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 i g  h  l  i  g  h  t  s

The  influence  of  the  particle  shape  on  the bulk  mechanical  behavior  of  ceramic  breeder  was  investigated.
A  DEM  code  was  extended  to analyse  assemblies  of ellipsoidal  particles.
A  remarkable  influence  of  the  particles  shape  on the  mechanical  behavior  of  pebble  beds  was  observed.
A  more  compliant  behavior  was found  in  assemblies  of  particles  with  higher  aspect  ratios.
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llipsoidal particles

a  b  s  t  r  a  c  t

The  breeder  materials  proposed  for  the  solid  tritium  breeding  blanket  concepts  are  ceramic  lithium-
based  compounds  in  the  form  of pebble  beds.  Different  fabrication  processes  have  been  developed  to
produce  pebbles  with a high  sphericity.  However,  a small  deviation  from  a perfectly  spherical  shape
exists.  In  this  paper  the  influence  of non-sphericity  on  the  mechanical  behaviour  of  a  pebble  bed  is
assessed  representing  the  currently  produced  pebbles  by means  of ellipsoidal  particles.  To  this  end,  the
in-house  Discrete  Element  Method  code  KIT-DEM  was  further  extended.  The  multi-sphere  approach  was
implemented  to  generate  the  ellipsoidal  particles  while  the  existing  random  close  packing  algorithm
was  modified  to  create  the  assemblies.  Uniaxial  compression  of  the  assemblies,  under  periodic  boundary
conditions,  was  simulated  to  investigate  the  bulk  stress-strain  behaviour  of the  bed.  Sensitivity  studies
were  carried  out  with  different  packing  factors  of the  assembly  and  several  aspect  ratios  of the particles.

In agreement  with  previous  studies  carried  on  assemblies  of  spherical  pebbles,  the  initial  packing  factor
was  found  to  noticeably  affect  the  mechanical  response  of the  investigated  assemblies.  Moreover,  a
remarkable  influence  of  the  shape  on the  mechanical  behavior  of  the  simulated  assemblies  was  observed.
Therefore  it  is concluded  that  for  production  techniques  that result  in  poor  sphericity,  DEM simulations
with  non-spherical  particles  are  necessary  to reproduce  realistic  stress-strain  behavior  of  pebble  beds.

© 2017  Elsevier  B.V.  All  rights  reserved.
. Introduction

The solid Breeding Blanket (BB) concepts make use of lithium-
ased ceramic pebble beds as tritium breeder. The pebbles are
urrently produced by different fabrication processes proposed
y five members of the International Thermonuclear Experimen-

al Reactor (ITER) agreement. The particles are characterized by a
pheroidal shape with a maximum size around 1 mm to minimize
olumetric swelling, thermal cracking as well as to ensure a homo-

∗ Corresponding author.
E-mail address: marigrazia.moscardini@kit.edu (M.  Moscardini).

ttp://dx.doi.org/10.1016/j.fusengdes.2017.05.110
920-3796/© 2017 Elsevier B.V. All rights reserved.
geneous filling of the blanket [1–3]. The sphericity of the pebbles
strongly depends on the fabrication method. Among the proposed
processes both the sol-gel [4] and the melt-spraying [5] method
show a high sphericity of 1.03 and 1.05, respectively.

The overall properties of pebble beds and their mechanical
response depend strongly on the particle shape [6] as well as on the
packing state [7,8]. A non-spherical particle shape could influence
the bed response to external loads generating different stress levels,
residual strains and micro response at the particle-scale compared
to pebbles of a perfectly spherical shape. Moreover, the packing

behavior as well as the packing structure could be affected by the
particle shape, which in turn will further influence the mechani-
cal response. All this, with regard to the breeder beds could have

dx.doi.org/10.1016/j.fusengdes.2017.05.110
http://www.sciencedirect.com/science/journal/09203796
http://www.elsevier.com/locate/fusengdes
http://crossmark.crossref.org/dialog/?doi=10.1016/j.fusengdes.2017.05.110&domain=pdf
mailto:marigrazia.moscardini@kit.edu
dx.doi.org/10.1016/j.fusengdes.2017.05.110
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n impact on the configuration of the particles and the achievable
acking factor, as well as on the occurrence of ratcheting, pebble
reakage and gap formation between pebble bed and container
all. Consequently, understanding the effects of pebble shape is

f significance with respect to pebble production and breeder zone
esign.

To model non-spherical particles, several numerical methods
ere proposed in the community of the Discrete Element Method

DEM). A brief overview of four main approaches is reported in the
ollowing: (1) The super quadratic method describes the shape of
on-spherical particles mathematically. In particular one choice (1-
) is to discretize the surface of the particle by individual points
eaning that a uniform discretization by equally spaced points

s suitable for perfectly symmetrical particles while an adaptive
iscretization is used to represent particles with sharp vertices or
dges for whom a large amount of points are required [9]. Another
ption (1-b) is a representation by a continuous function. The
ain weakness of the continuous function method is the use of

n elaborate contact algorithm while the drawback of the particle
urface discretization is the high computational time. (2) The poly-
ons/polyhedrons methods allow generating shapes with sharp
dges or flat surfaces. It has a very high stability however a very
omplex contact detection algorithm is needed [6]. (3) The Multi-
phere (MS) method is a very robust approach and it was  selected
o represent the ellipsoidal particles in this work. It relies on rep-
esenting different shapes by several overlapping primary spheres,
uch that the outer surface of the compound of the primary spheres
epresents the particle shape [6,10,11]. The main advantage of the

S method is that the robust contact algorithm developed for
pherical particles is still applicable between the primary spheres
f two non-spherical particles in contact. However, the compu-
ational time increases with the number of the primary spheres
equired to reach the desired level of smoothness of the particle
urface. Furthermore, owing to the intrinsically non-convex sur-
ace of the particles, multiple contacts could occur overestimating
he resulting contact forces. Höhner proposes in [12] a method to
educe the effect generated by Multi Contacts (MCs), introducing

 “correction” by dividing, at each time step, the increment of the
ormal and tangential force by the number of the contact points
etween two particles.

