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Abstract 

Multiphase flow through a porous medium involves complex interactions between 

capillarity, viscosity, wettability and gravity during gravity-driven drainage process. In 

contrast to these factors, the effect of pore distribution on liquid retention is less 

understood. The interplay of these factors results in sophisticated fluid displacement 

behaviours that are difficult to systematically and quantitatively assess. To investigate 

the hydro-mechanical and morphological features during drainage in porous media, we 

employ an open-source platform of computational fluid dynamics, which adopts direct 

numerical simulation by solving Navier-Stokes equations and employing volume of 

fluid method to track the liquid-liquid interface. Our work can be divided into three 

components and the main results include:   

(1) Before introducing the disordered microstructure, we performed simulations for 

drainage processes in granular media with combinations of surface tension, 

wettability, and viscosity. It is found that the residual volume of wetting phase 

presents three clear different regimes from strong hydrophilic to strong 

hydrophobic conditions. Compared with viscosity ratio between the wetting and 

non-wetting fluids, the formation of liquid patch is more strongly influenced by 

capillarity.  

(2) For better understanding multiphase flow mechanism in porous media with 

random pore configuration, we defined an advanced index for assessing the 

disorder degree of the microstructure. This disorder index quantitatively 

evaluates the fluctuation of local porosity, based on Voronoi tessellations, 

compared with global porosity in computational domain. The validity of this 

index is proved by characterising the disorder-induced reinforcement of liquid-

holding capacity after gravity-driven drainage. 
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(3) Using the disorder index, we focus on the residual volume and morphological 

characteristics of saturated patches and compare the effect of disorder under 

different wettability (i.e., the contact angle), gravity and capillarity 

(characterised by a modified Bond number) conditions. Pore-scale simulations 

reveal that the highly-disordered porous media are favourable to enhance liquid 

retention and provide various morphologies of entrapped saturated zones, which 

is also confirmed by the lognormal distribution of liquid patches. In addition, 

the disorder index is positively correlated with the characteristic curve index (n) 

in van Genuchten equation.  

In this work, a series of numerical simulations are presented and corresponding 

empirical equations are established to predict liquid retention mechanism in disordered 

porous media. In particular, we provide a new perspective to investigate the influences 

of pore topology on the drainage efficiency and distribution characteristics of wetted 

zones. It is expected that the findings will benefit a wide range of industrial applications 

involving drainage processes in porous media, e.g., drying, carbon sequestration, and 

underground water remediation.
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Chapter 1 

Introduction  

In porous media, understanding multiphase flow mechanism has a significant impact 

on many natural and industrial applications, including food processing, oil extraction, 

pharmaceutics and groundwater remediation (Parker et al., 1987, Olivella et al., 1994, 

Bandara et al., 2011, Colombo and Fairweather 2015, Zhao et al., 2016, Rabbani et al., 

2017). For instance, during carbon capture and storage (CCS), CO2 is collected and 

trapped by capillary force in rock matrix. It is extremely necessary to assess leakage 

risks and predict injectivity and storage capacity (McPherson and Cole 2000, Bryant et 

al., 2008).  

The complicated interactions among several factors (including intrinsic topological 

features, gravity, capillary, and wettability) determine macroscopic drainage properties, 

such as the residual volume of wetting phase and temporal and spatial distributions of 

saturation zones (Yang et al., 1988, Herring et al., 2016, Li et al., 2017). The majority 

of previous experiments and numerical models of drainage and injection have been 

focused on the macroscopic parameters, e.g., porosity, permeability, system size and 

aspect ratio (Succi et al., 1989, Toussaint et al., 2005, Babadagli et al., 2015, Moura et 

al., 2015, Rognmo et al., 2017, March et al., 2018), in which the spatial configuration, 

pore connectivity and their influences on liquid retention are ignored (Prat 1995, Lin et 

al., 2018, Yekta et al., 2018). However, variability of the arrangement of microstructural 

topologies and their interactive effect determines physical features of multiphase flow 

in porous media (R. Pyrz, 1997). This is particularly important for the description of 

strongly non-linear phenomena such as fluid flow, under the short range interactions. 

For most natural and synthetic porous media, disordered microstructures are dominated 

(Anguy et al., 2001, Woo et al., 2004). These disorder features not only affect the 
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mechanical properties of porous media (Laubie et al., 2017a, Laubie et al., 2017b), but 

also hinder the fundamental understanding of drainage processes (Fantinel et al., 2017). 

Further studies are required to evaluate the degree of microstructural disorder and 

bridge the microscopic information to macroscopic effective properties of porous media. 

The objective of this thesis is mainly to study the intrinsic effect of disorder degree in 

porous media during gravity-driven drainage. This impact factor and its interaction with 

viscosity, wettability, gravitational and capillary forces, are assessed using designed 

numerical simulations. Chapter 2 presents a detailed literature review on the research 

background, fundamental concepts and theoretical framework. The numerical 

simulation method and computational aspects employed in the thesis are illustrated in 

Chapter 3. In Chapter 4, the influences of viscosity and surface tension on the residual 

volume of entrapped liquid are studied for porous media with ordered structure. In 

Chapter 5, we define a disorder index evaluating the fluctuation of local porosity 

compared with global mean porosity and its effectiveness is proved by a series of 

drainage simulation results. Chapter 6 demonstrates that the disorder parameter can be 

employed to quantitatively assess drainage behaviors under different wettability and 

gravity conditions. The morphological distributions are also studied based on the 

disorder index. Finally, conclusions and applications of our investigation are discussed 

in Chapter 7.  
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Chapter 2 

Literature Review  

Due to complex interactions between solid, vapour and fluid phases, the mechanical 

properties of porous materials might be drastically changed when fluids flow into pore 

space. Surface tension and cohesive force play a significant role in the flow regime. 

A diagram is shown in Fig. 2.1 to illustrate the impact of microscopic properties on 

macroscopic phenomenon. Fig. 2.1(a) presents a kind of geological hazard, i.e., debris 

flow. The disaster mainly results from rainfall causing a rapid pore pressure change 

(Yin et al., 2016). A large quantity of liquid bridges and patches are entrapped in 

partially saturated soils as shown in Fig. 2.1(b). The entrapped saturated zones 

contribute to cohesion due to negative capillary force and noticeably enhance the total 

shear strength of natural or artificial slope (Dahal and Kafle 2003). Fig. 2.1(c) presents 

two liquid bridges formed between soil particles, which can be modelled using discrete 

element methods (Gan et al., 2013). However, unsaturated soil is gradually transformed 

into saturated state during rainfall, which leads to a sharp decrease of strength during 

water infiltration. As a result, the fixed soil structure might be transformed to slope 

failure (Burland 1990).  

 

Figure 2.1 Geological hazard with multiscale aspects: (a) debris flow, (b) disconnected 
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saturated zones (liquid patches and bridges) and (c) inter-granular liquid bridges. 

This section elaborates the research background of multiphase flow in porous media, 

including numerous significant applications, mechanical properties of partially 

saturated soil and fundamental concepts. Then the previous research status about the 

major influence factors of two-phase flow are explored. Finally, the research methods, 

including physical experiment and numerical simulations, are presented in detailed. 

2.1 Background  

Drainage in porous media, a typical multiphase flow problem, plays a significant role 

in many environmental applications and industrial processes as shown in Fig. 2.2 

(Colombo and Fairweather 2015, Ferrari et al., 2015, Zhao et al. 2016, Rabbani et al. 

2017). As the wetting phase is withdrawn and replaced by another non-wetting phase, 

the drainage behaviors are dominated by the complex interactions among different 

constituents. In the past decades, drainage process attracted research interests from 

different fields related to unsaturated soil mechanics and physics of porous media 

(Chung and Butler 1988, Ghanbarian et al., 2015).  

 

Figure 2.2 The applications of multiphase flow in industrial processes: (a) oil recovery, 

(b) food drying and (c) carbon storage. 

2.2 Partially saturated soil  

With the development of global economy and a more important demand of natural 

resource, behavioral understanding of partially saturated soil is emphasized and studied. 

The scientific study of unsaturated soil has a long history and is significant in industrial 
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applications including carbon capture and storage (CCS), groundwater remediation and 

oil recovery engineering (Fredlund and Rahardjo 1993). The fluctuations of influx 

boundary conditions including transpiration, infiltration and evaporation hugely 

influence the negative pore-water pressure in unsaturated soil. The soil shear strength 

would decrease due to the water infiltration increasing the pore-water pressure then 

reducing the matric suction that is described as the difference between gas and liquid 

(Simon and Curini 1998). Particularly, if even a little amount of liquid into soil particles 

is increased, the mechanical properties of granular medium are considerably changed 

(Rabbani et al., 2017). Although there are some material properties in common between 

the dry and wet granular medium, the cohesive wet medium influences the flow 

properties, agglomeration and tensile strength highly. Because the presence of liquid 

bridge gives rise to an adhesive force. When the liquid is under the dynamic condition, 

the viscous dissipation will happen between the granular particles (Koo and 

Kleinstreuer 2004).    

