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Abstract. A numerical model was proposed to investigate the contact behaviour of a solid with a 

rough surface squeezed against a rigid flat plane. We considered simulated hierarchical surface 

structures as well as scanned surface data obtained by the profilometry of isotropically roughened 

specimens. The simulated and treated surfaces were characterised using statistical and fractal 

parameters. The evolution of contact stiffness under increasing normal compression was analysed 

through the total truncated area at varying heights, in order to relate contact mechanics to different 

surface parameters employed for surface characterisation. For a relatively small surface 

interference, the predicted stress-dependent normal contact stiffness of both scanned and simulated 

surfaces is in good agreement with experimental observation from nanoindentation tests, revealing a 

power-law function of the normal load, with the exponent of this relationship closely depending on 

the fractal dimension of rough surfaces. The numerical results show that the amplitude of a fractal 

rough surface mainly contributes to the magnitude of the contact stiffness at a given normal load. 

Introduction 

Rough surface morphology plays a considerable role in friction, wear, lubrication and thermal and 

electrical conductance. Investigations have been conducted extensively regarding the normal 

interfacial stiffness theoretically and experimentally [1, 2]. The pioneering works of Greenwood 

and Williamson [3], Bush, et al. [4], and Chang, et al. [5] were based on the contact behaviour of a 

single asperity and the statistical distribution of multiple asperity contacts. Considering the fractal 

geometry of rough surfaces, Yan and Komvopoulos [6] proposed a general contact model, revealing 

the variation of the contact force and real contact area during quasi-static loading. Jiang, et al. [7] 

further developed this fractal contact model, showing that experimental data (contacts between 

rough surfaces of the machined plane joints) is consistent with the theoretical contact stiffness.  

Pohrt and Popov [8]deduced a contact stiffness model for rough surfaces by means of the boundary 

element method. The true interfacial contact area along with roughness parameters could, at some 

level, be utilised to interpret the interfacial behaviour, such as the contact stiffness, electrical and 

thermal conductance of rough surfaces subjected to an applied normal load. However, most natural 

surfaces exhibit features across a wide range of length scales, involving complex morphologies and 

geometries, which increase the difficulties in the modelling of interfacial contact area.  

Several related experiments have also been conducted on rough surfaces to obtain relationships 

between surface roughness parameters, loading conditions, and interfacial behaviour using a variety 

of microscopic approaches and a range of materials. Buzio, et al. [9] employed atomic force 

microscopy (AFM) to explore the role of surface morphology in contact mechanics at the 

nanoscale. Lorenz and Persson [10] presented the contact properties for an elastic block (silicon 

rubber) squeezed against a rigid rough substrate (an asphalt road surface). Mulvihill, et al. [11] 

applied digital image correlation and ultrasound techniques to measure the contact stiffness of real 

engineering interfaces. However, existing experimental and theoretical results of structure-

dependent contact mechanics at rough surfaces with random multiscale features remain limited. The 

comparison of various reported models shows certain differences and discrepancies between 

analytical and experimental results [12]. 

The main objectives of this research are to propose a comprehensive contact mechanics analysis of 

rough surfaces that can be characterised by three-dimensional fractal topography and to present 
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numerical results interpreting the variation of contact stiffness under different loading conditions 

and surface characteristics. 

Experimental and Theoretical Background 

Scanned Surfaces. In this paper, we considered round disk samples (25 mm in diameter) made of 

aluminium alloy 5005 that had been subjected to surface mechanical attrition treatment (SMAT). 

SMAT alters surface features physically using an excitation mechanism to accelerate smooth steel 

balls and project them on the prepared sample surfaces [13]. We applied five-minute SMAT 

processes on polished surfaces using steel balls of ~1 mm in diameter, in order to modify the 

surface details homogeneously and isotropically.  Fig. 1a shows a typical three-dimensional 

topographical map (1024×1024 pixels over a scanning area of 1×1 mm
2
) of the SMATed surfaces 

(roughened using the aforementioned SMAT process), which was obtained by means of an optical 

surface profilometer (NanoMap 1000WLI). Over 10 digitized scans, the SMATed sample surfaces 

were characterised through the peak-valley height  and roll-off wavelength  [1], corresponding 

to 8.01 ± 1.474 µm and 225 ± 20.0 µm, as shown in Table 1. The differential box-counting 

approach was applied to calculate the fractal dimension, resulting in a value of 2.33 ± 0.0463 [14]. 