Starting from the in-house code KIT-DEM [7], several modifica-
ions have been implemented to generate assemblies of ellipsoidal
articles in oder to study their mechanical behavior. In the next
ection the algorithm implemented to create the assemblies of
llipsoidal particles is described. Section 3 explains in detail the
EM code used to simulate the compression of the assemblies. The
umerical results are reported in Section 4 while the conclusions
re drawn in Section 5.

. Generation of assemblies of ellipsoidal particles

This section presents the developed algorithm to generate
ssemblies consisting of composite ellipsoidal particles. It con-
ists of two subsections. The first subsection provides a detailed
verview of the MS  method while in the second subsection the
odifications of the existing Random Close Packing (RCP) algo-

ithm are described.

.1. Multi-sphere approach

In the MS  approach several primary spheres in overlap are clus-

ered to form approximately the desired geometry. The size, the
umber and the overlap of the primary spheres can be tailored
o obtain the desired shape. To maintain the geometry the rela-
ive position between the primary spheres of a single particle must
g and Design 121 (2017) 22–31 23

not change. For an ellipsoidal shape an odd number of primary
spheres is suggested to simplify the implementation of the equa-
tions of motion. The studies reported in this paper were performed
on assemblies consisting of mono-sized ellipsoidal particles. The
implementation of the MS  method in this code was limited to clus-
tering three mono-sized spheres to create each ellipsoidal particle.
This limitation was sufficient to represents the pebbles currently
produced and, more important, developing an understanding of
some basic effects of non-spherical particles. The number of the
particles in a bed and the aspect ratio are set as input parameters.
The aspect ratio ar is defined as the ratio between the major axis of
the ellipsoidal particle generated and the diameter of the primary
spheres. Furthermore, the overlap (ıs) is related to the aspect ratio,
to the number of the clustered primary spheres (Ns) and to their
radius (R) as

ıs = ıR , (1)

where

ı = 2
Ns − ar
Ns − 1

(2)

is the fraction of the radius in overlap.
Initially all spheres required to create the ellipsoidal particles are

randomly generated in a cubic box with an edge length L (Fig. 1a).
In this work 15,000 spheres are generated to create 5000 ellipsoidal
particles. Each ellipsoidal particle and each sphere is numbered
sequentially. According to the assigned number the spheres are
then classified in three groups, namely spheres “a” (from 1 to
5000), spheres “b” (from 5001 to 10,000) and spheres “c” (from
10,001 to 15,000). Each ellipsoidal particle is formed by aligning
three spheres belonging to the groups “a”, “b” and “c” with a fixed
distance and overlap depending on the desired aspect ratio. The
spheres “a” and “b” become the external primary spheres of the
ellipsoidal particle while the sphere “c” is placed in the middle of
the line joining centers of “a” and “b” to complete the formation of
an ellipsoidal particle (Fig. 1b). In particular the ellipsoidal particle
number 1 is created moving the sphere “b” 5001 in the direction
of the sphere “a” 1, thereafter the sphere “c” 10,001 is moved in
the middle (Fig. 1a). With the same method the other ellipsoidal
particles are generated (e.g., the ellipsoidal particle number i is
composed by the spheres i, 5000 + i and 10,000 + i belonging to the
groups “a”, “b” and “c”, respectively). The coordinates of the motion
of a sphere “b” along the line showed in Fig. 1a are given by:

⎧⎪⎨
⎪⎩
x
(
tf
)

= xa + tf (xb − xa)

y
(
tf
)

= ya + tf (yb − ya)

z
(
tf
)

= za + tf (zb − za)

, (3)

where subscript a indicates the position of sphere “a”, while sub-
script b indicates the initial position of sphere “b”. The value tf for
the final position (x(tf ), y(tf ), z(tf )) of sphere “b” is chosen such that
a given aspect ratio ar is obtained. For the composite particle, the
aspect ratio is given by:

ar = d + 2R
2R

, (4)

where R is the radius of a primary sphere and

√( ( ) )2 ( ( ) )2 ( ( ) )2

d = x tf − xa + y tf − ya + z tf − za , (5)

is the distance between the two  external spheres in the final con-
figuration. Plugging x(tf ), y(tf ), z(tf ) into Eq. (5) and defining the
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alue of d in function of the aspect ratio from the Eq. (4) the value
f tf is obtained as

f = d√
(xb − xa)2 + (yb − ya)2 + (zb − za)2

(6)

The final position of the center of sphere b is obtained from
nserting the solution tf into Eq. (3).

When all particles are formed two different kinds of overlaps
xist. The first (ıs as given in Eq. (1)) is between the primary spheres
omposing the same ellipsoidal particle (Fig. 1b) while the second
ıp) occurs between the spheres of two different ellipsoidal parti-
les in contact (Fig. 2a). This is an artifact due to placing primary
pheres randomly and forming composite particles from them. The
ext subsection deals with the procedure to remove this second
ind of unphysical overlaps from the assembly.

.2. Random Close Packing Algorithm

The Random Close Packing Algorithm (RCP), first proposed by
odrey and Tory [13] and successively used by Gan et al. [7,14] to
enerate random and densely packed assemblies of spherical par-
icles, was adapted in order to be consistent with the MS  method
reviously described. The modified RCP iteratively eliminates the
verlap ıp between two ellipsoidal particles in contact (Fig. 2a). The
rimary spheres are characterized by an outer radius Rout and inner
adius Rin as schematically shown in Fig. 2b. These two values are
he same for all primary spheres and they are defined as follows:
out characterizes overlaps between particles. On the contrary the

nner radius Rin, defined as the half of the distance between the cen-
ers of the two closest primary spheres of two different ellipsoidal
articles, is the value for which no overlap between ellipsoidal par-
icles occurs in the whole assembly. These two radii are adjusted
o approach each other step by step by removing the worst overlap

f the current iteration. When (Rout − Rin)/Rout falls below a certain
hreshold, the assembly is considered to be free of overlaps and the
nal configuration is reached.

ig. 1. a) Centers of the spheres in the virtual cubic box; b) Composed ellipsoidal
article.