The regimes of liquid content can be classified into four categories: pendular, funicular, 

capillary and droplet states shown in Fig. 2.3. In pendular state, the liquid bridge holds 

the particles together at the contact points; in funicular particle, the liquid 

approximately fills the whole voids, which exists liquid bridges and patches; water fills 

all pores between solid particles in capillary state, and capillarity draws the surface 

liquid into pores; in droplet state, particles are fully immersed in liquid and the surface 

of liquid is convex (Grof et al., 2008). The mechanical properties of the four regimes 

are dramatically different. The different amount of liquid in granular medium has 

different cohesion. In particular, the cohesion gradually increases in the pendular, 

funicular and capillary states (Grof et al. 2008). The force between a couple of grains 

is acted in the pendular state by liquid bridge, and suction and pressure press the 

interface between vapour and liquid in the capillary state.   

Above the phreatic surface, soil has a capacity of retaining a large quantity of water in 
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its voids. The presence of water supports capillary force, which counteracts the 

influence of gravitational force. To evaluate the unsaturated soil behavior, the soil-water 

characteristics curve (SWCC) is initially treated as an evaluation method of soil 

suctions by measuring the water content and employing the SWCC as a fixed 

relationship between energy state (matric suction) and water content. The SWCC has 

an important impact on the determination of unsaturated soil property functions, as 

shown in Fig 2.4. In addition, SWCC characterizes a bounding relationship of the 

volume-mass constitutive properties for an unsaturated soil, which is critical to solving 

many problems of partially saturated soil. The SWCC includes the effects of soil 

structure, gradation, and void ratio, which can be measured as laboratory data. 

 

Figure 2.3 The four different states of saturation of liquid-bound granules: (a) droplet, 

(b) capillary, (c) funicular and (d) pendular, during petroleum recovery (Yang and 

Hsiau 2006). 

Numerous close-form and empirical equations have been proposed to well fit laboratory 

data for SWCC. These fitting equations can be classified into two-parameter and three-

parameter SWCC equations. Each of equations can be appropriate to fit experimental 

data using a least-squares regression analysis. One of these equations is known as the 

van Genuchten model:  
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𝑆𝑟 =
1−𝑆𝑟

𝑟𝑒𝑠

[1+(𝜑/𝛼)𝑛]1−1/𝑛 + 𝑆𝑟
𝑟𝑒𝑠,                   (2.1) 

where 𝑆𝑟  is the degree of saturation, 𝑆𝑟
𝑟𝑒𝑠  is the residual degree of saturation, 𝜑  is 

the suction pressure, 𝛼  is related to the inverse of the air entry suction (Likos et al., 

2013), n is a characteristic curve index.  

 

Figure 2.4 Soil-water characteristics curve with distinct zones of desaturation (Fredlund 

and Rahardjo 1993). 

2.3 Influence factors of multiphase flow 

During two-phase flow process, the complicated interactions among viscosity, 

wettability, gravitational and capillary forces, simultaneously determine macroscopic 

drainage behaviours and properties (e.g., the residual volume of wetting phase, 

displacement efficiency and temporal/spatial distributions of entrapped saturated zones 

(Herring et al., 2016)). Relevant fundamental concepts and previous achievements 

about the influence factors are systematically summarized. 
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2.3.1 Surface tension and viscosity of wetting phase 

Capillary force is of significance to mechanical behaviors during multiphase flow. 

Capillarity is the study of the interface between immiscible liquid-liquid or between 

liquid and air. The deformable interface is free to keep the minimum surface energy by 

changing their shape (Harkins and Brown 1919). A liquid is a condensed state in which 

molecules attract each other, which keeps all the molecules inside a liquid in balanced 

state. However, the molecular on the surface loses its cohesive interactions. The liquid 

adjusts its shape to make the interfacial force acquire the least surface area possible, 

called surface tension shown in Fig. 2.5 (Adamson and Gast 1967). Surface tension is 

the energy that must be supplied to increase the surface area by one unit, and it can also 

be viewed as a force unit length. Dimensionally, one can write [𝛾] = 𝐹𝐿−1 , and one 

can express 𝛾 in units of N/m (Washburn 1921).  

 

Figure 2.5 Diagram of capillary action due to the forces on molecules of liquid at the 

interface (Lambert 2013). 

Due to the surface tension, the overpressure existing in the interior of drops and bubbles 

is caused, which is called Laplace pressure (De Gennes et al., 2004). This pressure 

difference results in many physical phenomena. For instance, smaller droplets first 

evaporate during the cooling phase of an aerosol. Laplace pressure also explains the 

phenomenon of capillary adhesive between two plates, or in wet sand, all of which are 

induced by a capillary bridge (De Gennes et al., 2004).  
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We take the example of a drop of oil (O) and water (W). In physics, the behaviour of a 

curved interface between two different phases with interface stress effects can be 

described by the generalized Young-Laplace equation (De Gennes et al. 2004): 

∆𝑝 = 𝑝o − 𝑝w =
2𝛾ow

𝑅
,                       (2.2) 

where ∆𝑝 is the pressure difference across the interface, 𝑝o  and 𝑝w  are the pressures 

in the oil and water, respectively, 𝛾ow  is the interfacial tension between oil and water, 

R is the radius of droplet. Based on Eq. (2.2), the smaller droplets have the greater inner 

pressure (Cammarata 1997). For example, in an emulsion of oil in water, small droplets 

disappear in favor of large ones due to the pressure and surface area, which provides an 

energy minimization in thermodynamics.  

In fluid dynamics, when invading fluid displaces defending fluid, and it is influenced 

by the viscous force simultaneously (Lenormand et al., 1983). To quantify the relative 

magnitude of the two kinds of forces, we introduced dimensionless Capillary number 

(Olbricht and Kung 1992): 

𝐶𝑎 =
𝜇𝑣

𝛾
,                            (2.3) 

where 𝛾  is interfacial tension, 𝜇  is viscosity of defending phase, 𝑣  is a characteristic 

velocity (e.g., mean front velocity). Note that Capillary number represents the relative 

effect of viscous force versus capillary force.  

In the past, scholars have studied Capillary number and obtained a series of 

achievements. For example, through a systemic and quantitative assessment of the 

influence of pore size disorder, Holtzman (2016) scaled the disorder effect in the 

traditional Capillary number equation. In addition, Ferrari and Lunati (2013) found that 

the different Capillary number plays an important effect on the macroscopic capillary 

pressure during the flow of two immiscible fluids. In microfluidics, a low Capillary 

number is favorable for the rapid formation of droplets or plugs (Tice et al., 2003). In 
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conclusion, Capillary number, characterizing the magnitude of viscous and capillary 

forces, has a significant application in multiphase flow. 

2.3.2 Wettability of material 

When a liquid droplet is placed on a solid substrate, it will not wet the solid and has a 

definite angle of contact between the liquid and solid phases. Young equation can 

quantify the wettability of a solid surface through a liquid droplet (Gan et al., 2013). 

The “three-phase contact line” is the interface where solid, liquid and gas coexist. When 

a contact angle is less than 90° , the wetting of the surface is favorable and the liquid 

can spread over a relatively large area on this surface; when the contact angle is larger 

than 90° , the wetting of the surface is unfavorable and the liquid will minimize the 

contact with the solid surface shown in Fig. 2.6.  

 

Figure 2.6 Illustration of contact angles of sessile liquid drops on a smooth 

homogeneous solid surface (Johnson Jr and Dettre 1964). 

More wetting phenomena will happen in practice than the only equilibrium condition. 

During the wetting hysteresis, the contact angle is larger than the equilibrium value  

when the liquid advances, and smaller than when retracing (Johnson Jr and Dettre 1964). 

This two kinds of contact angle are called as advancing contact angle θadv and the 

receding contact angle θrec. The contact angle hysteresis θhysteresis is the difference 

between the advancing angle and receding angle (Johnson Jr and Dettre 1964), 

θhysteresis=θadv-θrec,                              (2.4) 

Based on the contact angle, capillary force, 𝐹𝐶 , can be calculated according to the 

surface tension FS and Laplace pressure FL (Butt and Kappl 2009): 
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𝐹𝐶 = 𝐹𝑆 + 𝐹𝐿 = 2𝜋𝑅𝛾 ∙ sin 𝜃 + 𝜋𝑅2 ∙ ∆𝑃,            (2.5) 

where R is radius of liquid bridge at a specified height.  

