force-

displacement curves of experiments and simulations. In experiments, the 1 mm3 concrete sample, 

surrounded by aluminium cylinder to prevent fragments from being lost, was inserted into rotational and 

axial motion system (RAMS) loading grips at the Cornell High Energy Synchrotron Source (CHESS). The 

sample was compressed by lowering the stainless-steel platen in 2μm increments until desired loads were 

reached. With the strain held constant, the concrete sample was rotated first 180° and then 360° for XCT 

and diffraction tests, respectively. The forces were obtained from the load cell; the sample stress was 

calculated by dividing the load cell reading during measurements by the initial sample area, 1mm2. 

For our FDEM numerical simulations of the experiments, the loading platens are not explicitly modelled, 

and the boundary conditions are applied to bottom and up layers of nodes of the concrete sample, which 

are fixed only on loading directions. We are therefore confident that our calculated sample strain in all 

loading steps matched those in steps 4 to 7 in experiments. 

It is plausible that relaxation occurs especially for the step with maximum displacement and the much 

longer scanning time due to the time required for experimental measurements, during which the upper 

loading platen is held in a fixed position to enable rotations of the sample aiming to conduct XCT and 

diffraction scan. The creep strains after this loading step are also calculated with the guidance of AS 

3600:2018 (Australia Standard, 2018) and then removed from Fig. 6-26 (a). There are however still 

differences between the resulting curve and the numerical simulation. One reason for this phenomenon may 

be attributed to the roughness of sample surface planes in contact with the loading platens, on which newly 

observable fractures appear. From the raw XCT in Figs. 6-26 (c) and (e) nearly every aggregate undergoes 

fracture and even breakage, indicating the necessity of their inclusion in the simulations of meso-scale 

concrete fracturing process. There are four different phases in them: voids or fractures, aggregates, cement 

paste and other high-density constituents. Black pixels with low greyscale values are deemed fractures or 

voids; white pixels with high greyscale values are for high-density constituents, such as calcium silicates; 

pixels with intermediate greyscale values denote cement paste or aggregates. Thresholds of grey values are 

carefully selected for segmenting phases, as described in Hurley and Pagan (2019). A standard deviation 

filter is also used to threshold the aggregates from the cement paste, both of which have similar greyscale 

values. Based on the fracture mechanics parameters for spherical aggregates in the meso-scale concrete 

simulation by Yılmaz amd Molinari (2007), where no particle fracture is obtained, our simulations of in-

situ experiments do exhibit aggregate fractures, as shown in Figs. 6-26 (d) and (f). Although there is no 

further calibration of parameters for the simulation of in-situ experiments, the fracture patterns between 

numerical and experimental results are comparable, as well as the force-displacement curves. It seems that 

the simulations underestimate intra-aggregate fracturing, when comparing Figs. 6-26 (e) and (f). Two main 

reasons may explain it: First, as we have described in experimental procedures, during every load step of 

the experiment, the sample is kept at constant stress and strain during rotation for XCT and diffraction 

measurements. Considering that these operations take at least half an hour, additional fractures due to the 

time-dependent behaviour may occur. Meanwhile, in our computational simulations, no strain rate influence 

on fractures have been considered. Second, aggregates in our simulations are homogenous and defect free, 

while in experiments the aggregates are heterogenous and include natural flaws along which fractures can 
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initiate and evolute. It is anticipated that fracture behaviour between simulations and experiments would be 

closer if these two problems are solved by using more advanced computational resources. 

To compare stress of aggregates between simulations and experiments, volume-weighted stress tensors are 

defined as: 

𝜎𝑖𝑗 =
1

∑ 𝑉agg
𝑘𝑁agg

𝑘=1

· ∑ 𝜎𝑖𝑗
𝑘𝑉agg

𝑘𝑁agg
𝑘=1 , (6.35) 

where Nagg is the number of aggregates; k meant k-th aggregate; V and 𝜎𝑖𝑗 are volume and stress tensors. 

Considering the differences between the numerical and experimental force-displacement curves, 𝜎𝑖𝑗 is also 

normalized by Fmax/A, where Fmax was the peak force and A was the approximate horizontal cross-section 

area of the concrete (1 mm2). Load steps denoted by the same number in the simulation and the experiment 

are of the same normalized force with respect to their associated Fmax. The main stress component 𝜎𝑧𝑧, 

towards the compression direction, nearly coincide with each other during loading process as shown in Fig. 

6-26 (b), which indicates the accuracy of the proposed FDEM schematic. The other two diagonal stress 

tensor components, 𝜎𝑥𝑥  and 𝜎𝑦𝑦 , have a similar evolution tendency in the numerical and experimental 

results. 

 

6.2.4 The role of aggregate morphology 

In this part, focus is given to the statistical analyses and discussions of the obtained results correlating 

particle morphology with concrete fracture behaviour. Three factors are discussed:  Df, aspect ratio in terms 

of D2, and aggregate fraction. In real concrete, fine aggregate fraction in mortar is typically higher than in 

this study (Kwan and Fung, 2009). However, obtaining such high packing density of irregular-shaped 

particles is difficult. With the purpose of isolating the influence of the particle morphology on concrete 

fracture behaviour, we tried to eliminate other factors associated with particles, such as the particle size 

distribution, particle spatial position in the sample and its longest axis orientation. Generating densely 

packed mono-sized aggregate fractions while ensuring that particle position and fabric (the longest axis 

orientation) remain unchanged in concrete containing different fine aggregate shapes is challenging. For 

this reason, and because the existing experimental data we used for validation is from a sample with an 

aggregate fraction of 20%, we keep the fine aggregate fraction of 20% for most simulations and focus on 

the relative contributions from the aggregate morphology on material behaviour. 
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Figure 6-27 Virtual meso-scale concrete samples with aggregates of different fractal dimension (Df), aspect 

ratio determined by D2 and aggregate fraction (Vf). Samples with red outlines, dashed blue outlines and 

yellow background are to investigate the isolated influence of Df, D2 and Vf, respectively. 

 

The FEM meshes are generated via the combined Voronoi-SH framework presented in Section 2, and the 

FEM simulations are outlined in Section 6.2.3. To discuss the isolated influence of the features of the 

particle morphology or aggregate fraction (Vf), aggregates in all virtual concrete samples are produced from 

the same Voronoi cells to keep their mass centres, distributions, size and directions nearly identical. For 

different target Vf (e.g., 10 %, 20 % and 30 %), every aggregate overlapping the cubic sample is scaled by 

the same factor 휁 towards its mass centre, thus the final SH coefficient became  

{𝔠𝑖,𝑛}𝑖=1
𝑁

= {𝑐𝑖,𝑛}𝑖=1
𝑁
· 휁, (6.36) 

휁 = √
𝑉𝑓,𝑡𝑎𝑟

𝑉𝑓,𝑖𝑛𝑖

3
, (6.37) 

where {𝔠𝑖,𝑛}𝑖=1
𝑁

is the final SH coefficient for target 𝑉𝑓; 𝑉𝑓,𝑡𝑎𝑟 and 𝑉𝑓,𝑖𝑛𝑖 are the target and initial aggregate 

fraction. Then, {𝑐𝑖,𝑛}𝑖=1
𝑁

 is replaced by {𝔠𝑖,𝑛}𝑖=1
𝑁

 for the following steps in Section 6.2.2 for FEM mesh 

generation. In total, ten cases with different Df, D2 and aggregate fraction are depicted in Fig. 6-27. Fig. 6-

28 illustrates stress-strain curves and the normalized crack areas of the three phases of the concrete. 
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Figure 6-28 Comparisons between the influence of different aggregate morphology focusing on various Df 

(a-b), aspect ratio determined by D2 (c-d) and aggregate fraction (e-f); (a), (c) and (e) are for stress-strain 

curves, while (b), (d) and (f) are for normalized crack area by concrete cross-section area (1mm2) at 

corresponding peak stress. 

 

 

 



- 150 - 
 

 

According to Snozzi et al. (2011), the energy release rate (Gc) in cohesive elements to simulate fracture 

propagation is mesh-size dependent to some extent; i.e. for increasing number of CIEs, the response may 

become more ductile, which is also observed by our previous research on single particle crushing 

simulations in Chapter 5. This section, however, is not aimed at solving this discrepancy but rather to 

identify and isolate the role of particle morphology on the concrete fracture behaviour. The aggregate is 

kept with maximum surface area with exactly 400 surficial triangular meshes, which is also the number of 

ITZ CIEs. The relation between aggregate surficial mesh number and surface area is approximately linear, 

because the mesh number must be an integer. Completely cut aggregates at concrete boundary are of 128 

surficial meshes without considering meshes of flat cut planes. It is to be noted that both numbers of 

aggregate surface meshes (triangles) and 4-node volume meshes (tetrahedrons) are in control. Overall, there 

are 350,000 solid and 700,000 cohesive elements of the whole domain via control global average solid 

element size. 

When investigating the effect of Df and D2, the aggregate fraction is set to 20% which is nearly the same as 

the in-situ experiment, while Df and D2 are set to 2.1 and 0.3 for introducing the impact of aggregate fraction. 

Furthermore, a case with spherical aggregate fraction of 0.2 in Fig. 6-27 (f) is also simulated for 

demonstration of stress concentrations induced by particle morphology. The size of the simulated concrete 

sample is kept the same as that of the experimental sample, and 64 complete or cut aggregates are contained 

in it. 

 

6.2.4.1 Fractal dimension 

Six cases are simulated for assessing the influence of Df on the fracture behaviour of meso-scale concrete. 

One case considers spherical aggregates, whereas the other five are for Df = 2.1 to 2.5, while all of them 

are of aggregate fraction equal to 0.2 and D2 = 0.3. As depicted in Figs. 6-27 (a)-(e), with the increase of 

Df, the aggregate becomes rougher, which means more stress concentrations can occur at the boundaries of 

aggregates. In single point crushing tests of Chapter 5, such stress concentration makes particles more prone 

to fracture. As a result, rough aggregates increase the likelihood of aggregate fragmentation into finer 

fragments. Due to the higher strength and fracture energy of aggregates relative to those of cement paste 

and ITZ, a higher Df therefore leads to more aggregate fracture during crack propagation. The overall 

concrete stress capacity, compressive strength, and toughness of concrete is therefore enhanced with higher 

Df. Interestingly, the distribution of aggregates also influences the strength. For example, Kim and Al-Rub 

(2011) simulate 4 cases with different random yet uniform distributions of identical spheres and found 

around 5% variation of the peak stress. It is clear for the aggregates in Fig. 6-27 that the distribution and 

fabric or orientation of them is nearly identical, indicating the ease to distinguish the influence of aggregate 

morphology from its distribution on concrete fracture strength.  
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Figure 6-29 Shape parameters evolution influenced by Df and D2: (a) Sphericity, (b) Convexity and (c) 

Roundness. 

 

From the force-displacement curves in Fig. 6-28 (a), the rough aggregate morphology does induce higher 

compressive strength. Kim and Al-Rub (2011) apply in 2D circular, hexagonal, pentagonal, tetragonal and 

arbitrary polygonal shapes to discuss the influence of particle shapes. Therewith, the aggregate size 

distributions in various concrete samples are the same, while circular aggregates cause highest peak force. 

However, all the shapes in these cases are completely convex and have no roughness (𝒞 = 1), and therefore 

have fewer stress concentrations than concave aggregates. Regarding morphology features in Fig. 6-27 (a), 

aggregates with Df = 2.1 are nearly completely convex with an average 𝒞 = 0.9997, while aggregates with 

Df =2.5 in Fig. 6-27 (e) average 𝒞 = 0.6306. The relationships between 𝒮, 𝒞 and ℛ, and values of Df and 

D2 are shown in Fig. 6-29. This is the reason why the concrete of aggregates of Df = 2.1 have lower strength 

than that of spherical aggregates in our simulations. On the contrary, in the recently published experimental 

work (Wu et al., 2019), the increase of roundness or sphericity (or decrease of fractal dimension) of four 

kinds of fine sands (Ottawa sand, Gabbro sand, MI sand and 2NS sand), which are all concave, would lower 

the overall concrete strength. This experimental finding enhances our simulations results, where aggregates 

in meso-scale concrete can improve the strength of it, even by about 10% when aggregate fractions are 

unchanged. In summary, both two seemingly contractive conclusions support our simulation findings. 