Fig. 2. a) Ellipsoidal particles in overlap; b
g and Design 121 (2017) 22–31

The details related to the generation of the starting configura-
tion and to the iteration process are described below. The initial
configuration is defined as follows. First, the spherical particles are
generated randomly into the virtual cubic box (Fig. 1a) as described
in the previous subsection. Afterwards, the initial value of Rout is
set to get an ideal starting packing factor (PF(0)) equal to 1 [13].
The PFi is expressed as the ratio between the volume taken by the
ellipsoidal particles and the volume of the box as

PF (0) = VpNp

V
= 1, (7)

where Vp and Np are the volume and the number of the com-
posed ellipsoidal particle contained in the volume V of the virtual
box, respectively. Implementing the volume of the ellipsoidal par-
ticles, the volume in overlap introduced by the union of the primary
spheres is subtracted. Therefore the volume of the composed ellip-
soidal particle is calculated as difference between the volume of
the three primary spheres and the volume of the spherical caps in
overlap as

Vp = (VsNs − Vsc2 (Ns − 1)) , (8)

where Ns is the number of the primary spheres clustered to form
the ellipsoidal particle and (Ns + 1) is the number of the spherical
caps in overlap. The volume of one spherical cap Vsc and the volume
of one sphere are given by

Vsc = �h2
(
Rout − h

3

)
; Vs = 4

3
�R3

out, (9)

where h, as shown in Fig. 2a, is the height of the spherical cap.
Besides h is also half of the distance in overlap and it is evaluated
as

h = Routı

2
. (10)

Plugging h into Eq. (9) and then Vsc into the Eq. (8) the vol-
ume  of the composed ellipsoidal particles is defined as a function
of Rout. Substituting Vp into the Eq. (7) Rout is defined as a func-
tion of PF(0)

. Finally, the ellipsoidal particles are created considering
Rout as the starting radius by means of the MS  method described in
the previous subsection. Now the initial configuration is ready and
the iteration process is started. The initial value of Rout defines the
largest overlap between any two  particles in the assembly and it is
the largest value assumed by Rout during the entire simulation. On
the other hand, due to its definition, the initial value of Rin is the
smallest value evaluated during the entire simulation.

During each iteration the code detects the overlaps between
primary spheres of contacting particles and creates a list starting

from the largest overlap. The inner radius is then calculated as func-
tion of the worst overlap as defined above and the primary spheres
in contact are moved away from each other equally by a distance
of Rout-Rin along the line that connects the two centers. Then the

) Outer and inner radius of spheres.
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Fig. 3. Packing factor obtained from selected values of contraction rate k for assem-
blies of 5000 ellipsoidal particles with an aspect ratio of ∼1.12.
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ference in velocities of the surfaces of the corresponding primary
ig. 4. Assembly of 5000 mono-sized ellipsoidal particles composed of 3 equal-sized
pheres in overlap.

ther primary spheres composing the ellipsoidal particles in con-
act are accordingly moved to maintain the particle’s shape and
patial orientation.

Afterwards, as described in Ref. [14] the outer radius is con-
racted according to

i+1 = Xi

(
1/2

)j
k

Np
, (11)

here Xi = R(i)
out/R

(0)
out and j = [−log10��(i)]. Here, i is the iteration

umber, and �� is the difference between the packing factors cal-
ulated by Rout and Rin. More details are reported in Ref. [15] for
andom packing of spherical particles. The parameter k is the con-
raction rate, and it is the input parameter that controls how fast
he outer radius is contracted in each iteration step. As reported in
ef. [15], the resulting packing factor can be roughly controlled by
. In order to check this relation for ellipsoidal particles, we  gener-
ted three assemblies for each value of k. The assemblies consisted
f 5000 ellipsoidal particles with an aspect ratio of ∼1.12, each par-
icle being composed of 3 primary spheres. In Fig. 3 the obtained
acking factors for the selected values of k are reported.

First, we observe that for the same value of contraction rate
early the same packing factor is obtained for different assem-
lies. Second, the trend of an increase of the packing factor with
ecreasing contraction rate can clearly be recognized. This together
onfirms that also for the ellipsoidal particles considered here the
acking factor of an assembly can roughly be controlled by the
ontraction rate.
Thus, it was shown how the random close packing algorithm
s introduced for spheres in [7,13–15] was adapted to generate
ssemblies composed by ellipsoidal particles.
g and Design 121 (2017) 22–31 25

The assemblies are visualized with Mathematica 10.3 [16]. Fig. 4
exemplarily shows one of the generated assemblies of ellipsoidal
particles having an aspect ratio of ∼1.12 and an overlap between
the primary spheres of ∼1.88R.

3. Discrete element method for ellipsoidal particles

DEM is a powerful computational tool to investigate the
micromechanics of granular materials. Particles composing the
assembly are individually identified with their shape, mass, phys-
ical and mechanical properties. The behavior of the assembly is
modelled by detecting the contact interactions between particles
and then by tracking the motion of each particle. Each interaction
is defined by the implemented contact model while the particles’
motion is described by the Newton and the Euler differential equa-
tions of motion. The macroscopic behavior of the assembly is then
obtained from the computed motion of each particle composing
the assembly.