Through systemically varying the wettabilities of multiphase flow over a broad range 

of contact angles, Zhao et al. (2016) proved that increasing the substrate’s affinity to 

the invading fluid is advantageous for more efficient displacement of the defending 

fluid. Boyce et al., (2016) demonstrated that based on different contact angle and Bond 

number, the regime of intrusion of a liquid droplet into a powder under gravity is 

divided into four special categories: (A) no liquid imbibition, (B) liquid trapping high 

in the bed, (C) liquid descending to the bottom of the bed, and (D) liquid spreading 

across the surface of all spheres. In addition, after liquid drainage in open-cell metal 

foams, the impacts of wettability for mass retention are investigated for the hydrophilic 

and hydrophobic, respectively (Hu et al., 2017).  

2.3.3 Capillary and gravitational forces 

In fluid dynamics, when invading fluid displaces defending fluid, gravitational force 

also plays a crucial effect on drainage process (Bandara et al., 2011) and it is influenced 

by capillary force simultaneously (Moebius and Or 2014). For example, slow 

multiphase flow in porous media under the effect of gravitational force is important in 

oil production, chemical engineering and hydrology. To quantify the relative magnitude 

of the two forces, dimensionless Bond number is introduced (Liu et al., 2015): 

𝐵o =
∆𝜌𝑔𝑎2

𝛾
,                           (2.6) 

where ∆𝜌  is two-phase density difference, 𝑔  is gravity acceleration, 𝑎  is a 

characteristic length, 𝛾  is the interfacial tension. Note that Bond number measures the 

importance of gravitational force compared to capillary force. For instance, a high Bond 

number illustrates that drainage is relatively less affected by the effect of surface tension.  

The interfacial width (𝜎 ) between wetting and non-wetting phases is able to scale with 
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dimensionless Bond number as 𝜎~𝐵𝑂
−0.57 , and the external perimeter of the invading 

fluid is shown to be fractal with the fractal dimension 𝐷𝑒 ≅ 1.34  for length scales 

smaller than the front width (Birovljev et al., 1991). Based on a generalized Bond 

number as 𝐵𝑜
∗ = 𝐵𝑜 − 𝐶𝑎, a dimensionless number (F) is introduced as the ratio of the 

effective fluid pressure drop, and it is able to controls the front width under stable 

displacement (Méheust et al., 2002). Note that 𝐵o
∗  is the difference between Capillary 

number and Bond number, positive value of which results in stable fronts and negative 

value indicates the unstable front displacement with capillary or viscous fingering 

(Moebius and Or 2012, Moebius and Or 2014).   

2.3.4 Microscopic structure of porous media  

In the past few years, increasing attention has been focused on the effects of disordered 

geometry on immiscible two-phase flow (Ferrari et al. 2015, Holtzman 2016, Rabbani 

et al. 2017). The ordered and disordered porous media have clear differences in the 

behaviors and mechanisms of multiphase fluid displacement (Pak et al., 2015). With an 

increase of the disorder degree, the displacement stability is weakened, which results 

in a lower degree of saturation than that in relatively more homogeneous pore network 

(Liu et al. 2015). Ferrari et al. (2015) studied numerically the effect of different 

disordered microstructure controlled by a standard deviation of solid phase size on the 

unstable invasion structure in Hele-Shaw cells consisting of numerous cylindrical 

obstacles. The quantitative assessment on the impact on the disorder of pore distribution 

remains relatively unexplored.  

Displacement efficiency of fluid in disordered porous media is important in many 

applications (Dias and Payatakes 1986). It has been found that the efficiency of 

immiscible fluids is influenced by the microstructure in those media (Zhao et al. 2016, 

Hu et al., 2018). For example, low disorder of porous geometry is found to be 

advantageous for fluid displacement in partially saturated porous media; on the other 

hand, in terms of liquid mixing and reaction, highly-disordered porous materials is 
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desirable (Holtzman 2016). These applications indicate that the disordered 

microstructure and its effects on liquid-liquid displacement need to be quantitatively 

assessed. However, the quantitative and systematic studies about the effects of 

disordered microstructure on the multiphase flow problems, particularly on liquid 

retention during drainage processes, remain relatively scarce. 

During drainage and injection processes, pore size disorder, heterogeneity of medium, 

system size and aspect ratio are important to the volume and pattern of wetting phase. 

Decreasing the disorder of pore distribution is advantageous for the displacement 

efficiency and interfacial area. A modified Capillary number is introduced to 

characterize the effect of disorder (Holtzman 2016): 

  𝐶𝑎
∗ = 𝐶𝑎𝑟𝑐𝑟̅1/𝑟2̅̅ ̅̅ ̅̅ ,                         (2.7) 

where 𝑟𝑐  is characteristic aperture, 𝑟̅  is mean throat size, 𝑟  is throat size. In 

addition, by comparing the two experiments and numerical simulations with different 

heterogeneities, Liu et al. (2015) demonstrated that increasing the ratio of wetting and 

non-wetting fluids or declining the heterogeneity of porous medium can improve the 

stability of the liquid-liquid displacement process, which results in the increase of 

saturation degree. Besides, during the drainage of two-phase flow, the relationship 

between pressure and saturation depends on the system size and aspect ratio (Toussaint 

et al. 2005). The pressures at the beginning and end of invasion are particularly 

influenced by the boundaries of system (Moura et al. 2015).  

2.4 Research methods of drainage processes  

Although multiphase flow was studied and scholars obtained some achievements in the 

past decades, intricate drainage behaviors need to be explored under different 

conditions systematically (Gao et al., 2006, Moebius and Or 2014, Hu et al. 2017). 

Darcy’s law is widely employed as a traditional method in hydraulic conductivity, 

groundwater protection and petroleum engineering (Hubbert 1956, Whitaker 1986), 
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and it is accurate under some circumstances. It relies on the hypothesis of scale 

separation and empirical constitutive relationships, among degree of saturation, 

capillary pressure and relative permeability, instead of basing on mass continuum 

equations, which might not be always limited (Ferrari and Lunati 2013). Indeed, the 

complex relationships among gravity, capillary, and viscous force, dominate the flow 

regimes, which result in different formation of patterns characterized by long coherent 

structures. However, in microscopic systems (e.g., liquid bridge, drop splash and 

surface wettability), the Navier-Stokes equations are able to easily calculate the 

dynamics of the interface of fluid and vapor phases in simple problem (Chorin et al., 

1968). Multiphase flow always links with a large number of pores and interface 

geometries, which are related to macroscopic model and very hard to describe explicitly 

based on the general properties of phases (Young et al., 1991). As a result, most 

previous scholars employed the two kinds of outstanding research methods (i.e., 

physical experiment and numerical simulation) to investigate the mechanisms and 

characteristics of multiphase flow patterns.  

2.4.1 Experimental studies 

The motion of long bubbles in inclined tubes was studied experimentally (Khell 

Bendiksent, 1983). Based on the refractive properties of liquids with respect to infrared 

light, instrumentation was constructed to measure bubble propagation rates. A 

correlation of average liquid velocities and bubble was obtained based on a least squares 

fit. Kueper et al. (1989) constructed a parallel cell to study the effect of heterogeneity 

of porous media on the liquid displacement. The behaviour of liquid discovered several 

key characteristics of two-phase flow in heterogeneous porous media and demonstrated 

the important impact of capillary features of the different sands used. Based on a 

Soltrol-water-glass bead system, a synchrotron-based CMT technique was employed to 

obtain high resolution 3D images and measure the interfacial area (K.A. Culligan et al., 

2005). This research demonstrated that the interfacial area increased with the decrease 
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of the wetting phase, after a maximum, then decreased as the wetting phase saturation 

decrease to 0.  

To conduct a drainage experiment, the system should enable rapid and highly resolved 

imaging of interfacial motions in glass beads micromodels as shown in Fig. 2.7. The 

final porous matrix is a random monolayer of beads. When the experimental model is 

installed, the outlet is connected to a dispensing pump to control a stable volumetric 

injection and withdrawal flow rate (Moebius and Or 2014, Fantinel et al. 2017). The 

wetting fluid employed in the most experiments is water or glycerol-water solution, 

which is dyed with dye tracer, and non-wetting phase is air invading from the open top 

edge at the room temperature (Li et al. 2017). The temperature in the wetting phase is 

measured during each experiment to estimate the viscosity of the two-phase. In addition, 

a pressure sensor measures the pressure at the outlet channel during experiment, which 

is employed to record the pressure difference between inlet and outlet boundaries 

(Moura et al. 2015). Note that this quasi-two-dimensional model is illuminated from 

below with a panel source that produces a light of spatially homogeneous intensity. 