To shed more light on meso-scale influences of aggregate morphology on concrete fracture behaviour, Fig 

6-28 (b) represents the normalised crack area of three different completely fractured CIEs for the six cases. 

Interestingly, with increasing Df of aggregates a competition mechanism exists between fractured ITZ and 

aggregates, which are the weakest and strongest phases in the concrete, while the medium-strength cement 

paste have less fluctuations. As the weakest phase in our sample, the ITZ is the most susceptible region to 

fracture. Naturally, fractures would propagate through the ITZ and along the boundary of rough aggregates. 

Rougher aggregates lead to a larger total area of ITZ but simultaneously generate more stress concentration 

on their surfaces. The latter provides more opportunities for cracks to begin propagating across aggregates. 

Consequently, with the increase of aggregate roughness, in terms of Df, the area of fractured ITZ decreases, 

while the area of fractured aggregate increases. This finding microscopically explained the reason why 

macro strength of concrete with rough aggregates is enhanced. 
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6.2.4.2 D2-determinded aspect ratio 

In the perspective of SH-generated aggregates and to the extent of global particle morphology, D2 mainly 

introduces aggregate aspect ratios, reflected in Figs. 6-27 (f), (g), (a) and (h) for D2=0, 0.1, 0.3 and 0.5, 

respectively. Four simulated cases are of the same aggregate fraction and Df (0.2 and 2.1). Compared with 

Df-induced variations of peak stress in Fig. 6-28 (a), D2 affects peak forces much less, as shown in Fig. 6-

28 (c). Simultaneously, in Fig. 6-28 (d) the competition mechanism between fractures in aggregates and 

ITZ almost vanish, while a low variation of cement paste crack area is observed as before. Considering the 

shape anisotropy of aggregates, contrasting conclusions could be found in previous relevant researches. For 

example, Wang et al. (2016) report that with an increased irregularity of aggregate shapes (e.g. spherical, 

ellipsoidal and polyhedral shapes), the strength of concretes with identical aggregate fraction decrease. In 

contrast, Xu and Chen (2016) find an opposite trend on the influence of aggregate shape. In their case, the 

aggregates are packed via a random taking and placing algorithm; therefore, except for grading aggregate 

spatial distribution, aggregate fabric and orientation are not controlled. Hence, the impact of particle shape 

cannot be isolated from other key factors governing meso-scale concrete facture behaviour. 

Meanwhile, there is no apparent relation between compressive strength and aggregates’ D2 values from our 

simulations. For the cases studied, the most irregular aggregates generated via D2 = 0.5 have a mean value 

of 𝒞 = 0.9494. Therefore, an increase in D2 for the cases considered does not significantly increase the 

underlying stress concentration effect, which explains the negligible variation in macro strengths although 

the fractured ITZ decreases slightly. 

 

6.2.4.3 Aggregate fraction 

Due to the difficulty in controlling particle morphology features and particle distributions, and the reality 

where there are no two particles with completely identical morphology, the influence of the aggregate 

fraction has been investigated by many numerical and experimental studies mostly with randomly 

distributed aggregates. In this section, 3 cases, in Figs. 6-27 (i), (a) and (j), of aggregate volume fraction 

(Vf) equal to 10 %, 20 % and 30 %, with Df =2.1 and D2 =0.3, are simulated. The non-overlapping aggregates 

with Df =2.1 and D2 =0.3, generated via combined Voronoi cell and SH analysis method in Section 6.2.2, 

have the initial Vf equal to 41.9 %. The target Vf is generated by scaling the initial {𝑐𝑖,𝑛}𝑖=1
𝑁

 value according 

to Eqs. (6.36) and (6.37). Xu et al. (2019) investigate the influence of solid fraction of realistically shaped 

aggregates on 2D meso-scale concrete strength and conclude that a larger aggregate fraction could enhance 

concrete strength. In contrast, Wang et al. (2016) demonstrate with 3D simulations that increasing spherical, 

ellipsoidal or polyhedral aggregate volume fractions would lower the concrete strength. Interestingly, Kim 

and Al-Rub (2011) report that for concretes with circular aggregates, the relations between strength and 

aggregate fraction is roughly bilinear, and a minimum global strength is achieved when the aggregate 

fraction is about 0.4. It is to be noted that the aggregate distributions and orientations in their simulations 

are random and aggregate fracture is not taken into consideration, although they have also acknowledged 

that the two factors can impact concrete strength (Kim and Al-Rub, 2011).  

To consider the severely localised damage due to aggregate fraction rather than morphology, Fig. 6-28 (e) 

represents that with the increase of solid fraction from 0.1 to 0.3 via scaling aggregate sizes, concrete 
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strength does grow about 10 %. Aggregates in these samples have variations in their aggregate size, while 

maintaining the same morphological features. Wu et al. (2001) point out that concrete strength would be 

improved with crushed limestone rather than natural round sand of the same material. According to the 

explanation in Section 6.2.4.1, this improvement is due to higher angularity or convexity of crushed 

limestone, compared to intact limestone. Microscopically, due to the increase of surface area rather than 

aggregate roughness, fracture areas of the three phases increase, while cracks in aggregates increase most 

significantly. However, some construction aggregate materials, especially for those without long-time 

natural abrasion to generate rounded global shape (e.g. recycled concrete aggregate), would not have much 

increase in universal convexity after the re-crushing process. Hence, it is practical to assume that the 

concrete strength made from this kind of crushed materials would not be significantly reduced. Although 

recycled concrete aggregates with fractured mortar on it have weaker strength than rounded natural sands, 

their size and morphology are larger and rougher. Silva et al. (2015) experimentally clarify that the recycled 

aggregate concrete tends to exhibit a comparable strength with that of the corresponding natural aggregate 

concrete. In contrast, because of the higher convexity of crushed natural aggregates, we conclude that 

concretes made from crushed natural aggregate would have higher strength than those made from recycled 

fragmented aggregate, since the bulk properties of the ITZ in the two types of concrete are similar (Otsuki 

et al., 2003). 

 

6.2.4.4 Discussions about aggregate selection in concrete 

 

 

Figure 6-30 Relations between peak forces and shape parameters; and (b) aggregate size distributions for 

aggregate fraction equal to 0.2. Aggregate size is approximated by diameter of its volume-equivalent sphere. 

 

From the studies presented in this paper, it is clear that particle shape deserves more attention in concrete 

design. Unfortunately, it is not yet feasible to scan the large amounts of sand in concrete in 3D mainly due 

to its cost and operational constraints. Recently, Su and Yan (2019) have pointed out that for a typical sand, 
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among other parameters, convexity has the best linear correlation between its 2D and 3D values. With the 

increasingly easy access to digital cameras and development of 2D shape quantification algorithms (Zheng 

and Hryciw, 2015), referring to 2D shape parameters to provide a quick guidance about choosing specific 

aggregates becomes possible. Fig. 6-30 (a) illustrates the relations between peak forces and mean shape 

measurements for cases with particulate fraction equal to 0.2, and the corresponding aggregate size 

distributions are represented in Fig. 6-30 (b). The good match between lines show that the grading 

dependence (Fuller and Thompson, 1907) in concrete fracture mechanics has been eliminated. Such a 

tendency in our simulations is not only consistent with the experiments of Wu et al. (2019), but also covers 

more kinds of sand particle shapes via combined Voronoi tessellation and SH analysis. 

 

6.2.5 Summary 

In this section, the combined FDEM approach is extended to simulating concrete fracture focusing on the 

particle shape effects. A combined XCT and diffraction experiment of concrete under uniaxial compression 

is used as benchmark and validation, and an advanced realistic-shaped aggregate packing algorithm is 

proposed. Although compromises are made between both aggregate fraction and controllable particle size, 

and spatial position and fabric, and the findings may be quantitatively different for higher aggregate fraction, 

the 30% maximum aggregate fraction in our simulations, lower than real concrete, is comparable with those 

of similar studies of parking of poorly graded simple ellipsoidal and polyhedron particles. By adding 

overlapping detection algorithms, it is possible that high solid fraction (e.g. >0.5) could be efficiently 

obtained by scaling the particle size. Since the adjacent Voronoi cells share one face, overlapping detection 

is necessary for vertices only, which have the same initial Voronoi cell FEM surficial vertex coordinates, 

of neighbour particles. The results and findings presented in this study provide valuable insight on the 

fracture mechanisms of concrete at the meso-scale. Following this section, the following main conclusions 

are highlighted: 

• The simulations using the aggregate packing algorithm provide advantages for probing the meso-

scale concrete fracture behaviour with controllable factors (e.g. fractal dimension, distributions and 

fabric) of realistic particle shapes to highlight the importance of aggregate morphology, which 

would be inaccessible in experiments. 

• At the meso-scale level and for the same aggregate fraction, the fracture stress of concrete could be 

directly enhanced by about 10% by adopting rough aggregates with lower convexity, whereas 

changing their aspect ratio may not influence concrete strength as much. 

• There is a competition mechanism between the fracture of the ITZ and aggregates. With increasing 

aggregate roughness, fracture may propagate across aggregates instead of along ITZ due to stress 

concentration, whereas the fracture of cement paste seemed to be less affected.  

• For concrete made of recycled construction materials, of which aggregate roughness would not 

remarkably increase after crushing, high aggregate fraction may enhance its global strength, if ITZ 

strengths for high and low aggregate fractions were identical. 
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7 Water Permeability of Fractally Surficial 

Granular Materials 

 

 

The present Chapter explores water permeability of uniformly graded irregular grains using 3D printing 

with controlled shapes and fractal morphological features at low Reynold’s number for viscous flow. From 

large amount of real 3D granular morphological data, a scaling law, in terms of fractal dimension, is found 

to be followed. With this universal law, sand grains with controlled fractal morphological features are 

generated using Spherical Harmonics, and then created using 3D printing technique for water permeability 

tests. A modified Kozeny-Carman equation is proposed through more accurate determination of specific 

area, as a function of relative roughness and fractal dimension, than approximation using the volume-

equivalent sphere. By isolating the contributions from specific area, the shape coefficient is found to be 

insensitive to particle morphology. Through benchmarking the model prediction against experiments from 

both this work and past literature, we demonstrate the validity and wide applicability of the modified 

Kozeny-Carman equation. 

This Chapter has been devoted to the following paper: 

Wei, D., Wang, Z., Pereira, J., & Gan, Y*. (2020). Permeability of Uniformly Graded 3D Printed Granular 

Media. Geophysical Research Letters, in press. 