3.1. Mechanical interaction

In this work, numerical simulations for assemblies of ellipsoidal
particles have been carried out. Uniaxial compression tests (UCT)
are simulated by applying a prescribed deformation to the assembly
of particles in a series of load steps separated by time increments
�t.  After each change of the prescribed deformation, the equations
of motion are solved until an equilibrium state is reached. Artificial
damping [7] is introduced to gradually remove all kinetic energy
from the system to reach the quasi-static condition. During such
a physical process of relaxation towards equilibrium, the equa-
tions of motion are solved numerically by an explicit time stepping
scheme.

As previously described, the ellipsoidal particles were generated
by means of the MS  method and the contact detection was carried
out between the primary spheres composing different particles.
Therefore, the contact detection algorithm developed for spherical
particles in Ref. [7], is still applicable. The contacts are considered
to be purely elastic with normal and tangential interactions. The
normal force is evaluated by the Hertzian contact law [17]

f (In,Qm)
N,j = − 4

3
E ∗

√
R∗

(
ıj

)3/2
nj. (12)

Here, f (In,Qm)
N,j is the normal force between the two  primary

spheres n and m constituting the different particles I and Q in con-
tact j. Here the subscripts m and n represent the primary sphere
a, b or c, as explained in Section 2. Furthermore, ıj is the overlap
in contact j between the two primary spheres constituting the two
different particles I and Q, while nj is the outward normal at the
primary sphere in contact j. Finally, since the particles in contact
are made of the same material in our case, the effective Young’s
modulus E* is expressed as E∗ = E/2

(
1 − �2

)
, while the reduced

radius R* is defined as R* = R/2 for the present case of mono-sized
particles.

The tangential force acting between In and Qm is taken as the
minimum between the friction and the shear force according to
Ref. [18] as

f (In,Qm)
T,j = − �ẋT,j

|�ẋT,j|
min(�|f (In,Qm)

N,j |; ksRa|�ẋT,j|�t), (13)

where � ẋT,j is the sliding velocity in contact j that occurs between
the two  primary spheres constituting different particles, i.e. the dif-
spheres in this contact. Furthermore, the parameters � and ks are
the friction coefficient of the contacting surfaces and the shear stiff-
ness, respectively. Last, Ra is the radius of the contact area, which
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Fig. 5. Multiple contacts between two particles I and Q at some time step n.

s expressed as Ra =

√(
1
RQm

+ 1
RIn

)
ıp [17]. The contact forces act-

ng on In are applied to Qm with the same magnitude but opposite
rientation to satisfy the principle of action and reaction. As shown

n Fig. 5, due to the shape approximation introduced by the MS
ethod, more than one contact can occur between two  particles.

This phenomenon is called multi-contact (MC). This means that
he code can detect more than one contact acting on the particle

 from the same primary sphere of the particle Q. The number of
he multi-contacts NMC

IQ between two particles I and Q depends on
he number of the primary spheres, on the overlap between them
nd on the relative position of the two contacting particles. In par-
icular, for two particles in contact each being composed of three
rimary spheres, the maximum number of multiple contacts is 9.
he possibility of multiple contacts (Fig. 5) is an intrinsic feature of
he MS  geometry, which does not happen between true ellipsoids
ue to their convexity. However, since we want to approximate
eal ellipsoids by MS  particles, we need to deal with artifacts due to

ultiple contacts such as overestimation of the resulting stresses.
To approach the ellipsoid situation by reducing the effect of the

ultiple contacts, it was suggested in Ref. [12] to divide the incre-
ent of both normal and tangential force at each time step n by

he current number NMC
IQ,ni of multiple contacts between particles I

nd Q. Thus, the contact forces are updated based on the previous
alue of time step n − 1. The normal force is updated according to

f̂ (I, Q)
N,kq,n

= f̂ (I, Q)
N,kq, n−1 +

�f (I, Q)
N,kq,n

NMC
IQ,n

; kq = 1, . . .,  NMC
IQ,n, (14)

here f̂ (I, Q)
N,kq,n

represents the adjusted magnitude of the normal

orce at time step n in a multiple contact kq, which particle I has

ith particle Q. Furthermore, the increment �f (I,Q)
N,kq,n

is the differ-

nce between f (I,Q)
N,kq,n

and f (I,Q)
N,kq,n−1, which are the corresponding

agnitudes of Eq. (12) at time steps n and n − 1, respectively.
The procedure to scale the tangential force on the multi con-

acts number requires a further observation. At each time step
he magnitude of the tangential force is defined as the minimum
alue between the friction force and the shear force, as reported
n Eq. (13). At this point the magnitude of the friction force, which
epends on the normal force, is already updated by means of Eq.
14). Therefore to avoid a further adjustment of the friction force
uring the same iteration the code scales only the magnitude of the
hear force according to

f̂ (I, Q)
Ts,kq,n

= f̂ (I, Q)
Ts,kq, n−1 +

�f (I, Q)
Ts,kq,n
MC

; kq = 1, . . .,  NMC
IQ,n. (15)
NIQ,n

In Eq. (15), f̂ (I, Q)
Ts,kq,n

represents the adjusted magnitude of the

hear force at time step n in a multiple contact kq, which particle I
g and Design 121 (2017) 22–31

has with particle Q. �f (I,Q)
Ts,kq,n

is the difference between f (I,Q)
Ts,kq,n

and

f (I,Q)
Ts,kq,n−1, which are the magnitudes of the shear force ksRa|�ẋT,j|�t

at time steps n and n − 1 respectively. Afterwards the minimum
value between the friction and the shear force is evaluated. The
adjusted magnitude of the normal force from Eq. (14) is then mul-
tiplied by the normal unit vector giving

f̂
(In,Qm)
N,j = f̂ (I, Q)

N,kq,n
nj (16)

On the other hand, the adjusted magnitude of the tangential
force, which is the minimum value between �f̂ (I, Q)

N,kq,n
and f̂ (I, Q)

Ts,kq,n
, is

multiplied by the tangential unit vector yielding.

f̂
(In,Qm)
T,j = − �ẋT,j

|�ẋT,j|
min(�f̂ (I, Q)

N,kq,n
; f̂ (I, Q)
Ts,kq,n

), (17)

The principle of action and reaction is satisfied, as the same
adjusted contact force magnitudes are taken to act on particle Q.
Details related to this approach are reported in Ref. [12]. Once the
normal force f̂ (In,Qm)

N,j and tangential force f̂ (In,Qm)
T,j are determined

for each contact j between In and Qm, their vectorial sum is used to
evaluate the total force.