 

Figure 2.7 (a) Experimental setup with pump, pressure tensor and a high-speed camera. 

(b)-(c) Two images obtained by the high-speed camera for two kinds of micromodels 

with 1mm and 2mm beads, respectively. Note that air entries from the top and water 

(blue dyed) saturate the bottom part (Moebius and Or 2014). 
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The micromodel is clamped on a light box that is able to adjust various inclination 

angles to vary the component of gravity in the porous media to control the Bond number 

(Méheust et al. 2002). As a result, the component of gravitational force is given by 𝑔 =

𝑔0𝑠𝑖𝑛(𝛼) , where 𝑔0  is the acceleration of gravity and 𝛼  is the inclination angle. 

Finally, a series of physical experiments are conducted in the system employing Hele-

Shaw cells and variants to ensure the quasi-two-dimensional geometry of the 

multiphase flow. Note that a high-speed camera is employed to record fluid front 

displacement at a resolution of fixed pixels and images are taken at a regular time 

interval during fluid displacement (Ferrari et al. 2015).       

2.4.2 Numerical methods  

Numerical simulation is an alternative method to describe the pore-scale processes 

microscopically and macroscopically, which is appropriate to model different flow 

regimes (Glowinski et al., 2001). Until now, it has been widely employed for the 

multiphase flow study. Numerical simulation has a high computational efficiency, 

which is able to deal with a large quantity of pores space (Ferrari et al. 2015). With the 

rapid development of computational facilities, the approaches of numerical simulation, 

e.g., lattice Boltzmann method (LBM) and smoothed particles hydrodynamics (SPH) 

method, have been introduced to calculate the complex effect of contact angle, surface 

tension, and viscosity (Nabovati et al., 2009). LBM and SPH are able to satisfy the sub-

pore resolution in a suitable limit (Shan and Chen 1993, Colagrossi and Landrini 2003, 

Liu and Liu 2010). However, there are special interaction forces among gravity, 

viscosity, and surface tension in the two methods, which arise problems linking the 

fluid-process to the interaction forces (Ferrari et al. 2015).  

On the other hand, based on a straightforward discretization of mass and momentum 

conservations, direct numerical simulation gradually becomes a promising method to 

study multiphase flow (Eggels et al., 1994, Moser et al., 1999, Horgue et al., 2013). 

DNS is able to deal with high density and viscosity ratios. This method couples with an 
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efficient Navier-Stokes solver with various interface capturing methods including the 

volume of fluid (VOF) (Hirt and Nichols 1981) that employs Eulerian algorithms and 

is suitable for the complicated motion of fluid interface. 

Lattice Boltzmann Method 

In the past decades, to simulate multiphase flow process involving complex boundary 

conditions and interfacial process, LBM has been successful in the flow applications 

(Zhao-Li et al., 2002, Feng and Michaelides 2004). The lattice Boltzmann method is 

developed into a reasonable scheme for modeling physics in hydrodynamics (Chen and 

Doolen 1998). There are several methods to obtain lattice Boltzmann equations form 

discrete velocity models shown in Fig. 2.8 and Boltzmann kinetic equation. Based on 

Bhatnagar-Gross-Krook (BGK) collision operator, the evolution equation is written as 

𝑓𝑖(𝒙+ 𝒆𝑖∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑖(𝒙,𝑡) = −𝜔(𝑓𝑖(𝒙,𝑡) − 𝑓𝑖
𝑒𝑞 (𝒙,𝑡)),       (2.8)  

with 𝑓𝑖  the particle velocity distribution function in the specific direction at the lattice 

site x and time t, 𝑓𝑖
𝑒𝑞

 the local equilibrium distribution function, 𝒆𝑖  lattice velocity 

and 𝜔 the single relaxation frequency (Watari and Tsutahara 2004).  

 

Figure 2.8 Two-dimensional and Three-dimensional discrete velocity model of D2Q9 

and D3Q19, respectively, on a cubic grid (Feng and Michaelides 2004). 
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Lattice Boltzmann method is a mesoscopic description of the physics of fluids and it 

can solve the problems in macroscopic hydrodynamics and microscopic statistics (Guo 

et al., 2002). Although many improved methods including simulation of granular flows 

(Flekkøy and Herrmann 1993) and viscoelastic flows are recently proposed (Aharonov 

and Rothman 1993), LBM is still undergoing development. In addition, LBM requires 

additional benchmarking and verification (Chen and Doolen 1998).           

Smoothed Particle Hydrodynamics 

Smoothed particle hydrodynamics is a traditional numerical method to simulate 

multiphase flow process (Takeda et al., 1994). It was invented to simulate 

nonaxisymmetric phenomena in astrophysics. SPH method does not need a grid to 

calculate spatial derivatives, which is a particle method (see Fig 2.9). It is found by 

analytical differentiation of interpolation formulae. The equations of momentum and 

energy become sets of ordinary differential equations, and they are easy to understand 

in mechanical and thermodynamical terms (Monaghan 1992). In continuous form, a 

smoothed representation 𝐴(𝒓) at position 𝒓 are expressed in integral form as: 

𝐴(𝒓) = ∫𝐴(𝒓′)𝑊(𝒓 − 𝒓′ ,ℎ)𝑑𝒓′,                 (2.9) 

where 𝐴(𝒓) is the smoothed field with the weighting function W and a support scale h 

satisfying the specific normalization condition (Morris et al., 1997). 

 

Figure 2.9 Particles smoothed by a weighting function (Colagrossi and Landrini 2003). 



19 

 

Colagrossi and Landrini (2003) presented an implementation of the SPH method to deal 

with two-dimensional interface flows with low density-ratio. The relevant simulation 

results demonstrated the SPH method is capable to easily treat a variety of gas-liquid 

flows with interface breaking and gas-entrapment (Shadloo and Yildiz 2011). However, 

its applications are limited to inviscid flows. A new SPH method introduced can be 

employed to solve the Navier-Stokes equations for constant viscosity (Takeda et al. 

1994).  

Volume of Fluid 

The Navier-Stokes equations, including mass and momentum conservation equations, 

describe the incompressible, immiscible and isothermal motion of multiphase flow. Due 

to the two immiscible fluids, the whole domain can be decomposed in many regions, 

which are filled with a single phase. The Navier-Stokes equations can characterize the 

specific phase present. To validate the mass and momentum conservations at the liquid-

liquid interface, it is necessary to couple the fluid motion and boundary condition 

including pressure and velocity in the specified domain, which is quite difficult to 

achieve. Because the moving boundary problem needs to be solved, which makes the 

parallel computation expensive. An alternative method is that the mass and momentum 

conversation equations are separately solved in different phases and the jump condition 

at the interface is coupled with the solution, which employs a whole-domain system 

that treats the two-phase system as a single fluid and uses an additional force to replace 

the jump condition at the interface.          

Approaches tracking the change of the liquid-liquid interface are classified into three 

kinds of methods including moving mesh, tracking and capturing methods (see Fig. 

2.9). The moving mesh methods move the mesh with the interface, which is adjusted to 

fit the specified interface shown in Fig. 2.9(a). Based on Lagrangian algorithms, 

tracking methods explicitly track the surface of discontinuity between the different 

fluids shown in Fig. 2.9(b). An advantage of this method is that it can maintain a sharp 
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boundary between two phases by using markers. However, if the interface has huge 

deformation, the markers and mesh need to be relocated, which increases the 

computational cost and complexity. In addition, because it can not deal with the fusion 

and rupture of fluid phases, this method is not appropriate for the situation of complex 

deformations of interfaces.        

Based on Eulerian algorithms, the volume tracking method, also called interface 

capturing method, is a preferable approach to solve complex interface dynamics to track 

the interface. In this method, a specified function is used to represent the phases shown 

in Fig. 2.10(c). The volume of fluid employs a specified region to represent the interface 

and the gradient of the colour function is nonzero in the region. VOF method has been 

validated that, especially treating complex free boundary configurations, it is more 

efficient and flexible than other methods for the direct numerical simulation of time-

dependent viscous incompressible flow of multiphase liquids (Gueyffier et al., 1999, 

Renardy and Renardy 2002). 

 

Figure 2.10 Interface tracking methods: (a) moving mesh method, (b) surface tracking 

method and (c) volume tracking method (Ferrari 2014). 

2.5 Summary 

In this chapter, the fundamental concepts of partially saturated soil (e.g., four categories 

of liquid content and soil water characteristic curve) are summarized. The previous 

achievements about influence factors (i.e., wettability, pore topology, Capillary number 
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and Bond number) of drainage process are reviewed from the past several decades in 

detailed. 