  



- 156 - 
 

7.1 Introduction 

Estimation of permeability of porous media is of vital importance in many geophysics-related scientific 

fields, such as hydrogeology, geotechnical engineering, earth science, and petroleum engineering. As a 

main category of porous media (Higdon and Ford, 1996), granular materials received more attention owing 

to their significant prevalence in various engineering applications. Granular porous media are composed of 

solid matrix skeleton formed by bounded or contacting grains, and pores with narrow constraints. Natural 

and artificial examples are widely encountered in weakly cementitious rocks in sandstone (Sun et al., 2011), 

sands in geotechnical structures (Chapuis, 2004), fault gouge of seismic events (Wang et al., 2019), and 

shale soils around multilayered reservoirs (Zheng et al., 2018). For these media, permeability is a key 

parameter for describing their transport and hydro-mechanical responses. Seelheim (1880) stated that in 

porous media flow permeability correlates to the square value of its characteristic pore diameter. Since then, 

many models for predicting permeability coefficients have been proposed based on empirical relations 

(Hazen, 1892; Shepherd, 1989), Poiseuille capillary tubes (Carman, 1956; Mortensen et al., 2005), 

statistical regression (Wang et al., 2017; Feng et al., 2019) and effective hydraulic radius (Carman, 1956; 

Costa, 2006). Due to the complexity of pore network, it is challenging to rigorously formulate a satisfactory 

theoretical relation between viscous flow resistance and intrinsic geometry properties of granular porous 

media. As a result, most of such theoretical models start with some measurable intrinsic first-principle 

geometrical factors, including sieve-determined grading, void ratio, and porosity (Hazen, 1892; Johnson et 

al., 1986; Chapuis and Aubertin, 2003; Ren and Santamarina, 2018). 

Among these, one of the widely adopted models is the Kozeny-Carman equation (e.g., Carrier, 2003): 

𝑘 =
𝛾

𝜇
·

1

𝐶K−C
·
1

𝑆0
2 ·

𝜀3

(1−𝜀)2⏟          
𝐾

 , (7.1) 

where γ and μ are unit weight and viscosity of permeant, respectively, CK-C the Kozeny-Carman shape 

coefficient, S0 specific surface area (i.e., surface area per unit volume of particles), ε porosity, k (L/T) the 

coefficient of permeability, or hydraulic conductivity, depending on both intrinsic properties of porous 

media and fluid, and K (L2) the permeability only correlated with porous structures. For water at 20 °C, 
𝛾

𝜇
 

equals 9.93×104 1/cm s. Intuitively, contacts between grains may result in decreasing wet area, through 

which water flows. However, contact area is negligible when compared with the total surface area, 

especially for natural rough particles (Wei et al., 2020). Accompanied with Kozeny-Carman equation 

(Carman, 1956), the concept of tortuosity, defined as the length ratio of effective flow path to porous sample 

in direction of flow, is also proposed to indicate dimensionless length of fluid element flowing through pore 

space (David, 1993; Ghanbarian et al., 2013). Grains with the same shapes and porosity can form rather 

random packings, and thus different tortuosity. Such randomness may hinder the generality of tortuosity in 

deterministic models to predict permeability coefficients. Although many assumptions have been 

implemented in the original derivation of Kozeny-Carman equation, its agreement with experimental results 

has been widely observed (Philipse and Pathmamanoharan, 1993; Chikhi et al., 2014). As said by Wolfgang 

Pauli, “God made the bulk; the surface was invented by the devil”. The accurate measurement of surface 

area in porous media can be difficult, since many solid surfaces can exhibit multiscale features. (Barclay 

and Buckingham, 2009; Mollon and Zhao, 2012). With the emergent of various techniques to estimate 𝑆0, 
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as discussed in the review paper by Santamarina et al. (2000), a wide range of CK-C have been observed for 

grains of different morphology features. The value of CK-C is found to be around 5 for monodispersed 

spheres (Carman, 1937). For peat beds and mixture of fibrous and granular beds, the corresponding CK-C 

are 3.4 and 12.81, respectively (Mathvan and Viraraghavan, 1992; Li and Gu, 2005).  To exclude the effects 

of particle grading on estimating CK-C, investigations are carried out using mono-sized aspherical aggregates 

of identical shapes, such as symmetric spiky combinations of spheres and ellipsoids (Malinouskaya et al., 

2009; Thies-Weesie et al., 1995), while in reality shapes of each sand are not identical.  

Particle shape can be described at three distinctive yet correlated length scales, namely, aspect ratio for 

particle size, roundness for local corner, and the finest roughness (Barrett, 1980). Dimensionless shape 

parameters have also been defined across these three scales. Castillo et al. (2015) experimentally estimated 

CK-C of two types of super-ellipsoid-like cubes, i.e., solid hematite cubes and hollow microporous silica 

cubes, of which sizes and shapes are similar, but roughness features are different. They found that CK-C of 

rough microporous cubes was about 12% higher, revealing the notable effects of microscopic roughness on 

it. With the development of optical equipment for high-resolution 3D surficial data, finding a shape index 

existing in more- or full-length morphology is possible. Fractal dimension, accompanied by relative 

roughness, is a candidate, which may unify global surface morphology across multiple length scales 

(Barclay and Buckingham, 2009; Renard et al., 2013). 

In this Chapter, the effect of particle shapes on permeability of porous media is experimentally investigated 

via hydraulic conductivity tests, as done in classical soil mechanics (Craig, 2004). Realistic particles with 

controlled fractal dimension are generated using Spherical harmonics (Wei et al., 2020), which are then 

printed using 3D printers. A modified Kozeny-Carman equation is proposed by incorporating the fractal 

dimension and relative roughness, two key morphological parameters for a wide range of geomaterials. 

Through comparing the model with experimental results and data from literature, we then assess the ability 

of the proposed model to capture the influence of particle shapes on permeability of granular materials. 

 

7.2 Spherical harmonic reconstruction 

7.2.1 Spherical harmonic reconstruction of natural aggregates 
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Figure 7-1 The framework from experimentally scanned grains to virtually generated particle shapes. (a) 

Nine types of real aggregates with scale bar being 1 cm for I to III and 1mm for IV to IX. According to 

American Society for Testing and Materials (ASTM), the corresponding names of aggregates from I to VI 

are MA106A-1, MA107-6, MA114F-3, MA111-7, MA99BC-5 and MA106B-4. Images are obtained from 

an open-source software, Virtual Cement and Concrete Testing Laboratory (VCCTL, Bullard, 2014); VII 

and VIII, Leighton Buzzard sand and highly decomposed granite are from Chapter 3; IX, Ottawa sand, is 

from Erdoğan et al. (2017). (b) Relations between average Dn and n in log-log scales for grains in (a). (c) 

Virtual representation of generated particle shapes using various maximum SH degree, nmax, Df and D2. The 

colour bar represents the ratio of normalized radial distance to radius of its 𝑐0-determined sphere. 

 

For spherical surfaces, through 3D Fourier Transformation, any function set on the surface can be 

represented as a sum of Spherical harmonic (SH) function, 𝑌𝑛
𝑚(𝜃, 𝜑), due to its orthogonality. Many 

scientific applications have employed SH function in representing orbital configurations (Flügge, 2012), 

computing physical fields (Turcotte, 1987), and modelling 3D images (Garboczi, 2002). Here, we 

implement its definition in quantum  mechanics to reconstruct star-like natural aggregate surface via 

regarding its cumulative radial distance, 𝑟𝐼(𝑥𝐼(𝜃, 𝜑), 𝑦𝐼(𝜃, 𝜑), 𝑧𝐼(𝜃, 𝜑)) = 𝑟𝐼(𝜃, 𝜑) =

√(𝑥𝐼 − 𝑥0)
2 + (𝑦𝐼 − 𝑦0)

2 + (𝑧𝐼 − 𝑧0)
2, between surface points and its centroid, (x0(θ, φ), y0(θ, φ), z0(θ, 

φ)), as a function of latitudinal (θ ∈ [0,π]) and longitudinal (φ ∈ [0,2π)) coordinates in polar coordinate 

system: 

𝑟𝐼(𝜃, 𝜑) = ∑ ∑ 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑), (7.2) 

where I denotes the I-th point on particle surface and 𝑐𝑛
𝑚 are the SH coefficients of degree n and order m. 

The process to calculate complex 𝑐𝑛
𝑚 is in Chapter 3. Fig. 7-1 (a) shows nine types of real granular materials 

of wide-scoped sizes, and the scaling exponential relations in Fig. 7-1 (b) read 

𝐷𝑛 ∝ 𝑛
𝛽 , (𝑛 = 2, 3, 4, 5… ), (7.3) 
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where Dn is the SH descriptor, normalised L2 norm (𝐷𝑛 = √∑ ‖𝑐𝑛
𝑚‖2𝑛

𝑚=−𝑛 /𝑐0), β is the slope of the 

regression plot of log (Dn) versus log (n). Consequently, following Russ (1994) and Quevedo et al. (2008), 

Dn can be expressed in terms of SH fractal dimension (Df): 

𝐷𝑛 = 𝐷2 · (
𝑛

2
)
2𝐷𝑓−6

. (7.4) 

According to the Parseval formula, the mean square distance (MSD) between two SH surfaces with SH 

coefficient 𝑐1,𝑛
𝑚  and 𝑐2,𝑛

𝑚  can be directly computed (Gerig, 2001): 𝑀𝑆𝐷 =
1

4𝜋
∑ ∑ ‖𝑐1,𝑛

𝑚 − 𝑐2,𝑛
𝑚 ‖𝑛

𝑚=−𝑛
∞
𝑛=0

2

. 

Then, the relative roughness (Rr), quantifying how the irregular particle surface is globally different from 

its 𝑐0-determined sphere, can be defined based on √𝑀𝑆𝐷: 

𝑅𝑟 =
√
1

4𝜋
∑ ∑ ‖𝑐𝑛

𝑚‖2𝑛
𝑚=−𝑛

𝑛max
𝑛=1

𝑐0
0⋅𝑌0

0(𝜃,𝜑)
= √∑ (𝐷2 · (

𝑛

2
)
2𝐷𝑓−6

)
2

𝑛max
𝑛=1 . (7.5) 

Details of derivation and determination of Df and Rr are provided in Appendix C.  Chapter 3 is referred to 

for the method of generating randomly shaped particles of given D2 and Df via stochastic 𝑐𝑛
𝑚. From Fig. 7-

1 (c), it is evident that with the increase of nmax, finer morphology features can be described. Surface 

roughness is introduced and controlled by Df, and D2 mostly correlates to aspect ratio. 

 

7.2.2 Approximation of volume and surface area 
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Figure 7-2 Influences of Df and Rr on mean varied V and S, of which every data point is from 2,000 virtual 

particles of nmax = 15. The morphology features smaller than cut-off length does not contribute to S0.  and 

☆ denote 𝜇𝛥𝑆 and 𝜇𝛥𝑉 from closed form solutions from Eq. (6) or Eq. (9). The solid line and mesh in (a) 

and (b) denote solutions from Eq. (7), while the solid line and mesh in (c) and (d) are from regression 

analysis. For every data point of 𝜇𝛥𝑆 and 𝜇𝛥𝑉, the ratio of its standard deviation to itself is less than 0.05. 

The efficiency of the developed regression conducted to approximate  𝜇𝛥𝑆  depends on the number of 

training data. It is found that when the number of particle shapes for every point data in (d) is larger than 

2000, the resulted parameters in Eq. (12) vary less than 1 %. 

 

Since the surface can be implicitly approximated by SH expansion in Eq. (1), grain volume (V) and surface 

area (S), directly relevant to S0 in Kozeny-Carman equation, can be computed and denoted by 𝑐𝑛
𝑚. For SH-

generated surface of maximum SH degree, nmax, one particle has (nmax +1)2 complex numbers. We set nmax 

to 15, which is sufficient in depicting morphology features finer than roundness-length scale of nmax = 8 

(Zhao et al., 2018). Notably, as shown in Figure 1 (c), the applied 𝑛max scales for depicting rougher grain 

morphology. Via comparing the surface area between SH-approximated and CT (computer tomography)-

based grain shapes, Zhou et al. (2017) found the approximate 𝑛max for rough HDG particles are higher than 

smooth LBS particles. Computational wise, it is expected there is always space to improve, so nmax can be 

Df

2.05 2.60

(c) (d)

(b)(a)
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higher. However, the length-scale of input morphology features is limited by 3D printing resolution. Further 

reasons for selecting nmax = 15 as the cut-off length to calculate S0 can be found in Sections 7.3 and 7.4. 