F I
TOT =

∑
j

(f̂
(In,Qm)
N,j + f̂ (In,Qm)

T,j ) (18)

acting on the particle I, as well as the external torque.

M I
TOT =

∑
j

rj × (f̂
(In,Qm)
N,j + f̂ (In,Qm)

T,j ) (19)

where rj is the position vector between the contact point j and the
center of mass of the ellipsoid. The resulting forces F I

TOT evaluated
as the vectorial sum of the all forces acting on the three primary
spheres clustered to form the ellipsoidal particle and the torques
M I

TOT acting on the particles determine their motion in the assem-
bly. In classical mechanics the motion of a rigid body is described
by a translational and a rotational motion. The translational motion
is independent of the particle shape and it is defined by means of
Newton’s second law

mIẍ
I = F I

TOT (20)

where mI and ẍ
I
are the mass and the position vector of the center

of mass of particle I, respectively.

3.2. Equations of motion

Unlike the translational motion the rotation is affected by the
particle shape. For a non-spherical particle the implementation of
the moment of inertia in the global coordinate system is cumber-
some. In order to simplify the implementation of the tensor of the
moment of inertia, the rotational motion is expressed in a local
coordinate system instead of the global coordinate system fixed to
the assembly’s cubic box. The origin of the local coordinate system
is located at the center of mass of the particle with the axes ori-
ented along the main axes of inertia as shown in Fig. 6. Due to the
particle’s symmetry, the inertia tensor becomes in this coordinate
system diagonal containing only the principal moments of inertia
of a real ellipsoid Ixx, Iyy and Izz.

The rotational accelerations in the local frame are then evalu-
ated by means of the Euler equations [19]

I I I I
{
x,L x,L y,L z,L

MI
y,L = ω̇I

y,LIyy + (Ixx − Izz)ωI
x,Lω

I
z,L

MI
z,L = ω̇I

z,LIzz + (Iyy − Ixx)ωI
y,Lω

I
x,L

, (21)
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Fig. 6. Global and local coordinate system.

here ωIx,L , ωI
y,L, and ωI

z,L are the components of the vector ωI
L of

ngular velocity in the local coordinate system L, while MI
x,L, MI

y,L,

nd MI
z,L are the components of the vector of the resulting torque

I
TOT acting on particle I in the local coordinate system. Eq. (21)

an be solved for the vector of rotational acceleration, which can
hen be transformed into the global coordinate system G to calcu-
ate the velocities and the positions of the particles by means of
he Verlet Algorithm for the integration of the ordinary differential
quations of motion [20,21]. The transformations between the two
oordinate systems are performed via a rotation matrix. The rota-
ion matrix can be expressed in terms of Euler angles or in terms of
uaternions. However, the first approach suffers from the gimbal

ock singularity. Therefore, due to the absence of singularities, the
nit quaternion approach is used in this work for the coordinate
ransformation. In the next subsection the unit quaternion method
nd its implementation in the code is described.

.3. The unit quaternions method for the rotational motion

Quaternions were introduced in the nineteenth century by
amilton [22]. Quaternions were successively used to describe the

otational motion of a particle defining its orientation in space
23–25]. For the algebra of quaternions and their application to the
D motion of non-spherical particles, we refer to Ref. [26] and the
orks cited there.

A quaternion

 = [q0, q] (22)

s composed of a scalar q0 and a vector part

 = q1i + q2j + q3k. (23)

Here, q0, q1, q2 and q3 are real numbers and i, j and k are unit
ectors along to the x, y and z axis, respectively. By means of so-
alled unit quaternions the pure rotation of a vector is described
y two geometrical quantities: the angle of rotation � and the unit
ector q̌ about which the rotation takes place. Accordingly, such
nit quaternion is defined as

 = [cos
˛

2
, si n

˛

2
q̌], (24)

here

q̌‖ = 1. (25)

As described in Section 3, after prescribing a load step, the
umerical integration of the equations of motion during a relax-
tion process towards equilibrium is based on time steps. At time
tep n, by means of the angle of rotation

n = ‖ωn‖�t (26)
nd the normalized vector

ˇn = ωn
‖ωn‖ (27)
g and Design 121 (2017) 22–31 27

about which the rotation takes place, the unit quaternion q̂n taking
the particle from time step n − 1 to time step n is expressed as

q̂n = [cos
‖ωn‖�t

2
, sin

‖ωn‖�t
2

ωn
‖ωn‖ ], (28)

Here, �n is the angular velocity at time step n and �t  is the time
increment between time steps, meaning that q̂n represents the vari-
ation of the orientation in a time step �t.  To represent the change
from the initial orientation of a particle to the current orientation
at time step n direct multiplication method was implemented. In
this approach [26,27], the unit quaternion at the current time step
n is evaluated by

qn−1 =
n−1∏
m=1

q̂n−m, (29)

qn = q̂n−1qn−1, (30)

where q̂n−1 is the unit quaternion between the time steps n − 2
and n − 1, while qn−1 is the product of the unit quaternion between
the time step n − 1 and t = 0. Therefore qn−1 represents the total
rotation from the original orientation at t = 0 to the orientation at
time step n-1. The non-commutative multiplication of quaternions
is defined as pq = [p0q0 − pq, p0q + q0p + p × q],  which can also be
represented by a matrix operation [26]. In this updating method
the typical approach based on Taylor series is avoided and the mul-
tiplication replaces the addition operator in the integral equation.
The multiplication between unit quaternions preserves their unit
length and the further re-normalization, usually adopted after the
addition operation, can be avoided. Once the components of quater-
nion qn are defined in the global coordinate system, the rotation
matrix