Researchers employ experimental method and numerical simulation to study the 

mechanism and patterns of liquid-liquid displacement. With the rapid development of 

computational fluid dynamics, SPH and LBM have been the appropriate approaches to 

study the multiple immiscible fluid flows. However, a model calibration needs to be 

employed, which makes material parameters more complicated.  

In addition, direct numerical simulation efficiently solves the mass and momentum 

conversation in Naiver-Stokes equations between the pore spaces, which becomes a 

preferable and promising method to study multiphase flow. Based on Eulerian 

algorithms, the volume of fluid method is employed to avoid the expensive 

computational cost, which treats the incompressible liquid phases as a single-fluid 

phase with different properties.  
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Chapter 3 

Numerical Simulation Methods 

In the past few decades, due to the highly refined numerical techniques, the relevant 

researchers developed hugely the excellent numerical efficiency. In this thesis, we 

focused on direct numerical simulation, and solved the mass and momentum 

conversations in Navier-Stokes equations between the pore space (Ferrari and Lunati 

2013). Due to the abilities dealing with high density and viscosity ratio, the method is 

widely employed, which obtains traditional Eulerian grid-based approaches including 

finite element difference and volume (Blazek 2015). Compared with the lattice 

Boltzmann method and smoothed particle hydrodynamics transforming physical 

quantities into numerical parameters (Pan et al., 2004), the Naiver-Stokes simulation 

directly employs the physical properties of fluids such as surface tension, density, and 

viscosity. In this chapter, the current research background, relevant theories and 

numerical methods are presented in detail. 

3.1 Macroscopic description of multiphase flow 

Generally based on the macroscopic properties including fluid velocity, viscosity and 

pressure, multiphase flow is modelled and can be treated as the averages of the 

corresponding microscopic quantities over a representation elementary volume (REV). 

If these macroscopic properties are independent of microscopic heterogeneities, the 

REV-scale can represent the minimum scale. 

If a small volume is chosen for REV to illustrate the definition of porosity, the porosity 

changes from 1 to 0 based on the fewer pores or less granular mediums in this volume 

as shown in Fig. 3.1. Until a constant volume ∆U0 is reached when the volume ∆U 

increases, the fluctuation of porosity decreases. Then a further extension of the volume 

will not fluctuate the porosity. Once the ∆U0 is identified, the representation elementary 
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volume is possible to represent the microscopic equations over this volume. 

 

Figure 3.1 Representative elementary volume based on porosity. The volume ∆U0 of 

REV is appearing when the porosity keeps constant for small changes of ∆U (Ferrari 

2014). 

The equation of Darcy’s law empirically introduced by Darcy in 1856 links the 

macroscopic fluid velocity to the macroscopic pressure gradient, 

𝑈d =
𝑄

𝑑
= −

𝑘

𝜇
∇𝑃,                       (3.1) 

where P is the pressure, μ is the dynamic viscosity of the fluid, Q is the volumetric flux 

and Ud is the Darcy velocity. 𝑘 is considered as a property of the porous matrix only. 

However, Darcy’s law is a very simplified form of momentum balance equation at the 

macroscopic scale.     

When we apply the REV to Darcy’s law, the macroscopic pressure gradient is assumed 

to link with the velocity of wetting and non-wetting phases (α), 

 𝑈𝛼 = −
𝑘𝑘𝑟,𝛼

𝜇𝛼
∇𝑃𝛼,                       (3.2) 

where 𝑘𝑟,𝛼  is the relative permeability, which can be considered as a correction 

(0<𝑘𝑟,𝛼<1). It accounts for the different drag force exerted by the solid in liquid-liquid 
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displacement. The equation of mass conversation for each phase combines Darcy’s law, 

𝜕

𝜕𝑡
(∅𝜌α𝑆𝛼) + ∇ ∙ (𝜌α𝑈α) = 0,                   (3.3) 

where 𝑆α  is the saturation, ∅ is the porosity of the porous medium and 𝜌α  is the 

density of phase α. 𝑆α  is calculated by the ratio of the volume occupied by phase α 

and pore volume. Eq. 3.2 and Eq. 3.3 form two differential equations in three unknowns 

( 𝑃w , 𝑃n  and 𝑆𝑤 ) combine with a potential relationship 𝑆𝑤 + 𝑆𝑛 = 1 . A closure 

relationship is important and another information is employed by the capillary pressure-

saturation relationship to achieve solvable, which can be written as: 

𝑃n − 𝑃w = 𝑃c(𝑆w).                       (3.4) 

3.2 Governing equations  

In terms of multiphase fluid motion, the conversations of mass and momentum (Navier-

Stokes equations) can be expressed as  

∇∙u=0,                            (3.5) 

𝜕𝜌𝑢

𝜕𝑡
+ ∇ ∙ (𝜌𝑢𝑢) = −∇𝑝 + ∇ ∙ (2𝜇𝐸)+ 𝑓b,             (3.6) 

where 𝜇 is the viscosity of liquid, 𝑢 is the fluid velocity, 𝑓b represents the all body 

forces, 𝜌 is the fluid density, 𝐸 =
1

2
(𝛻𝑢 + 𝛻𝑢𝑇)  is the rate-of-strain tensor, 𝑝 is the 

pressure. 

In the two incompressible and immiscible fluids, we designate the two separate phases 

as water (wetting phase, w) and air (non-wetting, a). As a result, the Eqs. (3.5) and (3.6) 

can be separately described. The continuous velocity, at the interface (ᴦ ) between the 

two fluids, should be:  

[𝑢]ᴦ = 0,                          (3.7) 

which guarantees a non-penetrating state. In addition, the stress satisfies the vectorial 
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condition: 

[−𝑝𝐼 + 2𝜇𝐸]ᴦ ∙ 𝑛 = 2𝜎𝑘𝑛,                    (3.8) 

where n is the normal to the interface, 𝜎  is the surface tension and 𝑘  is the mean 

curvature, 

𝑘 =
1

2
∇ ∙ 𝑛.                          (3.9) 

The Laplace pressure is equal to the normal pressure in Eq. (3.6) and the tangential 

stress is continuum across the interface. 

3.2.1 Whole domain formulation 

When Eqs. (3.5) and (3.6), Naiver-Stokes equations, are solved, the velocity field needs 

to be computed, which represents the evolution of the wetting and non-wetting phases. 

However, this process could be hard to achieve due to the computational cost during 

solving the boundary evolution. An appropriate approach is to treat the two-phase 

subdomain as a whole domain formulation with different viscosities and densities, and 

employ an additional interface force to replace the jump condition at the liquid-liquid 

surface. A fluid function represents spatially the distribution of the two phases shown 

as (see Fig. 3.2): 

𝐹(𝑥) = {
0
1

inthenon− wettingfluid,nw,
inthewettingfluid,w.

               (3.10) 

The interface is represented by surface of discontinuity of the fluid function. Then the 

Navier-Stokes equation can be written as  

𝜕𝜌𝑢

𝜕𝑡
+ ∇ ∙ (𝜌𝑢𝑢) = −∇𝑝 + ∇ ∙ (2𝜇𝐸)+ 𝑓b + 𝑓s,           (3.11) 

where 

𝜇(𝑥) = 𝐹(𝑥)𝜇𝑤 + (1 − 𝐹(𝑥))𝜇𝑛𝑤,               (3.12) 
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𝜌(𝑥) = 𝐹(𝑥)𝜌𝑤 + (1 − 𝐹(𝑥))𝜌𝑛𝑤,               (3.13) 

are the viscosity and the density, respectively. In the last term in Eq. (3.11), 

𝑓𝑠 = 2𝜎𝑘𝑛𝛿ᴦ,                        (3.14) 

describes the effects of the Laplace pressure, which is nonzero only at the interface.  

 

Figure 3.2 VOF method with the volume fraction of wetting liquid inside each square 

grid. 

Based on the divergence-free condition, Eq. (3.5), these equations compute the velocity 

field that determines the evolution of the fluid function through a simple advection 

equation,  

 
𝜕𝐹

𝜕𝑡
+ ∇ ∙ (𝐹𝑢) = 0.                      (3.15) 

Eq. (3.15) is treated as other formula of mass conservation. When the interface is sharp, 

the whole domain formulation, Eq. (3.14), is equivalent to the jump-condition 

formulation. 