Considering the volume element in polar coordinate system 𝑑𝑉 = 𝑟 sin 𝜃d𝜃 · 𝑟d𝜑 · d𝑟, V can be rigidly 

determined, 

𝑉 = ∫ ∫ ∫ 𝑟(𝜃, 𝜑)2 sin 𝜃 d𝜑 d𝜃
2𝜋

0

𝜋

0
d𝑟

𝑟(𝜃,𝜑)

0
. (7.6) 

By inserting Eq. (7.2) into Eq. (7.6), we arrive at, 

𝑉 =
𝑐0
3

6√𝜋⏟
𝑉𝑛=0

+
3𝑐0

6√𝜋
· ∑ (𝐷2 · (

𝑛

2
)
2𝐷𝑓−6

)
2

𝑛max
𝑛=2⏟                  

𝛥𝑉

=
𝑐0
3

6√𝜋
(1 + 3𝑅𝑟

2). (7.7) 

where 𝑉𝑛=0  is the volume of its 𝑐0 -determined sphere with radius 𝑐0
0 ⋅ 𝑌0

0(𝜃, 𝜑) =
𝑐0
0

2√𝜋
. To check the 

integration accuracy of Eq. (7.6), 2000 virtual shapes are generated for various sets of Df and Rr, and the 

mean 𝛥𝑉(𝜇𝛥𝑉), can be calculated. It is found that the ratios of standard deviation to its corresponding 𝜇𝛥𝑉 

are less than 0.05. Figs. 7-2 (a) and (b) demonstrate 𝑉 as a function of Rr while being insensitive to Df, 

indicating the reasonableness of our analytical expression of SH-generated particle volume. 

A surface element on curved surface is based on its local differential properties in Cartesian coordinate 

system: 

𝑑𝑆 = |𝑋𝜃⃗⃗ ⃗⃗  × 𝑋𝜑⃗⃗⃗⃗  ⃗| 𝑑𝜃 𝑑𝜑, (7.8) 

where 𝑋 = (𝑥, 𝑦, 𝑧) is the surface vector and subscripts denote partial differential items. The surface normal 

vector is 
𝑋𝜃⃗⃗ ⃗⃗  ⃗×𝑋𝜑⃗⃗ ⃗⃗  ⃗

|𝑋𝜃⃗⃗ ⃗⃗  ⃗×𝑋𝜑⃗⃗ ⃗⃗  ⃗|
, the components of which are expanded in Appendix G. Accordingly, the rigid analytical 

solution of SH-generated surface area is 

𝑆 = ∫ ∫ 𝑟 · √(𝑟𝜑2 + 𝑟𝜃2 (sin 𝜃)2 + 𝑟2 (sin 𝜃)2) d𝜑 d𝜃
2𝜋

0

𝜋

0
, (7.9) 

where 

𝑟𝜃 = ∑ ∑ √
(2𝑛+1)(𝑛−𝑚)!

4𝜋(𝑛+𝑚)!

−𝑐𝑛
𝑚

sin𝜃
((𝑛 + 1) cos 𝜃 𝑃𝑛

𝑚 + (𝑚 − 𝑛 − 1)𝑃𝑛+1
𝑚 )𝑒𝑖𝑚𝜑𝑛

𝑚=−𝑛
∞
𝑛=0 , (7.10) 

and 

𝑟𝜑 = ∑ ∑ 𝑚 · 𝑖 · 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑). (7.11) 

Although in Eq. (7.9) a closed-from expression of S is derived, the representation is too complicated to 

directly relate to Df and Rr. Similar to the treatment with V, S is split into two parts: 𝑆 = 𝑆𝑛=0 + 𝛥𝑆. From 

Fig. 7-2 (c) and Fig.H.1 in Appendix H, power laws between the mean  𝛥𝑆(𝜇𝛥𝑆), and Df and Rr can be 

clearly seen. As a simplification, regression analysis is used to define S as a combined function of the two, 

𝑆 = 𝑐0
2⏟

𝑆𝑛=0

+ 𝑐0
2 ·

𝜋

20
· 𝑅𝑟

𝜋

2 · 𝐷𝑓
3.874

⏟            
𝛥𝑆

= 𝑐0
2 (1 +

𝜋

20
· 𝑅𝑟

𝜋

2 · 𝐷𝑓
3.874). (7.12) 
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Fig. 7-2 (d) indicates the efficiency of Eq. (7.12) in approximating S. Notably, the ranges of Rr or D2 and 

Df (𝐷2 ∈ [0, 0.3], 𝐷𝑓 ∈ [2, 2.6]), in which the regression is conducted, are much larger than those of real 

sands, as in Fig. 7-1 (b). Considering the high value of R-square, it is reasonable to directly apply Eq. (7.12) 

to approximate surface area of SH-generated surfaces in subsequent studies. 

 

7.3 3D printing and water permeability experiments 

 

 

Figure 7-3 (a)-(d) Cumulative distributions of classical shape indices of printed grains of c0=3.5 mm (d ≈ 2 

mm) and D2 = 0.1. Each group contains about 10,000 particles. (a) Equivalent-sphere diameter. (b) Aspect 

ratio, defined as 𝐴𝑟 = 𝐸𝑖 × 𝐹𝑖, with mean elongation and flatness 𝐸𝑖 = 𝑝2/𝑝1 and 𝐹𝑖 = 𝑝3/𝑝2, respectively, 

where p1, p2 and p3 are the particle’s principal dimensions calculated by principal component analysis. (c) 

Sphericity 𝑆𝑝 = √36𝜋𝑉2
3

/𝑆  reflects the deviation of surface area from its volume-equivalent sphere. 

Notably, Sp can be used to indicate how much error can be made if the area of grain volume-equivalent 

sphere is considered to approximate its surface area. For example, if the area of volume-equivalent sphere 

is applied, about 25% error can be induced. (d) Roundness 𝑅𝑀 = ∑(𝕊𝑙 ·
𝑘𝑖𝑛

𝑘𝑀,𝑙
) /∑𝕊𝑙 , ∀𝑘𝑀,𝑙 ≤ 𝑘𝑖𝑛, where 

𝕊𝑙 is the area of l-th triangle, of which the mean median curvature value of its three vertices is 𝑘𝑀,𝑙, and 𝑘𝑖𝑛 

is the curvature value of maximum inscribed sphere of the particle. The colour in (d) represents mean 

median curvature value of composed triangles. (e) Snapshots of printed grains. (f) Schematic of the 

modified TST-55 permeameter for experiments. 

 

In recent years, for the capability of producing particles with controlled morphology and material properties, 

3D printing (Jiang et al., 2020) are becoming popular in studies of granular mechanics (Miskin and Jaeger, 

2013; Ju et al., 2018; Gupta et al., 2019) and hydraulic conductivity (Suzuki et al., 2017; Fang et al., 2018; 

Adamidis et al., 2019). However, many studies just consider regular aspherical shapes for idealization 

(Athanassiadis et al., 2014; Murphy et al., 2019). Meanwhile, for irregular shapes most 3D printed particles 

are produced as one-to-one of CT data for estimating whether they can capture real granular behaviour. As 

pointed by the pioneering work on 3D printable geomaterials (Hanaor et al., 2016), except for printing 
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resolution and materials, progress can be dedicated to geometrical model of printed grains. The following 

advantages can be obtained: i) input morphological and statistical parameters are extracted from real ones; 

ii) as many as desired realistic particle morphology features are depicted, such as coexistence of smoothed 

faces, angularity and branching; iii) ready to study effects induced by varying morphology. Looking back 

to Fig. 7-1, all of the mentioned advantages can be achieved via our proposed SH framework. 

In this work, a poly-jet layer-printing 3D printer (Objet Eden 250) with horizontal and vertical resolutions 

of 4 μm and 32 μm was used. For more information on the printer and printing materials, please refer to the 

relevant study (Hanaor et al., 2016). Each batch containing 2,000 particles, placed by 40 rows and 50 

columns in one layer, is printed. As suggested by Adamidis et al. (2020), with the help of 3D printing (the 

resolutions are 16 μm and 40 μm in horizontal and vertical resolutions), shape parameters of printed grains 

of size equal around 2mm are within 5 % difference from input geometries, proved by X-Ray CT images. 

With SH coefficients from section 7.2.1, we import polar coordinates of icosahedron-based geodesic 

structure with 1,280 triangular faces into Eq. (7-2) to generate STereolithography (STL) input files suitable 

for 3D printing. The reason why surfaces composed of 1,280 faces are selected is that the triangle edge 

length should be larger than the printing resolution for printing all given geometry features. Edges 

connecting adjacent vertices of such surficial meshes have a spherical angle of about 0.14. The depicted 

grain morphology is influenced by both the number of vertices on the surface and 𝑛max. Considering the 

relation between a proper angle resolution (𝛥𝜃) and any given n (Jekeli, 1996; Jekeli et al., 2007), 𝛥𝜃 =
𝜋

𝑛
, 

and the vertical printing resolution, the finest morphology features, which can be successfully printed, are 

determined by 𝑛max up to about 30, since 𝑟𝐼(𝜃, 𝜑) ≈ 1𝑚𝑚. This being said, there are two main reasons 

why 𝑛max = 15 is selected: i) when removing supporting wax after printing, NaOH solution may corrode 

finer grain surface features; ii) for Df < 2.75, when 𝑛max = 15, in Appendix I it is proved that Rr depending 

S0 has converged and is less than  
2
6−2𝐷𝑓·𝐷2

√11−4𝐷𝑓
.  Furthermore, we align the longest particle dimension with 

vertical direction to optimally exploit the printing resolution.  

Fig. 7-3 (a)-(d) illustrates the cumulative distributions of input shape indices for four groups of particles 

with the same 𝑐0 = 3.5 mm. The non-uniformly shaped particles have 𝐷2 = 0.1, close to those of fine 

aggregates in Fig. 7-1 (a) and (b). It can be seen that the printed particles have uniform gradings (Fig. 7-

3(a)), and their sphericity is also uniform within a group, consistent with Eqs. (7-5), (7-7), and (7-12). The 

variation in aspect ratio indicates the efficiency of the proposed SH framework in generating 

macroscopically different particle shapes yet with statistically similar finer morphological features, which 

is further proved in Fig. 7-3 (d) by the median-sized feature, roundness. After finishing printing, the printed 

grains with supporting wax were kept in a bath with aqueous solution containing 2 % NaOH for 30 minutes. 

Then, the grains were manually rubbed in the basin to remove remaining wax, and finally rinsed with pure 

water. At last, wetted grains were dried overnight at constant room temperature of 20 °C, as in Fig. 7-3 (e). 

Capabilities of one-to-one printed sands to reproduce hydraulic-related features have been comprehensively 

demonstrated by Adamidis et al (2020). The standard TST-55 permeameter (GB/T 9357-2008) was used 

for water permeability tests via falling-head method. Since the volume of original container of TST-55 

permeameter is too large to be completely filled with our printed grains, a hollow cylinder was printed as a 

filler to reduce the effective volume of the original container (Fig. 7-3(f)). The ratio of average grain 

diameter to container width is about 0.1, which is sufficiently small to obtain representative measurements 
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of hydraulic conductivity (Garcia et al., 2009). For permeability test, grains were poured into the container, 

and the excessive grains were carefully levelled off. To vary the porosity, different intensity of tapping and 

compression were applied during pouring. As pointed out by Chapuis (2012), errors in laboratory tests of 

the hydraulic conductivity mainly fall into two categories: i) the occurrence of preferential leakage between 

the porous specimen and the rigid permeameter wall; ii) the full saturation of the porous media is not 

achieved. To avoid the former, the inner surface of the printed hollow cylinder is mapped by closely 

wounded coils with sectional circles of diameter equal to 1 mm. For the latter, the permeameter was vibrated 

during first several cycles of water injection until no observable bubbles can be seen. By slowly seeping 

the fluid from the base to the top, the gravity is also in favour of removing the air. In Taylor et al. (2017), 

hydraulic conductivity of natural LBS particles is conducted by seepage from the base, of which the results 

are also compared with samples with de-air process. It was found the difference between the two is within 

2 %. For subsequent studies, the application of degassed water is a good choice. Via repeating the tests for 

a given experiment, it is found that the difference of measured coefficients of permeability is also within 

2 %. 