R = (

1 − 2(q2
2 + q2

3)

2q1q2 + 2q0q3

2q1q3 − 2q0q2

2q1q2 − 2q0q3

1 − 2(q2
1 + q2

3)

2q0q1 + 2q2q3

2q0q2 + 2q1q3

2q2q3 + 2q0q1

1 − 2(q2
1 + q2

2)

) (31)

can be obtained. By means of the rotation matrix, the transforma-
tions between the global and the local coordinate systems L and G
can be carried out as

(

Vx,L

Vy,L

Vz,L

) = R(

Vx,G

Vy,G

Vz,G

), (32)

(

Vx,G

Vy,G

Vz,G

) = RT (

Vx,L

Vy,L

Vz,L

). (33)

Here, RT is the transposed rotation matrix, while the column

matrices VL = (Vx,L, Vy,L, Vz,L)
T and VG = (Vx,G, Vy,G, Vz,G)T consist

of the Cartesian components of some vector V in local and global
coordinates, respectively.

In the present study the rotation matrix is used to transform
the column matrix MITOT,G of the torque, Eq. (19) and the column
matrix of the rotational velocity ωIG from the global to the local coor-
dinate system through Eq. (32). Based on these local components,
the components of the rotational acceleration in the local coordi-
nate system are obtained from Eq. (21). Afterwards, the transposed
rotation matrix is used to transform the column matrix ω̇IL of the
rotational accelerations from the local to the global coordinate sys-

tem by means of Eq. (33). This has to be done for each ellipsoidal
particle at each time step n. Furthermore, the quaternion and the
rotation matrix of every particle need to be updated at each time
step.
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Table 1
Physical and mechanical properties of pebbles.

Parameter Value

Density of bulk material � 2260 kg/m3 [29]
Young’s modulus E 90 GPa [30]
Poisson Ratio � 0.25 [30]

F
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. Numerical simulations and discussion

In this work, the existing in-house DEM code was extended in
he way described above to simulate the uniaxial compression of
ssemblies consisting of ellipsoidal particles.

In order to represent the bulk behaviour of the pebble bed in
he blanket, periodic boundary conditions were applied all around

 virtual box consisting of packed ellipsoidal particles. Using peri-
dic boundary conditions, any wall effect on the packing structure

s avoided, while the bulk behaviour of the pebble bed in the blan-
et is reproduced with a reasonably low number of particles (5000

n this study). Periodic boundaries were already implemented for
pheres in the existing KIT-DEM-code [7,15]. For ellipsoidal par-
icles, the implementation was slightly modified to consider each
llipsoidal boundary pebble as a cluster of three spheres. Further
etails about the implementation of periodic boundary conditions

or packed spheres are reported in [7].
The assemblies are gradually compressed applying a constant

train increment (1.25e-3% for simulations with ellipsoidal par-
icles and 2.5e-3% for simulations with spheres) in one direction
alled the axial direction up to the maximum strain of 1.25%. The
pplied strain increments are chosen to represent quasi-static load-
ng conditions. The maximum macroscopic axial strain of 1.25%
s used in accordance with a previous study [7]. To represent the
o-called uniaxial compression test (UCT), the assembly is kept at
xed width in the other two space dimensions perpendicular to the
irection of uniaxial loading, while the periodicity of the system is
aintained.

When the maximum strain is reached, the assembly is gradually
nloaded until the stress �33 approaches zero. For each iteration the
tress is evaluated by the interaction forces acting between peb-
les [7]. The assemblies generated by means of the RCP contain
000 mono-sized ellipsoidal particles of Li4SiO4 packed in a virtual
ubic box. Simulations with a starting PF ranging from ∼62.5% to
64.27% were carried out to study its impact on the assemblies’
echanical behaviour. The starting packing factors are obtained

rom the Random Close Packing algorithm described in Section 2.2.
he assemblies generated here by this algorithm perfectly resemble
he bulk packing structure obtained in packing experiments [14].
his algorithm is suitable to generate densely packed initial struc-
ures practically free of overlaps without the use of artificial gravity
r preloading. Thus, a low number of contacts occur at the begin-
ing. During the very first few compression steps the number of
ontacts between particles rapidly increases (see Fig. 9) approach-
ng a strongly reduced rate of growth. However, the variation of
he PF during these very first few compression steps is insignifi-

ant. Therefore only the initial packing factor obtained from the
CP is reported.

The radius of the primary spheres is set to 0.25 mm.  The influ-
nce of the particle shape was examined by varying the aspect ratio

ig. 7. Stress-strain curves for compressive load concerning assemblies (a) of 5000 ellipso
Friction coefficient � 0.1 [7]
Shear Stiffness ks ∼55 GPa

in the range ∼1.03–1.12. The investigated range is consistent with
the sphericities of the currently produced pebbles. Sphericities of
1.03 and 1.05 are reported in Refs. [4,5], respectively. Aspect ratios
higher than 1.05 are representative of fabrication processes result-
ing in pebbles with a lower sphericity. The authors considered 1.12
the maximum aspect ratio to be appropriately simulated by 3 pri-
mary spheres. The reported aspect ratios have been rounded at the
second digit. The physical and mechanical properties used are given
in Table 1. In this work the shear stiffness is ks = 16/3Geff [28], where
Geff = E/4 (1  + �) (2 − �).