3.2.2 Wettability and contact angle 

During multiphase flow in porous media, the liquid-liquid displacement is only 

happened in void space without solid matrix. The behavior requires that the velocity 

component normal to the solid keeps zero. When the boundary condition is no-slip, the 

tangential velocity should be constrained as shown below: 
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u|ᴦ𝑠 = 0.                          (3.16) 

This condition keeps that the velocity on the solid boundary is zero. We simultaneously 

need to pay more attention to the triple-contact line between two liquids and solid 

phases. The contact line is calculated by Yong’ law: 

𝑐𝑜𝑠𝜃 =
𝜎ns−𝜎ws

𝜎
,                       (3.17) 

where 𝜎  is the surface tension of liquid-liquid interfacial, 𝜎ns  is the surface 

tension at interfacial between non-wetting phase and solid, 𝜎ws is the surface 

tension of the interface between wetting phase and solid. Eq. (3.17) is equivalent to 

the boundary condition, 

𝑛 = 𝑛s𝑐𝑜𝑠𝜃 + 𝑡s𝑠𝑖𝑛𝜃,                    (3.18) 

where n is the normal to the two liquid phases, 𝑛s  and 𝑡s  are the normal and 

tangential pointing to solid and wetting phase, respectively. 

The triple-contact line changes along the solid surface and a slip length is introduced in 

OpenFOAM, at scale of molecular, to relax the no-slip condition, which avoids 

logarithmic singularities of stress tensor at the contact line. This is justified because the 

description of the continuum mechanics is not appropriate to the scale of molecular. 

3.3 The volume of fluid  

VOF directly discretizes the whole domain formulation and it has been proved to deal 

with contact angle hysteresis and film flow for computing three-dimensional 

incompressible two-phase flows (Brackbill et al., 1992, Sussman and Puckett 2000, 

Afkhami et al., 2009). Compared with other numerical methods, VOF is able to be more 

flexible and efficient to deal with complicated free boundary configurations (Hirt and 

Nichols 1981). In this thesis, the method is presented by a model of surface tension and 

advection equation to advect the fluid function. 
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3.3.1 The continuum surface force  

The volume of fluid method is implemented to replace the force at the discontinuity 

surface by employing a continuum force: 

 𝑓v = 2𝜎𝑘∇𝐹.                        (3.19) 

This force acts at the volume only at the interface, which is defined in Eq. (3.10). When 

the interfacial thickness ℎ  trends to zero, this continuum surface tension model 

transforms from volume force into surface tension, 

 lim
ℎ→0

𝑓v = 𝑓s.                         (3.20) 

Because the fluid function F is not smooth, huge spatial oscillations would be resulted 

from the directly calculating curvature from the function. Here we employ recursive 

smoothing to construct an arbitrarily smooth fluid function, 

  �̂� = ∫ 𝐹(𝑥 ′)𝐾(𝑥 − 𝑥 ′;∈)𝑑𝑥 ′
𝑉

,                (3.21) 

where 𝐾(𝑥;∈)  is a smooth integration kernel of radius ∈ ; the curvature can be 

calculated from the smooth fluid function, 

 𝑘 =
1

2
∇ ∙ 𝑛 =

1

2
∇ ∙ (

∇𝐹

|∇𝐹|
).                   (3.22) 

3.3.2 Advection equation 

Based on the velocity from the previous time, the advection equation is solved. To keep 

the interface sharp, it is necessary to add a nonlinear convective term to the simple 

advection equation, which creates a shock to balance numerical diffusion, 

𝜕𝐹

𝜕𝑡
+ 𝛻 ∙ (𝐹𝑢) + 𝛻 ∙ (𝐹(1 − 𝐹)𝑢r) = 0,              (3.23) 

where 𝑢𝑟  is a special compression velocity. Note that it impacts the liquids in only 

interfacial region due to the term 𝐹(1 − 𝐹).  
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To guarantee mass conservation of the phase fraction and ensure a bound and unbiased 

computation, a suitable discretization and an appropriate choice of the parameters are 

necessary. The Multidimensional Universal Limiter with Explicit Solution is employed 

to solve the compression velocity, 

𝑢𝑟 = min[𝐶𝑓|𝑢|, max(|𝑢|)] 𝑛,                 (3.24) 

Which acts perpendicularly to the interface, where max(|𝑢|)  is the maximum velocity 

at the interface and 𝐶𝑓  is a parameter to control the compression strength. Here 𝐶𝑓 =

1 to ensure a conservation compression and guarantee a convergent numerical scheme. 

3.3.3 Implementation in OpenFOAM 

In this thesis, we performed a series of numerical simulations by employing 

OpenFOAM. This parallel, C++ based and open-source CFD platform provides a solver 

called interFoam that employs Finite Volume (FV) numerical schemes to solve the 

discretization of partial differential equations about immiscible and incompressible 

fluids. FV schemes is used to discretize the Eqs. (3.5), (3.11) and (3.15) on collocated 

grid with an accuracy of first order in time and second order in space (Greenshields 

2015). Then the liquid distribution is determined by solving the advection equation with 

an artificial compression term, Eq. (3.23), which is able to control numerical diffusion. 

The properties of liquids, i.e., density and viscosity, are constantly updated based on 

the continuum surface tension model. Finally, the Navier-Stokes equations are solved 

with a semi-implicit formulation of the viscous term, which decouples the velocity 

components.  

3.4 Computational domain 

We employed a three-dimensional packing of cylinders to obtain pore geometries by 

deposition in this thesis. A mesh generator, snappyHexMesh, was employed to 

automatically generate complex meshes of hexahedral and split-hexahedral cells from 

triangulated surface geometry in the domain (Greenshields 2015). Particularly, only one 
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cell was assigned along the thickness direction to construct the quasi-two-dimensional 

model. The initial background hexagonal mesh was iteratively refined and snapped to 

better reproduce the cylindrical surface with the meshes.    

When we needed to study the macroscopic behaviors of multiphase flow based on pore-

scale modeling in granular mediums, the large domain containing many pores had to be 

employed. As mentioned before, over a representative elementary volume, the 

macroscopic properties of fluid can be derived from the average of the corresponding 

microscopic quantities at Darcy’s scale. A sufficient number of pores were necessary to 

avoid fluctuations of the macroscopic properties. On the contrary, considering the 

computational cost, we had to balance the domain size and numerical accuracy.  

3.4.1 Geometry and meshing grid 

A series of numerical simulations are necessary to estimate the effects of the domain-

size and discretization. To satisfy the global accuracy of model, we performed several 

comparative tests for two-phase flow in Chapter 6, which included three kinds of 

domain size and four levels of grid convergence. The tests helped us obtain an 

appropriate number of pores and meshes. These multiphase processes ensured that the 

differences of all numerical simulation results (i.e., degree of residual saturation) are 

within 3%.   

3.4.2 Domain decomposition 

The large domain was decomposed in a large quantity of subdomains and a series of 

different processors solved separately to make the parallel computation numerically 

tractable. After the numerical simulations, they were accurately reconstructed based on 

the boundary conditions of adjacent subdomains. We adopted the high performance 

computing at The University of Sydney, Artemis, which has total 4264 processors. 

Every node has 24, 32 or 64 cores and RAM per node is between 128 Gb and 6 Tb 

memory. We employed these resources to simulate the drainage process of a quasi-two-

dimensional geometry consisting of 48 solid discs and 400 solid discs with 114,250 
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meshes and 2,975,769 meshes, respectively.  
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Chapter 4 

Effects of Capillary and Viscous Forces 

In unsaturated granular media, the patch formation of liquid during drainage involves 

interactions among different constituent phases, including gas, liquid and solid, and are 

of significance in geotechnical and geoenvironmental engineering, including 

unsaturated soil mechanics, groundwater remediation, and oil production. In this 

Chapter, in order to study these multiphase flow behaviors in granular media, we 

employ an open-source CFD platform and implement the specific material parameters, 

including the contact angle, density, viscosity and surface tension, which are obtained 

from corresponding experiments. Inside the pore space, the classic Navier-Stokes 

equations considering the mass and momentum balance are solved by the volume of 

fluid, method to track the temporal and spatial evolution of liquid-gas interfaces. 

Drainage procedure has been performed under different conditions in granular media 

with homogeneous grain size and porosity. It is found that the patch formation 

phenomena are controlled by capillary force and the surface wettability of the granular 

packing, i.e., the surface tension and contact angle, as well as the viscous force, i.e., the 

viscosity. Finally, the results of direct numerical simulation presented here 

quantitatively study the laws of water patch formation.   

The main part of this Chapter has been published as a conference paper: Cui, G., Li, S., 

Gharehdash, S., Gan, Y. (2017). Pore-scale Simulation of Water Patch Formation in 

Unsaturated Granular Media. The 1st International Conference on Geomechanics and 

Geoenvironmental Engineering (iCGMGE 2017), Sydney: Science, Technology and 

Management Crest. 