Videos at 30 fps were recorded during permeability tests. Compared with classical falling-head test, where 

only one time period (𝑡𝓃+1 − 𝑡𝓃 ) and its two water head heights (ℎ𝓃  and ℎ𝓃+1) are considered. The 

hydraulic conductivity is obtained as, 

𝑘 =
𝑎·𝑙

𝐴·(𝑡1−𝑡0)
· ln

ℎ0

ℎ1
 , (7.13) 

we modify it as 

𝑘 =
𝑎·𝑙

𝐴
·
ln ℎ0−lnℎ1

𝑡1−𝑡0
=
𝑎·𝑙

𝐴
·
ln ℎ𝓃−lnℎ𝓃+1

𝑡𝓃+1−𝑡𝓃
 , (7.14) 

where a and A are the areas of the tube and the porous sample cross-section, respectively, and 𝓃 is the 

frame number of the video. By using all the data during each permeability test (typically several hundreds 

of frames), the water permeability k can be determined by fitting the slopes in (ln ℎ)-t curves. Seven 

representative experiments were conducted for each group of grain type at each porosity, and the invariance 

to mean ratio is less than 5%, indicating good repeatability of experiments. 

 

7.4 Result and modified Kozney-Carman equation 

Fig. 7-4 (a) shows the measured absolute coefficients of water permeability, K, as a function of porosity ε 

for different particle shapes. With the increase of Df, the tortuosity of pores in porous media of same ε 

becomes higher, resulting in lower K. Some studies have revised Kozeny-Carman equation based on the 

specific grading to approximate pore diameter, such as in Chapuis (2004) with 𝑘 = 2.4622 · [𝐷10
2 ·

𝜀3

(1−𝜀)2
]0.7825, where D10 is the 10% finer particle size. This approach is not applicable to the current work, 

because the gradings of our four types of printed grains are deemed equal, as shown in Fig. 7-3 (a). 

Since printed grains are reconstructed along vertices of 1280-triangle based icosahedron geodesic structures, 

S and V can be directly calculated and the corresponding S0 can be readily obtained. Fig. 7-4 (b) compares 

CK-C calculated by importing measured permeability into Eq. (7-1). It is surprising that the shape factor is 
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insensitive to particle shapes from spheres to highly irregular shapes with Df = 2.6. However, if S0 is 

approximated based on volume-equivalent spheres, an increase in CK-C is observed for irregular particles. 

Here, we propose that the increase is the manifestation of the errors from calculation of S0. The value of 

CK-C of printed spheres is about 5.5, within the relevant experimental values 5.0 ~ 6.4 for mono-sized 

spheres (Carman, 1956). This consistency in CK-C of mono-sized spheres proves the adequacy of our 

experiments to measure permeability. 

 

Figure 7-4 (a) Experimental water permeability coefficients as a function of porosity. The snapshots 

represent 1280-face particle surface with the same polar coordinates of icosahedron-based geodesic surface 

with the same number of facets. (b) Relations between CK-C and porosity for S0 calculated from STLs (void 

symbols) or volume-equivalent spheres (solid symbols). Values for fibrous and granular beds, uniform 

spheres, and peat beds are from Li and Gu (2005), Carman (1937), and Mathvan and Viraraghavan (1992), 

respectively. (c) Relations between porosity and water permeability coefficients with lines for the proposed 

equation and data points for experimental data. The colour orange and purple denote natural Ottawa sand 

and LBS particles. The unit of 𝑐0 is cm. (d) Comparisons between experimental results and predictions of 
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modified Kozeny-Carman equation, including two natural LBS (Taylor et al., 2017) and Ottawa sand 

(Schroth et al., 1996) particles. 

 

Via electrokinetic analysis of complex anion adsorption, Hanaor et al. (2014) concluded that particle surface 

area is unlimited. If so, K would approach to zero, which is certainly problematic. According to Koch and 

Brady (1985) and Durlofsky and Brady (1987), the decay length, called Brinkman screening length, of 

viscous flow velocity disturbance in fixed spherical granular porous media roughly equals √𝐾. This decay 

length can be regarded as the cut-off length for effects of surface roughness on the near flow field, below 

which surface features will have limited effect on the permeability (Castillo et al., 2015). Thus, only 

morphological features of length beyond such length are considered into S0. Note that the roughness of 

printed grains is deemed the same and the 3D printer resolution is 32 μm, which is in the same order of 

magnitude as mean triangular edge length (≈136 μm) of printed triangle-based grains, as well as the decay 

length (≈20 μm). We fit data points of printed spheres in Fig. 7-4 (b) to get CK-C for the roughness generated 

by the printer. Substituting Eqs. (7-7) and (7-12) into Eq. (7-1), the modified Kozeny-Carman equation is 

𝐾 = 𝑘 ·
𝜇

𝛾
=

1

5.5

𝑐0
2(1+3𝑅𝑟

2)
2

36𝜋(1+
𝜋

20
·𝑅𝑟

𝜋
2 ·𝐷𝑓

3.874)
2

𝜀3

(1−𝜀)2
 . (7.15) 

Notably, Rr is dependent on nmax, which can be related to the decay length with √𝐾 ∝
𝜋

𝑛𝑚𝑎𝑥
𝑟𝐼(𝜃, 𝜑) ≈

𝜋

𝑛𝑚𝑎𝑥
𝑐0
0𝑌0

0(𝜃, 𝜑), 

𝑛𝑚𝑎𝑥 ∝
𝑐0

2
· √

𝜋

𝐾
 . (7.16) 

Return to Eq. (7-5), the value of Rr converges and is less than 
2
6−2𝐷𝑓 ·𝐷2

√11−4𝐷𝑓
. In addition, from Appendix I when 

nmax is up to 15, the value of Rr is very close to the convergence. Hence, we choose nmax = 15 to calculate 

Rr. After importing Rr calculated from Eq. (7-5), c0, and Df into Eq. (7-15), predictions of K can be obtained, 

which agree well with the experimental results in Fig. 7-4 (c). It proves the reasonableness of nmax = 15, as 

a cut-off, to calculate S0 for K, at a low Reynolds number. Note this modified equation does not contain any 

additional fitting parameters and only requires porosity and morphological parameters accessible from 

actual grain shapes.  

To further check applicability of Eq. (7-15) for natural grains, 3D surficial data (e.g., X-Ray CT data) are 

needed for determination of c0, Rr, Df at nmax = 15. Two types of poorly graded natural quartz sands (LBS 

from Taylor et al. (2017) and Ottawa sand from Schroth et al. (1996)) are taken into consideration in Figs. 

7-4 (c) and (d), where Rr and Df are calculated from Fig. 7-1 (b), sample VII and IX, respectively. Although 

there is no perfectly uniform grading of the two sands, predicted values are close to experimental values. 

The model validated by data of natural sands appears to be appropriate over three orders of magnitudes of 

water permeability coefficient. It is possible that the proposed equation is not appropriate for well graded 

grains, because packing structures or pore distributions can significantly differ from those of uniform 

gradings. How grain grading distribution affects the validity of the equation deserves future studies. In this 

study, only statistical morphological features (Rr and Df) and volume are uniform, but other shape 
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parameters lay in a wide range, as in Fig. 7-3 (b), which could also alter pore structures. This may explain 

why the proposed model can hold for Cu (grading uniform coefficient) up to 1.5. To the best knowledge of 

the authors, it is the first time to experimentally study permeability coefficients of non-spherical uniform 

grains with focus on whether the shape coefficient in Kozeny-Carman equation is dependent on grain shapes, 

when effects of roughness are isolated. Surprisingly, the Kozeny-Carman shape coefficient is insensitive to 

particle shapes, contrary to what has been widely suggested before. Although via hydraulic conductivity 

tests such insensitivity is found, how much it can be generalized to other types of porous media with global 

multi-scale morphology features, such as fibrous structures, needs further research. 

 

7.5 Summary 

With the help of 3D printing, at low Reynold’s number the present Chapter explores coefficients of 

permeability of uniformly graded irregular grains with controlled shapes and fractal morphological features. 

The results indicate that particle shape does influence permeability coefficients; that is, with the increase 

of fractal dimension only above a moderate roughness length scale, induced high tortuosity can slow water 

seeping through granular porous media of the same porosity. A modified Kozeny-Carman equation is 

proposed by incorporating the specific surface area calculated based on spherical harmonics, where it is 

derived as a function of particle size, relative roughness and fractal dimension. It is found that the shape 

coefficient in Kozeny-Carman equation is insensitive to particle shapes, ranging from spheres to 

significantly irregular shapes of high fractal dimension equal to 2.6. We also check the applicability of the 

proposed model on poorly graded natural grains by comparing with data in the literature. Good agreements 

are observed. The current work provides the first experimental study on permeability of uniformly graded 

aspherical grains with controlled particle shapes and fractal morphological features, and advances the 

understanding of their correlations. Extensive research on how the combined effects of grain sizes and 

shapes affect the proposed permeability model prediction should be performed in future studies. To better 

solve this outstanding issue, appropriately quantifying stochasticity of tortuosity, which is for pore 

structures that fluids flow through, may be necessary in deterministically predictive models of permeability 

coefficients. 
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8 Conclusion and Future outlook 

 

 

Conclusion 

This work has introduced a physical-based framework combining experimental and numerical methods to 

study granular mechanics across various length scales, thus providing a comprehensive understanding how 

particle morphology affects fundamental behaviour. Major conclusions achieved in this thesis are 

summarized below: 

(1) Spherical harmonic function is not only a novel method to reconstruct real grains, but also can 

generate virtual realistic grains with shape parameters statistically similar to real ones. A powerful 

linear correlation between the SH descriptors and the SH degree in log-log scales was found for 

natural sand particles, which indicates a clear fractal nature between the multi-scale morphological 

features of sand particles. Therefore, this study put forward a practical way to measure FD of the 

particle morphology based on SH analysis. In addition, DEM clumps can be implemented to 

investigate influences of particle morphology on granular flow behaviour. 

(2) Compared to other computational tools (e.g. DEM clusters and XFEM) to simulate single particle 

breakage behaviours, FDEM can not only effectively take particle shapes into consideration, but 

also generate more reasonable mechanical responsible and more realistic fracture patterns. For both 

Cartesian- and polar-SH reconstructions for FDEM surface meshes, their mesh qualities are higher 

than that from commercial generalized marching cubes algorithm. The polar-SH reconstructions 

may generate unrealistic surface features, such as bumps and protrusions, especially for more 

irregular particles. However, Cartesian-SH may generate mesh distortion due to surface 

parametrisation. 

(3) Rough sphere contact behaviour depends strongly on surface features, characterised by relative 

roughness and fractal dimension, in the regime of relatively low loads. With increasing contact 

pressure, competition exists between contact area merging and the formation of new small contact 

islands occurring around contact area boundaries for spheres of intermediate roughness. For 

spheres with highly rough surfaces, contact islands do not tend to merge, and increasing contact 

pressure is associated mainly with the formation of new contact islands. During the contact, 

individual contact islands evolve and merge, which follows a Weibull-type distribution 

independent of the loading level. For relatively small contact forces, the normal contact stiffness 

of rough spheres is dependent on both fractal dimension and relative roughness and is well-

described by power law correlations, differing from Hertzian theory at low load. The contact 

stiffness presents a power law behaviour with the applied force. 