Simulated surfaces. The scale-invariant parameter, i.e., fractal dimension, provides a means of 

describing realistic multiscale roughness. Previous studies [6, 7, 15] have shown that a fractal rough 

surface can be deterministically simulated by the Weierstrass–Mandelbrot fractal function [16], 

which can be written as 
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The paramter  determines the density of the frequencies used to construct the surface and, in 

similarity to previous work [17, 18], is chosen to be 1.5, based on considerations of the surface 

flatness and frequency distribution density. The parameter  is the roll-off wavelength in the 

power spectrum, determining the basic wavelength constructing the surface. The frequency index 

 assumes finite values corresponding to the cut-off wavelength of the power spectrum, which 

is described by = , with  equaling the smallest distance between two adjacent pixels [6, 

15]. The prescribed fractal dimension , which determines the slope of the log-log plot of the 

power spectrum of the simulated surface, is re-evaluated by differential box-counting method, 

which is widely used in the calculation of fractal dimension. Even though the differential box-

counting method and power spectrum analysis result in different values of fractal dimension, a 

larger  leads to a larger  obtained in differential box-counting approach, corresponding to 

denser roughness. The parameter  denotes the number of superposed ridges used to construct the 

surface. A random number generator is used to uniformly distribute the values of random phase 

, . Here, five isotropic fractal surfaces, consisting of 1024×1024 pixels, were generated to 

simulate SMATed surfaces based on the surface descriptors obtained from digitised scans. Input 

values for surface simulation were chosen as = 10, = 2.15 and = 225. The values of all 

pixels, representing the height, were then scaled according to the height-width ratio ( / , where L 

is the side length of the surface, equalling 1 mm) of the simulated surface, in order to yield a peak-

valley height of =8 µm. 

Table 1: Surface characterisation for SMATed surfaces and simulated surfaces 

Surface 
Peak-valley 

height,  

Roll-off 

wavelength,  

Fractal 

dimension,  

SMATed 8.01 ± 1.474 µm 225 ± 22.5 µm 2.33 ± 0.0463 

Simulated 8 µm 225 µm 2.36 ± 0.0297 
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Fig. 1: (a) A typical profilometer scan of the SMATed surface; (b) the simulated fractal surface; 

(c) log-log plots of box number and normalized step size for a typical scanned surface and a typical 

simulated surface. 

From the analysis of simulated surfaces, the mean fractality averaged over ten surfaces was 

found as and =2.36 ± 0.0297. The prescribed values (  and ) and evaluated values (D) of 

surface roughness descriptors are in close agreement with those of the SMATed surface, as 

indicated in Table 1. The box numbers with respect to the step size, for both the scanned and 

simulated surfaces, are illustrated in Fig. 1c, based on cross-scale comparison. 

Contact modelling. True contact between rough surfaces involves only a small fraction of the 

nominal contact area. Contacting surface asperities may deform elastically or plastically, depending 

on material properties and loading conditions. In this research we assume that the truncated surface 

features on the rough surfaces flow into the valleys of non-contacting regions. This is reasonable for 

relatively low contact loads. We consider a simple extension of the contact analysis for the 

indentation of an elastic half space [19, 20], which reveals that there is a geometry independent 

relation among contact stiffness, contact area, and elastic modulus, given by 
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where k is the surface stiffness in the unit of N/m, = ∑  is the summation of areas of all 

contacting asperities. The reduced elastic modulus , including contributions from the compressed 

rough surface  and the opposing flat surface , is given by 1/ 1 / 1 / , 

with the subscript  indicating the property of the opposing surface, the subscript  indicating the 

properties of the compressed surface and  being the Poisson's ratio. Eq. 2 is a fundamental 

equation for assessing the elastic properties in indentation tests, and has been shown to be equally 

applicable in cases of elastic-plastic contact. If the elastic modulus is known, the relationship 

between contact area and contact stiffness can be obtained [19, 20]. Note that smaller microcontacts 

merge to form larger ones and the value of contact stiffness  approaches the elastic modulus of 

the surface material, , as the load increases. Thus, the contact stiffness 	can be given by 

/ , where  is the projected area of the simulated surface under compression. 

 can be determined from the expression 1/ 1 / 1 / . Considering 

d d , we can then obtain the loading force  through integration during the compression 

with penetration increments d .  

In this model, for a given surface interference , the total contact area under compression is 

simply determined from numerical integration of the truncated areas of the rough surface, at 

corresponding truncation height, . The contours of the truncated islands at varying 

heights for the scanned SMATed surface and a simulated surface are shown in Fig. 2. Based on the 

theory of Mandelbrot [16], Yan and Komvopoulos [6] proposed that the total truncated area is 

related to the largest truncated island area  and the fractal dimension. The truncated asperity 

size distribution function can be written as  
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For both the scanned and simulated surfaces, we have analysed size distributions of the truncated 

areas and compared the fitted curves of the size probability distribution with the theoretical 

prediction, as illustrated in Fig. 2c. 

 

 
Fig. 2: (a) Contours of truncated islands of a typical scan from the SMATed surface at varying 

heights; (b) contours of truncated islands of the simulated surface at varying heights; (c) the 

probability distribution of the size of truncated islands at varying heights for a typical scanned 

surface and a typical simulated surface, compared with theoretical predications. 