4.1 Introduction  

Two-phase flows play a significant impact in soil mechanics and considerable research 
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has been conducted within the past decades. They involve many environmental 

applications and industrial processes including carbon capture and storage, enhanced 

oil recovery, geological disaster, pharmaceutics, mining and food processing (Horgue 

et al. 2013, Zhao et al. 2016, Rabbani et al. 2017). The mechanical properties of 

granular media would change noticeably when the wetting phase flows into the pore 

space (Ma et al., 1996, Méheust et al. 2002, Moebius and Or 2014). The complex 

interplay between viscosity and density of fluid phases, surface tension, pore size, and 

wettability determines the flow behaviors within granular media. However, the 

systematical and quantitative studies of these influence factors for water patch 

formation during drainage processes keep relatively scarce.     

Here we employed the direct numerical simulation platform, OpenFOAM, based on 

traditional CFD, which solves the discretization of the Navier-Stokes equations and 

allows capturing detailed flow dynamics information in pore network. In addition, 

OpenFOAM combines the multiphase flow solver (interFoam) with the interface 

tracking method (volume of fluid) based on Eulerian algorithms (Greenshields 2015), 

which treats the immiscible liquids as a single phase with different properties, for 

solving complex interface dynamics. In this thesis, the quasi-two-dimensional direct 

numerical simulation of drainage processes in wetted granular medium is performed on 

a wide range of wettability and viscosity conditions. The numerical result presented in 

this work (1) shows the capability of the software OpenFOAM to faithfully reflect the 

detailed information during water patch formation and (2) demonstrates systematically 

and quantitatively the effect of viscosity, surface tension of wetting and non-wetting 

phases and wettability of granular medium on the residual volume during the formation 

of water patch. This study shows the first attempt towards a systematical analysis for 

such multiphase processes, e.g., wetting and dewetting, in geomaterials. 

4.2 Material properties and computational domain 

For a given pore structure, the displacement behavior during drainage processes 
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depends on the properties of wetting and non-wetting phases. In order to quantify the 

relative magnitude of viscous and capillary forces, we introduced two dimensionless 

numbers, Bond number, and viscosity ratio as: 

𝐵 =
∆𝜌𝑔𝑎2

𝛾
,                          (4.1) 

𝐻 =
𝜇w

𝜇nw
,                              (4.2) 

where the typical size is denoted as a, the difference between non-wetting and wetting 

liquid density ∆𝜌 , gravity acceleration 𝑔 , the viscosity of wetting and non-wetting 

liquid 𝜇w and 𝜇nw respectively. 

The numerical simulation is implemented in an open-source software, OpenFOAM, 

with a multiphase flow solver interFoam. This solver employs Finite Volume (FV) 

schemes for the discretization of partial differential equations to calculate multiply 

immiscible, isothermal and incompressible fluids phases. A mesh generator, 

snappyHexMesh, is used to automatically generate complex meshes of hexahedral and 

split-hexahedral cells from triangulated surface geometry in the domain. During this 

two-dimensional drainage, the invading fluid (wetting phase) displaces the defending 

fluid (non-wetting phase), and the sophisticated interfacial evolution is described by 

VOF method. The dynamics of liquid-liquid displacement and formation of water patch 

are subjected to the properties of wetting and non-wetting phases. In terms of the fixed 

pore geometry, the water patch formation also depends on the wettability of granular 

medium, capillary and viscous forces (Table 4.1). A rectangle two-dimensional domain 

represents the whole region of drainage processes, which is filled with the solid discs 

with a diameter of 2 mm and throat size of 200 μm (Table 4.2). The permeability of the 

granular medium references the Kozeny-Carman as 4.89×10-9 m2. Due to the 

computational cost, we model the granular medium as a quasi-two-dimensional 48 solid 

discs. The computational grid and geometry are given in Fig. 4.1(a). The initial field of 



35 

 

wetting phase is set on the specified cells with the utility as shown in Fig. 4.1(b). We 

simulated drainage under atmospheric condition in a rectangular domain with inlet on 

top and outlet on bottom. In OpenFOAM, inletOutlet and zeroGradient conditions are 

assigned on velocity and pressure boundaries at inlet and outlet. No-slip boundary 

conditions are employed on the solid obstacles. 

Table 4.1 Properties of two immiscible liquids used in OpenFOAM. 

              Property                            Value 

Contact angle (°)   5°~150° 

Viscosity of wetting phase, 𝜇w (m2/s) 
1.49×10-5, 1.57×10-6, 3.14×10-7, 

3.14×10-8 

Viscosity ratio, 
𝜇w

𝜇nw
 (-) 9.49, 1, 0.2, 0.02 

Density of wetting phase (kg/m3) 997 

Density of non-wetting phase (kg/m3) 11.691 

Surface tension, 𝛾 (N/m) 0.052, 0.042 ,0.032, 0.022 

Bond number (-) 7.4×10-3, 9.2×10-3, 0.121, 0.176 

 

Table 4.2 Geometrical parameters of the 2D granular medium. 

 Property                            Value 

Dimensions (mm2) 25×45.7 

Radius of discs, R (mm) 1 

Number of solid discs (-) 48 

Number of meshes (-) 114,250 

Permeability (m2) 4.89×10-9 

Porosity (-) 0.649 

 



36 

 

 

Figure 4.1 The computational domain: (a) granular solid are arranged in an order array 

(25×45.7 mm2; 48 solid discs; diameter of 2 mm and throat size of 200 μm), (b) non-

wetting phase (blue) and wetting phase (red). 

4.3 Results and discussion 

From the saturation state to water patch, we repeated several drainage processes by 

changing viscosity from 1.49×10-5 m2/s to 3.14×10-8 m2/s at the same conditions 

including density and surface tension, at Bond number of 0.012. Four examples of water 

patch distribution at final state with different wettabilities are shown in Fig. 4.2.  

 

Figure 4.2 Numerical results after drainage (kinematic viscosity 3.14×10-8 m2/s; surface 

tension 0.032 N/m) for different contact angles: (a) 30°, (b) 60°, (c) 90°, (d) 120° and 

(e) 150°.      

4.3.1 Surface tension  

Based on image processing, we calculate the degree of saturation from the final state 

(Fig. 4.2) under different viscosity conditions, which is plotted in Fig. 4.3 as a function 

of contact angle. The results demonstrate that the process of drainage can be divided 
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into three phases: strong-wet, intermediate-wet and strong drainage phases.  

 

Figure 4.3 Residual saturation degree of the different viscosities, as a function of the 

contact angle. 

Under the strong-wet condition, the pores keep saturated state with the decrease of 

surface wettability of solid phase. Because the capillary force holding water is larger 

than gravity force. In intermediate-wet condition, the surrounding wetting phase of the 

granular packing begins to flow out and the residual volume rapidly decreases until the 

contact angle reaching 110°, approximately. Under the drainage condition, due to the 

strong hydrophobicity of circular solid, the phenomenon of liquid trapping occurs 

noticeably. As a result, the saturation degree of wetting phase has a slight increase. In 

addition, with the increase of viscosity, overall the degree of saturation increases more 

clearly at the same wettabilities during intermediate-wet phase than the other two 

phases.   

4.3.2 Viscosity  

Moreover, the numerical simulations (Fig. 4.4) are repeated by decreasing Bond 

number from 0.176 to 7.4×10-3 to study the effects of weakening the capillary force 

with respect to gravitational force. The saturation degree of wetting phase is plotted in 

Fig. 4.5 as a function of wettability. The results demonstrate that, with the increase of 

surface tension, the degree of saturation increases more significantly as compared to 
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the cases of different viscosities in Fig. 4.3. This demonstrates the capillary force has a 

more important effect on water patch formation than viscous force, indicating the 

sensitivity of the drainage behaviour to the Bond number, rather than to the viscous 

ratio, H.  

 

Figure 4.4 Numerical results after drainage (kinematic viscosity 3.14×10-8 m2/s; surface 

tension 0.022 N/m) for different contact angle: (a) 30°, (b) 60°, (c) 90°, (d) 120° and (e) 

150°.     

  

Figure 4.5 Residual saturation of the different surface tension, as a function of the 

contact angle.  

4.4 Summary 

In this thesis, we simulated the water patch formation during the drainage process of 

saturated granular medium. The results demonstrate that the process can be divided into 

three regimes. Firstly, under the strong-wet regime, the residual volume of wetting 
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phase in pore space keeps the saturated state with the increase of contact angle. Because 

the capillary force dominants the drainage compared with gravitational force. Secondly, 

water begins to flow out and the degree of saturation decreases drastically under the 

intermediate-wet condition until contact angle 110° approximately. Finally, due to the 

strong hydrophobic effect, the residual volume has a slight increase because of the 

trapped droplet phenomenon under the drainage regime. In addition, the volume of 

residual wetting phase is subject to viscous and capillary forces. Our simulation results 

indicate that the formation of water patch during drainage process is more strongly 

influenced by the surface tension, compared with viscosity ratio between the wetting 

and non-wetting fluids. 
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Chapter 5 

Measure of Disordered Microstructure 

In this chapter, a moving method to generate a series of disorder structure is presented. 