(4) The simulations of rotational point loading provide a powerful tool to assess the same non-spherical 

particle shapes with multiple breakage measurements that are impossible to study experimentally. 

Diametric-load-induced particle breakage behaviour, in terms of breakage stress and fracture 

patterns, is governed by both their loading distances and curvature at contact points. The maximum 
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elastic strain energy during deformation was found to be an effective energy breakage criterion to 

determine strength of brittle particles. 

(5) Fracture of cemented sands can initiate from all the three phases of it, including sand particle, 

cementation, and interfacial transition zone (ITZ). Meanwhile, fracture patterns are dependent on 

loading paths. Fracture surface induced by shear stress has evident fabric direction than that 

induced by tensile stress. 

(6) At the meso-scale level and for the same aggregate fraction, the fracture stress of concrete could 

be directly enhanced by about 10% by adopting rough aggregates with lower convexity, whereas 

changing their aspect ratio may not influence concrete strength as much. There is a competition 

mechanism between the fracture of the ITZ and aggregates. With increasing aggregate roughness, 

fracture may propagate across aggregates instead of along ITZ due to stress concentration, whereas 

the fracture of cement paste seemed to be less affected. Among traditional shape indices of granular 

materials, convexity is a better choice to select aggregates for higher stress capacity of concrete. 

(7) Particle shape does influence water permeability coefficient. With the increase of fractal dimension 

only above a moderate roundness length scale, induced high tortuosity can slow water seeping 

through granular porous media of the same porosity. The shape coefficient in Kozney-Carman 

equation is insensitive to particle shapes, ranging from geometrically isotropic sphere to 

significantly irregular shapes of high fractal dimension equal to 2.6. 

Together, information collected across a wide range of length scales allows us to have access to a 

comprehensive understanding that is desirable for granular mechanics. The particle morphology influences 

are extended downwards to the asperity level based on SH surface geometries and integrated upwards to 

the macroscopic scale through concrete sample and seepage phenomena. Finally, the combination of the 

studies across scales from asperities, macro curvature, grains, to assembly scales leads to new concepts that 

can contain information collected from lower scales and is applicable to different categories of granular 

materials. 

 

Future outlook 

Clearly, there is much work to be done to push this work further. In the future, several directions seem to 

be important for further developments for granular mechanics at various length scales: 

(1) Firstly, the influences of particle morphology on granular mechanics are separately studied, due to 

the high computational cost, if morphology features are depicted for asperities. More advanced 

computational tools should be supplemented, such as multi-scale FEM and Scale boundary FEM 

(SBFEM). The applications of quadtree or octree decomposition of the whole domain in SBFEM 

makes the computation cost rather low than in classical FEM. 

(2) All the particle shapes in this thesis are generated via SH in polar coordinate system, indicating 

that all particles are star shaped. In reality, there are no particle are completely star-like, because 

of the undetachable morphology features. Hence, to generate high-quality surficial FEM mesh for 

SH in Cartesian coordinate is urgent to solve out. Combined aggressive level set and SH in 

Cartesian coordinate system is a choice. The aggressive level set can ensure high-quality surficial 
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triangular mesh, while SH in Cartesian coordinate system can generate non-star-like particle 

shapes.  

(3) In contact simulations, material property is isotopically elastic, which is a rather ideal case. 

Furthermore, only normal frictionless contact of sphere is studied. Contact is a significantly 

complicated behaviour, accompanied by fracture and wear of tiny asperities. More material 

properties should be covered, such as plasticity and adhesion. In addition, influences of the cut-off 

and roll-off of SH wavelength, in terms of SH degree, are needed. 

(4) The solid fraction in our concrete is too low to meet up with that (e.g., more than 70 %) of real 

concrete. The packing algorithm should be developed for well graded grains, with the aid of 

contact detection. 

(5) Printed grains are made of poly-jet with low elasticity and high plasticity. Progress in 3D printing 

technology in terms of printing resolution, rapidity and material versatility is anticipated. With the 

increase of ceramic-material printers, rather than just surrogate geomaterials, future research 

involving the synthesis of artificial mineral geomaterials will be possible. This will enable the 

high-stressed mechanical behaviour of printed grains with target morphology. 
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Appendix A: Proof of random SH coefficients in statistically similar particle shapes 

For n = 0, according to Eq. (3.1), 

𝑟0 = 𝑐0
0𝑌0

0(𝜃, 𝜑). (A.1) 

From Spherical harmonic chart, it is know, 

𝑌0
0(𝜃, 𝜑) =

1

2
√
1

𝜋
. (A.2) 

It’s evident that 𝑌0
0(𝜃, 𝜑) is isotropic with respect with spherical angle, which is the reason why 

c0 determines a sphere. Eq. (A.1) can be rewritten in the form of ‖𝑐0‖, 

𝑟0 = 𝑐0
0𝑌0

0(𝜃, 𝜑) = ‖𝑐0‖.
1

2
√
1

𝜋
. (A.3) 

For n = 1, according to Eq. (3.11), c1 is set as the following formula: 

{

𝐶1
−1 = −𝑎 + 𝑏𝑖

𝐶1
0 = 𝑐

𝐶1
1 = 𝑎 + 𝑏𝑖

. (A.4) 

Simultaneously, 

𝑟1 = ∑∑𝐶𝑛
𝑚 ⋅ 𝑌𝑛

𝑚(𝜃, 𝜑)

𝑛

−𝑛

1

𝑛=0

 

= 𝐶0
0 ⋅ 𝑌0

0(𝜃, 𝜑) + 𝐶1
−1 ⋅ 𝑌1

−1(𝜃, 𝜑) + 𝐶1
0 ⋅ 𝑌1

0(𝜃, 𝜑) + 𝐶1
1 ⋅ 𝑌1

1(𝜃, 𝜑). (A.5) 

Then from the Spherical harmonic function chart, 

{
  
 

  
 𝑌1

−1(𝜃, 𝜑) = √
3

8𝜋
⋅ 𝑠𝑖𝑛 𝜃 ⋅ 𝑒−𝑖𝜑

𝑌1
0(𝜃, 𝜑) = √

3

4𝜋
⋅ 𝑐𝑜𝑠 𝜃

𝑌1
1(𝜃, 𝜑) = −√

3

8𝜋
⋅ 𝑠𝑖𝑛 𝜃 ⋅ 𝑒𝑖𝜑

. (A.6) 

Taking the Euler equation 𝑒𝑖𝑥 = 𝑐𝑜𝑠 𝑥 + 𝑖 𝑠𝑖𝑛 𝑥 into Eq. (A.6), we arrive at 

{
  
 

  
 𝑌1

−1(𝜃, 𝜑) = √
3

8𝜋
⋅ (𝑠𝑖𝑛 𝜃 ⋅ 𝑐𝑜𝑠 𝜑 − 𝑖 𝑠𝑖𝑛 𝜃 ⋅ 𝑠𝑖𝑛 𝜑)

𝑌1
0(𝜃, 𝜑) = √

3

4𝜋
⋅ 𝑐𝑜𝑠 𝜃

𝑌1
1(𝜃, 𝜑) = −√

3

8𝜋
⋅ (𝑠𝑖𝑛 𝜃 ⋅ 𝑐𝑜𝑠 𝜑 + 𝑖 𝑠𝑖𝑛 𝜃 ⋅ 𝑠𝑖𝑛 𝜑)

. (A.7) 

Combine Eqs. (A.7) and (A.5), 
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𝑟1 =
1

2
√
3

𝜋
⋅ [√2 𝑠𝑖𝑛 𝜃 (−𝑎 ⋅ 𝑐𝑜𝑠 𝜑 + 𝑏 ⋅ 𝑠𝑖𝑛 𝜑) + 𝑐 𝑐𝑜𝑠 𝜃] + ‖𝐶0‖ ⋅

1

2
√
1

𝜋
 

∈ [
1

2
√
3

𝜋
⋅ (−√2𝑠𝑖𝑛 𝜃 ⋅ √𝑎2 + 𝑏2 + 𝑐 𝑐𝑜𝑠 𝜃) + ‖𝐶0‖ ⋅

1

2
√
1

𝜋
,
1

2
√
3

𝜋

⋅ (√2 𝑠𝑖𝑛 𝜃 ⋅ √𝑎2 + 𝑏2 + 𝑐 𝑐𝑜𝑠 𝜃) + ‖𝐶0‖ ⋅
1

2
√
1

𝜋
] 

∈ [−
1

2
√
3

𝜋
⋅ √2(𝑎2 + 𝑏2) + 𝑐2 + ‖𝐶0‖ ⋅

1

2
√
1

𝜋
,
1

2
√
3

𝜋
⋅ √2(𝑎2 + 𝑏2) + 𝑐2 + ‖𝐶0‖ ⋅

1

2
√
1

𝜋
] 

∈ [−
1

2
√
3

𝜋
⋅ ‖𝐶1‖ +

1

2
√
1

𝜋
⋅ ‖𝐶0‖,

1

2
√
3

𝜋
⋅ ‖𝐶1‖ +

1

2
√
1

𝜋
⋅ ‖𝐶0‖] . (A.8) 

When n=2, 3, 4…15, they can be proved by the same way above. For nmax = 15, 

𝑟𝑛 ∈ [
1

2
√
1

𝜋
⋅ ‖𝐶0‖ −

1

2
√
3

𝜋
⋅ ‖𝐶1‖ −

1

2
√
5

𝜋
⋅ ‖𝐶2‖−. . . −

1

2
√
31

𝜋
⋅ ‖𝐶15‖,

1

2
√
1

𝜋
⋅ ‖𝐶0‖ +

1

2
√
3

𝜋
⋅ ‖𝐶1‖ +

1

2
√
5

𝜋
⋅ ‖𝐶2‖+. . . +

1

2
√
31

𝜋
⋅ ‖𝐶15‖]. (A.9) 
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Appendix B: Deduction of mean curvature H 

Local surface properties (e.g., maximum curvature and minimum curvature) are evaluated by 

differentials of the surface equation. The mean curvature value of a 3D surface point is the average 

of its two principal curvature values. We begin from the normal vector (�̂�) of the SH-based particle 

surface: 

�̂� =
𝑋𝜃⃗⃗ ⃗⃗  ⃗×𝑋𝜑⃗⃗ ⃗⃗  ⃗

|𝑋𝜃⃗⃗ ⃗⃗  ⃗×𝑋𝜑⃗⃗ ⃗⃗  ⃗|
, (B.1) 

where 𝑋 =  (𝑥, 𝑦, 𝑧) is the surface vector. The partial differentiations respecting to polar 

coordinates write: 

𝑋𝜃 =
𝜕𝑋(𝜃,𝜑)

𝜕𝜃
= ∑ ∑ 𝑐𝑛

𝑚 𝜕𝑌𝑛
𝑚(𝜃,𝜑)

𝜕𝜃
𝑛
𝑚=−𝑛

2000
𝑛=1 , (B.2) 

𝑋𝜑 =
𝜕𝑋(𝜃,𝜑)

𝜕𝜑
= ∑ ∑ 𝑐𝑛

𝑚 𝜕𝑌𝑛
𝑚(𝜃,𝜑)

𝜕𝜑
𝑛
𝑚=−𝑛

2000
𝑛=1 . (B.3) 