4.1. Numerical results

The simulated stress-strain curves of assemblies consisting of
ellipsoidal particles with an aspect ratio equal to ∼1.12 and char-
acterized by different initial PFs are reported in Fig. 7a. In agreement
with the previous studies carried on assemblies of spherical peb-
bles [7] the initial PF was found to noticeably affect the mechanical
response of the investigated assemblies. A slight modification of the
initial PF results in a considerable variation of the generated stress
state, which has potential impact on the overall thermo-mechanical
properties of the beds. Reducing the initial PF the assemblies exhibit
a more compliant behavior. As will be expected, the residual strain
after unloading increases with the reduction of the PF. In particu-
lar, the assembly characterized by the highest PF shows the stiffer
behavior (higher stress for a given strain) with the lowest residual
strain of about 0.8% after the unloading. The generated stress at the
end of loading reaches about 3.5 MPa. At the other end, the loosely
packed assembly shows (PF = 62.5%) a lower stress build-up for the
same maximum imposed strain. This assembly reaches a maximum
stress of 0.35 MPa  at the end of loading showing a residual strain
of 1.16% after unloading. This indicates a massive rearrangement
of the elastic particles contained in the assemblies during the com-
pression. Using the in-house DEM code previously developed [15],
assemblies of mono-sized spheres with initial PFs similar to those
reported in Fig. 7b for assemblies of ellipsoidal particles have been
generated and successively investigated. The spheres radius is set

to 0.25 mm and the material parameters reported in Table 1 are
used. The obtained stress-strain curves are compared with those of
ellipsoidal particle assemblies in Fig. 7a.

idal particles with ar ∼ 1.12 equal-packed and (b) of 5000 spheres with R = 0.25 mm.
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strain step is obtained by averaging consecutive values of Ei.The
calculated values were then reported in Fig. 10 in function of the
mean values of the strain evaluated in the corresponding range.
ig. 8. Stress strain curves for compressive load on assemblies of 5000 ellipsoidal
articles, PF ∼ 63.66% with aspect ratios in the range 1, . . .,  ∼1.12.

The assemblies composed of mono-sized spheres show a much
tiffer mechanical response than the equivalently packed assem-
lies of ellipsoids with a relatively small or even negligible residual
train after unloading. This evidences that assemblies of mono sized
pheres are more close to their maximum achievable PF in compar-
son to assemblies of ellipsoids with the same initial PF. Therefore
ven if the initial packing factor is the same, the assemblies of
llipsoidal particles are less dense in this sense of being more far
way from the theoretical maximum PF of ∼74% [31]. This sug-
ests that a slight deviation from a perfectly spherical shape can
emarkably influence the packing behaviour of a pebble bed, shift-
ng the maximum obtainable PF to higher values. Furthermore,
uring the compression (or packing) the ellipsoidal particles have

 higher mobility in the assembly (in comparison with spherical
ebbles) due to the extra degree of freedom associated to the rota-
ion. Particles can change their orientation finding more easily a
ew equilibrium configuration compared to spherical pebbles. This,
ogether with the assembly being more far away from its maximum
F, explains the softer mechanical behavior of the investigated
llipsoidal assemblies.

Sensitivity studies were performed on assemblies composed
f ellipsoidal particles varying the aspect ratio in the range
1.03–1.12. These assemblies have the same initial packing fac-

or of about 63.65–63.66%, the results are reported in Fig. 8. The
urves exhibit a strong dependence of the mechanical behavior
n the particle shape. A small reduction of the aspect ratio results

n a remarkable increment of the maximum stress and in a dis-
inct reduction of the residual strain after unloading. Decreasing
he aspect ratio from around 1.12–1.03, the behavior of the inves-
igated assemblies becomes stiffer approaching the curve of the
pherical particles of 0.25 mm of radius. This is an evidence of the
roper implementation of the method for non-spherical particles
resented in this paper. The increase of the maximum stress at the
nd of loading was found to be nonlinear with the reduction of the
articles’ aspect ratio. As a consequence of the results reported in
ig. 8, the influence of the particle shape on the pebble packing
ehavior can be stated such that even if the assemblies are gen-
rated with very similar PF, assemblies with higher aspect ratio
n the simulated range are more far away from the corresponding

aximum obtainable PF.
We attribute the more compliant mechanical behavior of the

ssemblies consisting of ellipsoidal particles, compared to the
quivalent packed assembly of spheres to two reasons. The first
ne is that structures generated with ellipsoidal particles are more

ar away from their respective maximum obtainable PF in com-
arison to assemblies of spheres with same PF, in particular for the
ssemblies with higher aspect ratio. The second reason is the higher
obility of the ellipsoidal particles, due to additional degrees of
Fig. 9. Coordination number as a function of hydrostatic pressure for assemblies of
particles with a PF about of 63.66% and aspect ratios in the range 1, . . .,∼1.12.

freedom in rotation, compared to spheres. The slightly different
mechanical behavior between spheres and ellipsoidal particles
with an aspect ratio of ∼1.03 is mainly due to the higher mobil-
ity of the ellipsoids in the assembly while we associate the softer
behavior at higher aspect ratios to these structures being more far
away from their maximum PF, mostly.

These statements are further validated by the graphs reported
in Figs. 9 and 10. Fig. 9 shows the coordination number (CN) eval-
uated for the loading path, in function of the hydrostatic pressure.
The coordination number is the average number of contacts per
particle and calculated as the ratio between the total number of
the contacts and number of particles in the assembly. In cases of
ellipsoidal particles, eventual multiple contacts between a pair of
particles are counted as a single contact. For a fixed value of hydro-
static pressure the coordination number increases with increasing
aspect ratio. This confirms that ellipsoidal particles with a higher
aspect ratio rearrange more easily with the result of increasing their
contacts with the neighbours. As a consequence a higher coordina-
tion number is reached at the same level of hydrostatic pressure.