Verification of the Contact Model Predictions 

The normal contact stiffness of the SMATed surface was evaluated through flat-tipped diamond 

nanoindentation tests employing the partial unloading method. Three indenter tips of various 

diameters, 54.1 µm, 108.7 µm, and 502.6 µm (SYNTON-MDP, FLT-D050, FLT-D100, and FLT-

D500), were employed in order to acquire data across a wide range of stress levels (0.05 MPa to 

214 MPa). Stiffness values at different stress levels were determined by averaging over 10 

indentation tests at different positions on the treated surface. To compare the measured contact 

stiffness with the numerical results of the scanned and simulated surfaces, we converted the 

obtained unloading stiffness d /d , where P designates the load and S is the indentation 

depth, to the contact stiffness  (in units of N/m
2
) through = √π / 2 , where  is the 

projected area of the indenter tip. The non-dimensional stress is defined as /( ). Similarly, for 

the numerical analyses of scanned and simulated surfaces, the compression force  is non-

dimensionalised as /( ). 

 
Fig. 3: The normal contact stiffness as a function of the normal pressure, obtained with 

nanoindentation tests and numerical analyses of scanned and simulated surfaces. 

The experimental results from nanoindentation and the calculated contact stiffness of the 

scanned and simulated SMATed surfaces (with the largest surface interference being 0.7Rt) are 

shown in Fig. 3. Only the results of five scanned surfaces (out of 10 scans of SMATed surface at 
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various postions) and five simulated surfaces are provided in Fig. 3 for greater clarity. The 

comparison between the contact stiffness obtained from scanned surfaces and the experimental 

results indicates that the present contact model for evaluating the contact stiffness is appropriate for 

relatively small loads. However, discrepancies increase towards higher values of loading force and 

surface interference. It can be seen clearly that the results of simulated surfaces agree well with the 

scanned surfaces, showing the capability and repeatability of this model to evaluate the contact 

properties based on surface roughness parameters, including the peak-valley height, roll-off 

wavelength, and fractal dimension. 

Applications and Discussions 

From the normalised data shown in Fig. 3, we find that the contact stiffness of a rough surface 

compressed by a rigid flat plane exhibits a power-law relationship with the applied normal load, 

which can be described as / = [ /( )] . The parameters of exponent α and magnitude β are 

assumed to be constant for a given surface structure. Two groups of surfaces (1024×1024 pixels 

over an area of 1×1 mm
2
) were generated and analysed by the present model, with the maximum 

surface interference being 0.1Rt. One group of simulated surfaces have the same relative roughness 

amplitude, described as = / = 0.04 and varying  (2.10, 2.30, 2.50, 2.70, and 2.90). For 

the other group, the surface fractal dimension  was set as 2.50 and the roughness amplitude  

was varied (0.01, 0.02, 0.04, 0.08, 0.16). In order to further test the repeatability of the present 

model, we analysed five simulated surfaces for each individual set of input parameters. The results 

are shown in Fig. 4. It can be seen clearly that (1) the exponent α increases with values of fractal 

dimension, and (2) the roughness amplitude, , indicating primarily the vertical scale of the rough 

surface, dominates β. Similar formulas have been used as the theoretical approximation for the 

contact stiffness from Yan and Komvopoulos [6], Jiang, et al. [7], and Pohrt and Popov [8]. In all 

these theories, the relationship between the stiffness and pressure was found to follow a power law, 

with the exponent strongly correlated to the value of fractal dimension. The fitting functions for the 

stiffness parameters, i.e., α and β, using  and  were obtained, expressed as = 0.875 −
1.63 and = 5.81( ) . .  

 

Fig. 4: Dependence of the normal contact stiffness on the normal pressure: (a) with same value of 

= 40	 and differenct ; (b) with same value of = 2.5 and different . 

Conclusion 

A simplified numerical model for the analysis of the normal contact stiffness of rough surfaces 

compressed by rigid flat planes was presented. A contact model has been proposed to predict the 

contact stiffness based on the truncated areas of contacting rough surfaces. This model was 

employed to analyse contact behaviour of real and simulated surface structures exhibiting similar 

roughness characteristics yielding results that were in good agreement with experimental data 

obtained from flat tipped nanoindentation tests. The present methodology facilitates the analysis of 

the relationship of contact stiffness with applied load for varied surface descriptors including peak-

valley height, roll-off wavelength, and fractal dimension. This relationship is then simplified 
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through a power-law expression as / = [ /( )] , with the exponent α being correlated to 

the fractal dimension of the surface and the coefficient β being dominated by surfaces’ relative 

roughness amplitude. This contact model provides an efficient approach to investigating the contact 

properties at rough interfaces.  
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