According to Koenderink (1990), coefficients of the first (I) and the second (II) fundamental forms 

of surface vector are related to surface curvatures and they are defined as 

𝐼 = 𝑑𝑋 ⋅ 𝑑𝑋  

𝐼 = 𝐸𝑑𝜃2 + 2𝐹𝑑𝜃𝑑𝜑 + 𝐺𝑑𝜑2. (B.4) 

where 

𝐸 = 𝑋𝜃⃗⃗ ⃗⃗  ⋅ 𝑋𝜃⃗⃗ ⃗⃗   

𝐹 = 𝑋𝜃⃗⃗ ⃗⃗  ⋅ 𝑋𝜑⃗⃗⃗⃗  ⃗ 

𝐺 = 𝑋𝜑⃗⃗⃗⃗  ⃗ ⋅ 𝑋𝜑⃗⃗⃗⃗  ⃗; (B.5) 

and 

𝐼𝐼 = 𝑑𝑋 ⋅ 𝑑�̂� 

𝐼𝐼 = 𝐸𝑑𝜃2 + 2𝐹𝑑𝜃𝑑𝜑 + 𝐺𝑑𝜑2. (B.6) 

where 

𝐿 = −𝑋𝜃⃗⃗ ⃗⃗  ⋅ �̂�𝜑 

𝑀 =
(𝑋𝜃⃗⃗ ⃗⃗  ⋅ �̂�𝜑 + 𝑋𝜑⃗⃗⃗⃗  ⃗ ⋅ �̂�𝜃)

2
 

𝑁 = −𝑋𝜑⃗⃗⃗⃗  ⃗ ⋅ �̂�𝜑. (B.7) 

Then the mean curvature value is given: 
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𝐻 =
𝐸𝑁+𝐺𝐿−2𝐹𝑀

2(𝐸𝐺−𝐹2)
. (B.8) 

  



- 175 - 
 

Appendix C: Derivations of SH-based fractal dimension 

This part is mainly about SH-based fractal dimension (Df) to characterise particle morphology. For 

the single degree n, there are 2n+1 complex numbers of SH coefficients to be determined according 

to Eq. (6.14), hence when the user-defined maximum degree is nmax, the whole set of SH 

coefficients 𝑐𝑛
𝑚 include (nmax+1)2 complex numbers. Due to the orthonormal properties of the SH 

function, the more general calculation of 𝑐𝑛
𝑚 to reconstruct or smooth target particle shapes follows 

the integral 

𝑐𝑛
𝑚 = ∫ ∫ 𝑠𝑖𝑛 𝜃 ⋅ 𝑟(𝜃, 𝜑)

𝜋

0

2𝜋

0
⋅ [𝑌𝑛

𝑚(𝜃, 𝜑)]∗𝑑𝜃𝑑𝜑,  (C.1) 

Two following important properties of SH coefficients can be deduced from Eqs. (6.16) and (6.17): 

𝑐𝑛
𝑚 = (−1)𝑚 · (𝑐𝑛

𝑚)∗,  (C.2) 

𝑐𝑛
0 ∊ 𝑅,  (C.3) 

where 𝑅 denotes real number. Generally, the higher the nmax is, the finer object scales would be 

represented. 

The amplitude at each SH frequency can be measured by 

𝐿𝑛 = √∑ ‖𝑐𝑛
𝑚‖2𝑛

𝑚=−𝑛 , (𝑛 = 0⋯15), (C.4) 

where ||.|| is the L2 norm and Ln values are also normalised by L0 to eliminate the influence of 

particle volume. Moreover, because L1 does not influence much the SH-reconstructed particle 

morphology as that in 2D Fourier transformation (Mollon and Zhao, 2012), L1 is set to 0. At last, 

the so-called SH descriptors are defined as: 

{
𝐷0 = 1
𝐷𝑛 =𝐿𝑛/𝐿0, (𝑛 = 2, 3, 4, 5… )

. (C.5) 

As in Fig. C.1, the exponential relations between Dn and n of wide ranges of real particulates have 

been found that: 

𝐷𝑛 ∝ 𝑛
𝛽, (C.6) 

where β = -2H is the slope of the regression plot of log (Dn) versus log (n) and H was the Hurst 

coefficient that is related to the Fractal Dimension (Df) of Fourier transformation by the following 

expression (Russ, 2013): 

Df = 3 – H = (6+β)/2. (C.7) 

By substituting Eq. (C.6) into Eq. (C.7), the remaining SH descriptors can be quantified by: 

𝐷𝑛 = 𝐷2 · (
𝑛

2
)
2𝐷𝑓−6

. (C.8) 
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Roughness of one specific particle surface is also defined. Starting with Parseval’s formula and 

orthogonality of SH function, 

𝑀𝑆𝐷 =
1

4𝜋
∑ ∑ ‖𝑐𝑛

𝑚‖𝑛
𝑚=−𝑛

∞
𝑛=0

2
. (C.9) 

Roughness existing on a surface is not meaningless, when it is compared with a specific surface. 

If the SH coefficients of two compared surfaces are 𝑐1,𝑛 and 𝑐2,𝑛, the global differences between 

them can be defined as root mean square distance (RMSD), 

𝑅𝑀𝑆𝐷 = √
1

4𝜋
∑ ∑ ‖𝑐1,𝑛

𝑚 − 𝑐2,𝑛
𝑚 ‖𝑛

𝑚=−𝑛
∞
𝑛=0

2
. (C.10) 

Due to the periodicity of spherical angles, ∫ ∫ 𝑟(𝜃, 𝜑)
𝜋

0

2𝜋

0
𝑑𝜃𝑑𝜑  is rotational invariant. If the 

roughness is defined as how different it is from it 𝑐0-determined sphere, we obtain: 

𝑐2,𝑛 = 𝑐1,𝑛
0 . (C.11) 

It is also necessary to normalize the roughness by the 𝑐0-determined sphere: 

𝑅𝑟 =
√
1

4𝜋
∑ ∑ ‖𝑐𝑛

𝑚‖2𝑛
𝑚=−𝑛

𝑛𝑚𝑎𝑥
𝑛=1

𝑐0
0⋅𝑌0

0(𝜃,𝜑)
. (C.12) 

where Rr is the defined relative roughness. Then Eqs. (C.4-5) and (C.8) in Appendix. A are 

imported into Eq. (6.19), the relations between Rr and D2 and Df are:  

𝑅𝑟 =

√ 1

4𝜋
(𝐿1

2+∑ (𝑐0
0·𝐷2·(

𝑛

2
)
2𝐷𝑓−6

)
2

𝑛𝑚𝑎𝑥
𝑛=2 )

𝑐0
0⋅𝑌0

0(𝜃,𝜑)
. (C.13) 

Since L1 is set to zero and 𝑌0
0(𝜃, 𝜑) =

1

2√𝜋
, Rr reads 

𝑅𝑟 = √∑ (𝐷2 · (
𝑛

2
)
2𝐷𝑓−6

)
2

𝑛𝑚𝑎𝑥
𝑛=1 . (C.14) 

Considering nmax = 15 in this study, it is clear that if two of Rr, D2 and Df are known, the third is 

determined automatically. In other words, global particle roughness is dependent on both D2 and 

Df. 

As a result, the multi-scale aggregate morphology features are compressed into two parameters, 

namely D2 and Df. Although in Chapter 3, the linear relation between SH descriptor and degree n 

in log-log scales has been illustrated, only two kinds of sand particles are contained, and they are 

of the similar size (e.g. the equivalent-volume-sphere is from 0.5 mm to 2 mm). For further 

improving, six kinds of particles, as shown in Fig. C.1, in concrete and with size laying in larger 

scopes (e.g. from fine sands to coarse aggerate) from Virtual Cement and Concrete Testing 
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Laboratory (VCCTL, Bullard, 2014) are covered. Again, it is proven that the SH-based Df enabled 

the description of hierarchical particle morphological features. 

 

Fig. C.1 The relations between SH descriptor Dn and SH expansion degree for six kinds of granular 

materials used in concrete (adopted from Bullard (2014)): (a): Fine sands; (b): Coarse aggregates. 

  

 

 

 

MA106A-1: fine

MA107-6: fine

MA114F-3: fine

MA111-7: coarse

MA99BC-5: coarse

MA106B-4: coarse
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Appendix D: From SH-reconstructed Voronoi cells to realistic aggregate shapes 

As aforementioned, after meshing Voronoi cells and reconstructing them, the SH coefficients 

{𝑐′𝑖,𝑛}𝑖=1
𝑁

 of each Voronoi cells can be obtained: 

{𝑐′𝑛}𝑖=1
𝑁 =

(

 
 
 
 
 
 
 
 
 

{𝑐′𝑖,0}𝑖=1
𝑁

{𝑐′𝑖,1}𝑖=1
𝑁

⋮

{𝑐′𝑖,𝑛−1}𝑖=1
𝑁

{𝑐′𝑖,𝑛}𝑖=1
𝑁

{𝑐′𝑖,𝑛+1}𝑖=1
𝑁

⋮

{𝑐′𝑖,25}𝑖=1
𝑁

)

 
 
 
 
 
 
 
 
 

𝑇

 

=

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 

{𝑐′𝑖,0}𝑖=1
𝑁

({𝑐′𝑖,1
−1}

𝑖=1

𝑁
{𝑐′𝑖,1

0 }
𝑖=1

𝑁
{𝑐′𝑖,1

1 }
𝑖=1

𝑁
)
𝑇

⋮

({𝑐′𝑖,𝑛−1
−(𝑛−1)

}
𝑖=1

𝑁

⋯ {𝑐′𝑖,𝑛−1
0 }

𝑖=1

𝑁
⋯ {𝑐′𝑖,𝑛−1

𝑛−1 }
𝑖=1

𝑁
)
𝑇

⏟                                  
2×(𝑛−1)+1

({𝑐′𝑖,𝑛
−𝑛}

𝑖=1

𝑁
⋯ {𝑐′𝑖,𝑛

0 }
𝑖=1

𝑁
⋯ {𝑐′𝑖,𝑛

𝑛 }
𝑖=1

𝑁
)
𝑇

⏟                            
2×𝑛+1

({𝑐′𝑖,𝑛+1
−(𝑛+1)

}
𝑖=1

𝑁

⋯ {𝑐′𝑖,𝑛+1
0 }

𝑖=1

𝑁
⋯ {𝑐′𝑖,𝑛+1

𝑛+1 }
𝑖=1

𝑁
)
𝑇

⏟                                  
2×(𝑛+1)+1

⋮

({𝑐′𝑖,25
−25}

𝑖=1

𝑁
⋯ {𝑐′𝑖,25

0 }
𝑖=1

𝑁
⋯ {𝑐′𝑖,25

25 }
𝑖=1

𝑁
)
𝑇

⏟                              
2×25+1 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑇

. (D.1) 

Then for a given D2 and Df, via scaling {𝑐′𝑖,𝑛}𝑖=1
𝑁

 using real numbers, the SH coefficients {𝑐′′𝑖,𝑛}𝑖=1
𝑁

 

of temporary aggregate shapes can be obtained from:  



- 179 - 
 

{𝑐′′𝑛}𝑖=1
𝑁 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

{𝐷′′𝑖,0}𝑖=1
𝑁

{𝐷′𝑖,0}𝑖=1
𝑁 · {𝑐′𝑖,0}𝑖=1

𝑁

(0 0 0)𝑇

⋮
{𝐷′′𝑖,𝑛−1}𝑖=1

𝑁

{𝐷′𝑖,𝑛−1}𝑖=1
𝑁 · ({𝑐′𝑖,𝑛−1

−(𝑛−1)
}
𝑖=1

𝑁

⋯ {𝑐′𝑖,𝑛−1
0 }

𝑖=1

𝑁
⋯ {𝑐′𝑖,𝑛−1

𝑛−1 }
𝑖=1

𝑁
)
𝑇

⏟                                  
2×(𝑛−1)+1

{𝐷′′𝑖,𝑛}𝑖=1
𝑁

{𝐷′𝑖,𝑛}𝑖=1
𝑁 · ({𝑐′𝑖,𝑛

−𝑛}
𝑖=1

𝑁
⋯ {𝑐′𝑖,𝑛

0 }
𝑖=1

𝑁
⋯ {𝑐′𝑖,𝑛

𝑛 }
𝑖=1

𝑁
)
𝑇

⏟                            
2×𝑛+1

{𝐷′′𝑖,𝑛+1}𝑖=1
𝑁

{𝐷′𝑖,𝑛+1}𝑖=1
𝑁 · ({𝑐′𝑖,𝑛+1

−(𝑛+1)
}
𝑖=1

𝑁

⋯ {𝑐′𝑖,𝑛+1
0 }

𝑖=1

𝑁
⋯ {𝑐′𝑖,𝑛+1

𝑛+1 }
𝑖=1

𝑁
)
𝑇

⏟                                  
2×(𝑛+1)+1

⋮
{𝐷′′𝑖,25}𝑖=1

𝑁

{𝐷′𝑖,25}𝑖=1
𝑁 · ({𝑐′𝑖,25

−25}
𝑖=1

𝑁
⋯ {𝑐′𝑖,25

0 }
𝑖=1

𝑁
⋯ {𝑐′𝑖,25

25 }
𝑖=1

𝑁
)
𝑇

⏟                              
2×25+1 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑇

. (D.2) 

where {𝐷′′𝑛}𝑖=1
𝑁  and {𝐷′𝑛}𝑖=1

𝑁  can be calculated using Eq. (6.27).  
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Appendix E: Details of surficial mesh generation 

According to Euler's formula in topology, 

ℵ + ᶂ − ᶒ = 2, (E.1) 

where ℵ, ᶂ and ᶒ read the number of vertices, faces and edges of the approximated sphere. Since 

one edge is shared by two triangles, ℵ can be written as: 

ℵ =
ᶂ

2
+ 2. (E.2) 

Firstly, ℵ  vertices are randomly distributed on the surface of the sphere. Then iterations are 

conducted by moving the position of each vertex, in descending orders of their contribution in Eq. 