Fig. 10 exemplarily displays the oedometric modulus during the
unloading path in function of the uniaxial strain for different aspect
ratios. The oedometric modulus (E) was  continuously calculated
as Ei = �	33,i/�ε33,i during the unloading until the stress in the
assembly approaches zero. Here �ε33,i is the difference of the strain
between two  consecutive time steps while �	33,i is the relative
stress change. In order to smooth out numerical oscillations of Ei,
the value of the oedometric modulus to be plotted in Fig. 10 at each
Fig. 10. Oedometric modulus in function of the hydrostatic pressure for assemblies
of  5000 particles, PF ∼ 63.66% and aspect ratios in the range 1, . . .,  ∼1.12.
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Fig. 11. Comparison between mechanical behavior of equal-packed assemblies
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PF  ∼ 63.66%) of spheres (R = 0.25 mm)  and of ellipsoidal particles (ar ∼ 1.03) whether
ounting or not MCs.

A decrease of E with releasing the compressive load is observed
or all investigated aspect ratios. For a fixed value of strain the oedo-

etric modulus decreases with increasing the aspect ratio. This
onfirms that assemblies of ellipsoidal particles have a more com-
liant mechanical behavior and this effect is enhanced with higher
spect ratio. All these observations together fit into the picture that
t is easier to impart deformation in systems of ellipsoidal particles
ompared to spheres.

The results described above have been obtained by implement-
ng in the code the method described in a previous section to reduce
he influence of MCs. For a broader understanding of the issue, the
nfluence of MCs  was investigated.

In Fig. 11 three stress–strain curves are reported: the solid line
s related to the assembly of spheres with a radius of 0.25 mm,  the
otted and the dashed line refer to assemblies of ellipsoidal par-
icles with an aspect ratio of ∼1.03 accounting for MCs  and not,
espectively. The initial PF is ∼63.66% in all three cases. Accounting
or the additional contact forces introduced by the MCs  an overes-
imation of the stress is observed. The simulated curve gets over
ven the stress-strain curve of the sphere assembly. We  judge this
s an unrealistic behavior compared to true ellipsoids.

The coordination number, as a function of the strain is reported
n Fig. 12. Here, the dotted and the dashed line show the average
umber of the contacts for a particle accounting for MCs  and not,
espectively.

The method implemented in the code to reduce the influence

f the MCs  introduces an asymptotic approximation towards the
esults of sphere assemblies, as Höhner et al. highlights in Ref. [12].

oreover, in our work a non-linear contact law was  applied, unlike

ig. 12. The evolution of coordination number for given values of strain whether
ounting or not the MCs.
g and Design 121 (2017) 22–31

the linear contact model implemented in Ref. [12], to represent a
more realistic contact model. This non-linearity is assumed to lead
to an enhancement of the approximation in the results. For this
reason further sensitivity studies are required to define the range
of applicability of this theory.

5. Conclusions

Nearly spherical pebbles with a small deviation from a per-
fectly round shape are currently produced by different fabrication
processes. In this work, the influence of the particle shape on
the mechanical behavior of the whole assembly was investi-
gated numerically. Simulations of axial compression under periodic
boundary condition were carried out on assemblies of ellipsoidal
particles. Sensitivity studies with different initial packing factors
and aspect ratios were performed and the results were compared
to those of sphere assemblies in terms of the overall stress–strain
curve.

The KIT-DEM code, previously developed for spherical parti-
cles, was  further extended to study the bulk behavior of assemblies
composed of ellipsoidal particles. The original KIT-DEM code was
used as reference to demonstrate the consistency of the imple-
mented modifications. Unit quaternions were used to represent
the rotational motion of the ellipsoidal particles in the assem-
bly. The ellipsoidal particles are generated by means of the multi
sphere method by clustering three primary spheres together. As
a consequence the robust contact algorithm developed for spheri-
cal particles is still applicable; however multiple contacts between
particles may  occur. The multi contacts affect the resulting contact
forces leading to an overestimation of the generated macroscopic
stresses. The methods proposed to reduce the influence of the multi
contacts lead to an approximation of the exact solution especially
when a non-linear contact law is used.

In agreement with previous studies carried out on assemblies
of spherical pebbles, the initial packing factor was found to notice-
ably affect the mechanical response of the investigated assemblies
of ellipsoidal particles. Comparing the results with the mechani-
cal behavior of equally-packed sphere assemblies, more compliant
responses were observed in the assemblies of ellipsoidal particles
in addition to a relatively high residual strain after unloading. This is
an evidence of ellipsoidal particle assemblies being more far away
from their theoretical maximum PF in comparison to the sphere
assemblies for the same given initial PF. Moreover, the ellipsoidal
particles have a higher mobility than spherical pebbles due to the
extra degree of freedom associated with the rotation. Particles can
change their orientation finding more easily a new equilibrium
configuration compared spherical pebbles.

Results of sensitivity studies with different aspect ratios show
a remarkable influence of the particles shape on the mechanical
response for a given packing factor. A stiffer behavior was observed
for assemblies with a lower aspect ratio. In particular, decreasing
the aspect ratio, the macroscopic stress-strain curve of an equally-
packed sphere assembly was  approached, which is evidence of the
effectiveness of the implemented modifications, especially with
respect to MCs.

In the present work, mono-sized particles with uniform spheric-
ity were simulated. It gives for the first time a basic understanding
of the influence of the particle shape on the macroscopic response
of breeder pebble beds. Thus, it represents the first step towards the
discrete element simulation of pebble beds composed by ellipsoidal
particles, which in more general cases may  consist of polydis-

persed beds with particles having a distribution of aspect ratios. The
results suggest that pebbles with a poor sphericity cannot be ade-
quately represented by assemblies of perfectly spherical particles.
Furthermore, the results will be helpful for both the advancement
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pebble beds: experimental determination of the material properties and of
the pebble bed effective values, Fusion Eng. Des. 82 (15–24) (2007)
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f breeding zone design and pebble production. However, further
nvestigations are needed to give a more realistic picture of the
nfluence of the pebble shape.
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