(6.33), along the negative gradient and then onto unit sphere surface: 

{{𝒙𝑗}𝑗=1
ℵ
}ⅈ+0.5 = {{𝒙𝑗}𝑗=1

ℵ
}ⅈ −α [

∂Є

∂{{𝒙𝑗}𝑗=1
ℵ

}
𝑖

− ({{𝒙𝑗}𝑗=1
ℵ
}
𝑖
·

𝜕Є

𝜕{{𝒙𝑗}𝑗=1
ℵ

}
𝑖

) {{𝒙𝑗}𝑗=1
ℵ
}
𝑖
], (E.3) 

{{𝒙𝑗}𝑗=1
ℵ
}ⅈ+1 =

{{𝒙𝑗}𝑗=1
ℵ

}𝑖+0.5

‖{{𝒙𝑗}𝑗=1
ℵ

}𝑖+0.5‖
, (E.4) 

where ⅈ meant the ⅈ-th iteration; 𝒙𝑗 = (𝑥𝑗,1 𝑥𝑗,2 𝑥𝑗,3)𝑇 is the position vector of j-th vertex on the 

unit sphere surface; α is the step size and defined as 10-3, here. Every triangle-approximated sphere 

is obtained after 1000 iterations. Notably, the closed-form of Eq. (E.3) is hard to obtain, of which 

approximation of 
∂Є

∂{{𝒙𝑗}𝑗=1
ℵ

}
𝑖

 is written in Appendix F. Fig. E.1 shows spheres with 36, 396 and 3996 

nearly uniform distributed triangular meshes, respectively. 

 

 

Fig. E.1 Snapshots of spheres with nearly uniform triangular meshes with different number of 

vertices: (a) 20; (b) 200; and (c) 2000. 

 Due to the setting up of RVE structures, some aggregates crossed by the concrete boundary are 

cut. Some short edges are unavoidable and made computation costs higher. Although such short 

(a) (b) (c)
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edges can be merged via altering the flat surface induced by cut planes, stress concentrations in 

the alternations can hinder the usage of the RVE. For these aggregates, an octahedron-based 

geodesic structure is applied to reconstruct their surficial meshes, as in Fig. E.2 (a). Submitting Eq. 

(6.14) into transformation matrix from spherical to Cartesian coordinates: 

{

𝑥𝐼(𝜃, 𝜑) = sin𝜃 ∙ cos𝜑 ∑ ∑ 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑)

𝑦𝐼(𝜃, 𝜑) = sin𝜃 ∙ sin𝜑∑ ∑ 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑)

𝑧𝐼(𝜃, 𝜑) = cos𝜃 ∑ ∑ 𝑐𝑛
𝑚𝑛

𝑚=−𝑛
∞
𝑛=0 𝑌𝑛

𝑚(𝜃, 𝜑)

, (E.5) 

it is evident that when 𝜑 = 0,
𝜋

2
, 𝜋  and 

3𝜋

2
 and 𝜃 = 0 and 𝜋, three orthogonal planes could be 

achieved, and the three planes crossed each other at the original coordinate which is also set as the 

‘centre’ of aggregate on the corner of the concrete. The ‘centre’ of other cut aggregate is selected 

on the cut plane. As in Fig. E.2 (b) and (c), changing reconstruction centre of this type of realistic 

star-like aggregates would little alter its morphology, while short cut edges are avoided. 

 

Fig. E.2 (a): octahedron-based geodesic mesh; (b): particle surface mesh produced by triangular 

topology relations from (a); and (c): particle surface mesh reconstructed from shifted ‘centre’. 

  

(a) (b) (c)
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Appendix F: Approximation of 
∂Є

∂{{𝒙𝑗}𝑗=1
ℵ

}
𝑖

 

Vertex charge is a function of its position and can be described by linear interpolation, 

𝑞𝑗 = 𝑞 ({𝒙𝑗}𝑗=1
ℵ
) = 𝑢𝑞𝑗,1 + 𝑣𝑞𝑗,2 + 𝑤𝑞𝑗,1. (F.1) 

where u, v and w are the spherical barycentric coordinates of 𝒙𝑗 , hence with {𝑨𝑗}𝑗=1
ℵ

=

[{𝑥𝑗,1}𝑗=1
ℵ

{𝑥𝑗,2}𝑗=1
ℵ

{𝑥𝑗,3}𝑗=1
ℵ
], 

{𝑨𝑗}𝑗=1
ℵ

· [𝑢 𝑣 𝑤]𝑇 = {𝒙𝑗}𝑗=1
ℵ

, 𝑢, 𝑣, 𝑤 ≥ 0, 𝑢 + 𝑣 + 𝑤 ≥ 1. (F.2) 

Via the triangle intersection meshing algorithm in Borodachov et al. (2008), an approximation of 

Є is obtained: 

∂Є

∂{{𝒙𝑗}𝑗=1
ℵ

}
𝑖

≈ 2∑
𝑞𝑗

𝑑𝑗,𝑘

[
 
 
 
 
 

𝑎𝑑𝑗({𝑨𝑗}𝑗=1
ℵ

)

𝑑𝑒𝑡({𝑨𝑗}𝑗=1
ℵ

)
· [𝑞𝑗,1 𝑞𝑗,2 𝑞𝑗,3]

+
𝑞𝑗{𝒙𝑗}𝑗=1

ℵ
{𝒙𝑘}𝑘=1

ℵ

𝑑𝑗,𝑘[1−({𝒙𝑗}𝑗=1
ℵ

·{𝒙𝑘}𝑘=1
ℵ )

2
]
2 {𝒙𝑘}𝑘=1

ℵ

]
 
 
 
 
 

𝔄𝑗
𝑗≠𝑘

. (F.3) 

where adj (.) and det (.) denote the adjoint and determinant matrices; 𝔄𝑗 = {𝑘|{𝒙𝑗}𝑗=1
ℵ

· {𝒙𝑘}𝑘=1
ℵ ≥

cos 𝛾}, and 𝛾 =
𝜋

4
 is the threshold value of angle separation in this study. 
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Appendix G: Expansion of |𝑋𝜃⃗⃗ ⃗⃗  × 𝑋𝜑⃗⃗⃗⃗  ⃗| 

With 

𝜕�⃗� 

𝜕𝜃
= (

𝑟 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜑 + 𝑟𝜃 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜑⏟                  
𝑥

𝑟 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜑 + 𝑟𝜃 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜑⏟                  
𝑦

𝑟𝜃 𝑐𝑜𝑠 𝜃 − 𝑟 𝑠𝑖𝑛 𝜃⏟          
𝑧

) ,

 (G.1) 

and 

𝜕�⃗� 

𝜕𝜑
= (

−𝑟 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜑 + 𝑟𝜑 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜑⏟                    
𝑥

𝑟 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜑 + 𝑟𝜑 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜑⏟                  
𝑦

𝑟𝜑 𝑐𝑜𝑠 𝜃⏟    
𝑧

), (G.2) 

we can obtain 

|𝑋𝜃⃗⃗ ⃗⃗  × 𝑋𝜑⃗⃗⃗⃗  ⃗| = |
𝜕�⃗� 

𝜕𝜃
×
𝜕�⃗� 

𝜕𝜑
| = 𝑟 · √(𝑟𝜑2 + 𝑟𝜃2 (𝑠𝑖𝑛 𝜃)2 + 𝑟2 (𝑠𝑖𝑛 𝜃)2). (G.3) 
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Appendix H: Dependence of Df on variance of changed surface area 

 

 

Fig. H.1 Influences of Df on mean varied S, of which every data point is for average results 

calculated from closed-form solutions of 2000 virtual particles. The solid line denotes results from 

regression analysis. 

  

D2

0.03 0.30
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Appendix I: Convergence of Rr with Df < 2.75 

From Eq. (7-5), we can set Rr as a function of nmax, 

𝑅𝑟(𝑛𝑚𝑎𝑥) = √∑ (𝐷2 · (
𝑛

2
)
2𝐷𝑓−6

)
2

𝑛max
𝑛=2 .  (I.1) 

Then we have 

𝑅𝑟
2(𝑛𝑚𝑎𝑥) = 2

12−4𝐷𝑓 · 𝐷2
2 · ∑

1

𝑛
12−4𝐷𝑓

𝑛max
𝑛=2 .  (I.2) 

When 𝐷𝑓 < 2.75, 12 − 4𝐷𝑓 > 1. If we have real number ℛ and 𝑛 − 1 ≤ ℛ ≤ 𝑛, the following equation 

can be obtained: 

1

ℛ
12−4𝐷𝑓

≥
1

𝑛
12−4𝐷𝑓

.  (I.3) 

Then 

1

𝑛
12−4𝐷𝑓

= ∫
1

𝑛
12−4𝐷𝑓

𝑛

𝑛−1
𝑑ℛ ≤ ∫

1

ℛ
12−4𝐷𝑓

𝑛

𝑛−1
𝑑ℛ.  (I.4) 

Thus, 

∑
1

𝑛
12−4𝐷𝑓

𝑛max
𝑛=2 ≤ ∑ ∫

1

ℛ
12−4𝐷𝑓

𝑛

𝑛−1
𝑑ℛ

𝑛max
𝑛=2 = ∫

1

ℛ
12−4𝐷𝑓

𝑛max
1

𝑑ℛ =
1

11−4𝐷𝑓
· (1 −

1

𝑛max
11−4𝐷𝑓

) <
1

11−4𝐷𝑓
.  

(I.5) 

As a result, the convergence of Rr can be described as 

𝑅𝑟(𝑛𝑚𝑎𝑥) <
2
6−2𝐷𝑓·𝐷2

√11−4𝐷𝑓
.  (I.6) 

Finally, it can be seen that in Fig. I.1, Rr does have a tendency of convergency, when 𝐷𝑓 < 2.75. Meanwhile, 

for lower Df, Rr (nmax) can be approximated as 

𝑅𝑟(𝑛𝑚𝑎𝑥 = ∞) ≈ 𝑅𝑟(𝑛𝑚𝑎𝑥 = 15).  (I.7) 
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Fig. I.1 Relations between normalized Rr by D2 and maximum SH expansion degree nmax. 
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