We introduce two kinds of disorder degree calculations, based on different background 

space to quantitatively characterize the effect of pore topologies on drainage process. 

The comparison of the two indexes is performed to prove their effectiveness. 

The main part of Chapters 5 and 6 has been summarized and submitted for a journal 

publication: Cui, G., Liu, M., Dai, W. and Gan, Y. (2018) Pore-scale Modelling of 

Gravity-driven Drainage in Disordered Porous Media. In submission. 

5.1 Generating disordered structure 

To quantitatively investigate the influence of the degree of microstructural disorder in 

porous media on the drainage process, we explore a meaningful measure of the disorder 

of the pore space, as well as generating samples with the controlled disorder quantity. 

Here a model 2D porous medium containing mono-sized circular discs is focused, seen 

in Fig. 5.1.  

Random samples can be achieved by deviating the discs from the original regular 

arrangement, e.g., a hexagonal or square lattice. The porous medium is in form of 𝑁 

disk-shaped solid phases of radius 𝑅  that is embedded in a rectangular plate of size 

𝐿x × 𝐿y  with the periodic boundary condition along the 𝑥 -axis. The centers of discs 

are moved with a random vector 𝑅𝑚
⃗⃗ ⃗⃗  ⃗ (|𝑅𝑚

⃗⃗ ⃗⃗  ⃗| ≤ 𝛿). The disordered porous media contain 

only non-overlapping discs at a constant global porosity, 𝜙 , are constructed and the 

corresponding degree of disorder can be controlled by varying 𝛿 . The movement 

method of discs allows a larger range of configuration from the completely ordered 

system, 𝛿 = 0, to highly-disordered systems by applying the moving steps iteratively. 
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Figure 5.1 Schematic diagrams of (a) a typical computational domain used for the 

drainage process containing solid (grey), liquid (red) and gas (blue) phases, (b) Voronoi 

tessellations on the pore space and three characteristic liquid zones (saturated cluster, 

adsorbed droplet and liquid bridge).  

5.2 Disorder index 𝑰𝐝  

Since the porosity 𝜙 as a global parameter is determined by the number and size of 

discs in the domain, the next high-order parameter is a measurement of the fluctuations 

of local porosity 𝜙𝑖 , e.g., 𝐼d = [〈𝜙𝑖
2〉 − 𝜙2]1 2⁄  as the index of disorder proposed by 

Laubie et al. (2017a). Note that the average operator 〈∙〉  is volumetric average. The 

local porosity 𝜙𝑖  is evaluated at every point i in a square background mesh of the 

domain with a mesh size of 𝑙 = (𝜋𝑅2/𝜙)1/2 . Figure 5.2(a)-(d) shows four pore 

distribution samples with an increasing of disorder degree.  

5.3 Improved disorder index 𝑰𝐯  

In this thesis, we observed that this original definition ignores the small microstructural 

perturbation which is pivotal for pore fluid flow (discussed later). A modified index 

was proposed, based on Voronoi tessellations of the pore space as the primitive volume, 

instead of the regular background square mesh, as shown in Fig. 5.3(a)-(d). The local 

porosity 𝜙𝑖 can be calculated in a tessellated volume centered on in the i-th pore. The 

improved disorder parameter (“disorder index”), 𝐼v , takes the same format of the 

original definition, but uses the set {𝜙𝑖} based on Voronoi tessellations as 
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𝐼v = [〈𝜙𝑖
2〉 − 〈𝜙𝑖〉

2]1 2⁄ .                     (5.1) 

Note here 𝜙  is replaced with the volume average sample porosity, 〈𝜙𝑖〉 . The 

parameter 𝐼v can change from zero, an ordered geometry, to an approximate maximum 

value of 0.06 for a highly disordered porous structure.  

 

Figure 5.2 Different pore distributions with increasing the disorder index 𝐼d : (a) 𝐼d =0, 

(b) 𝐼d=0.012, (c) 𝐼d=0.046, (d) 𝐼d=0.87. 

 

Figure 5.3 Different pore distributions with increasing the disorder index 𝐼v : (a) 𝐼v =0, 

(b) 𝐼v=0.0085, (c) 𝐼v=0.029,(d) 𝐼v=0.042. 
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5.4 Comparison between 𝑰𝐝  and 𝑰𝐯  

Fig. 5.4 shows the comparison between two disorder indices, 𝐼d  and 𝐼v . When the 

ordered primitive structure is slightly disturbed, e.g., 𝛿 ≤ 𝑙 2⁄ − 𝑅 , 𝐼d = 0 , while 𝐼v 

varies from 0 to 0.03. The reason is that, when the circular discs only randomly move 

within the square meshes, the local porosity 𝜙𝑖  equals to mean global porosity 𝜙, as 

shown in Fig. 5.4(a)-(d) of the two identical microstructures. This indicates that 𝐼d 

cannot be used to characterize the small variation in a unit cell (as mentioned as 

“Randomness Case I” in Laubie et al. (2017b)). 

 

Figure 5.4 The comparison between disordered indices 𝐼d  (original definition) and 𝐼v 

(improved index). Inserts (a)-(d) indicate the different background meshes used for 

calculating the local porosity: (a) 𝐼d =0 and (b) 𝐼v =0.02, (c) 𝐼d =0.043 and (d) 

𝐼v=0.037, where (a-b) and (c-d) are two cases with identical pore structure.  

5.5 Summary 

Compared with 𝐼d , the improved definition 𝐼v  using Voronoi tessellation is sensitive 

to such small disturbances. However, this limited movement has a quite significant 

impact on the drainage processes, which will be demonstrated later in Chapter 6. As a 

result, for investigating the pore-scale multiphase flow in this thesis, we employed the 
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𝐼v  based on Voronoi tessellations to evaluate the degree of microstructural disorder in 

porous media. Moreover, the resulting ranges of 𝐼d  and 𝐼v  also differ from 𝐼d ∈

[0,0.1]and 𝐼v ∈ [0,0.06], respectively.  



45 

 

Chapter 6 

Liquid Retention under Drainage 

The multiphase interactions combining several factors (including intrinsic topological 

features, gravity, capillary, and wettability) determine macroscopic drainage properties, 

such as the residual saturation of wetting phase and the temporal/spatial distributions 

of saturated zones (Yang et al. 1988, Herring et al. 2016, Li et al. 2017). The majority 

of previous experiments and numerical models of drainage and injection are focused on 

the macroscopic parameters, e.g., porosity, permeability, system size and aspect ratio 

(Succi et al. 1989, Toussaint et al. 2005, Babadagli et al. 2015, Moura et al. 2015, 

Rognmo et al. 2017, March et al. 2018), in which the spatial configuration, pore 

connectivity and their influences on liquid retention are ignored (Prat 1995, Lin et al. 

2018, Yekta et al. 2018). However, for most natural and synthetic porous media, 

disordered microstructures are dominant (Anguy et al. 2001, Woo et al. 2004). These 

disorder features not only affect the mechanical properties of porous media (Laubie et 

al. 2017a, Laubie et al. 2017b), but also hinder the fundamental understanding of 

drainage processes (Holtzman 2016, Fantinel et al. 2017). Further studies are required 

to evaluate the degree of microstructural disorder and bridge the microscopic 

information to macroscopic effective properties of porous media. 

6.1 Simulation setup and materials parameters 

In order to construct a quasi-2D model, the out-of-plane thickness of the sample is 

particularly set to be much smaller than the in-plane edges in x and y axis. To investigate 

the morphological characteristics of entrapped wetting fluid, including absorbed liquid, 

liquid bridge and saturated cluster, as shown in Fig. 5.1(b), we simulated drainage under 

atmospheric condition in a rectangular domain (Fig. 5.1(a)) with inlet on top and outlet 

on bottom. In OpenFOAM, inletOutlet and zeroGradient conditions are assigned on 

velocity and pressure boundaries at inlet and outlet. Cyclic condition is allocated in the 
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horizontal direction. No-slip boundary conditions are employed on the solid obstacles. 

The geometrical parameters of computational models are shown in Table 6.1. The 

dynamics of fluid-fluid displacement, morphology and distribution of wetted zone 

during gravity-driven drainage depend on the properties of wetting and non-wetting 

phases including density, viscosity and surface tension, which are selected based on the 

parameters of water and air (see Table 6.1).  

Table 6.1 Geometrical parameters of the quasi two-dimensional porous media and 

properties of two immiscible fluids used in numerical simulations.  

                    Property                           Value 

Radius of discs, 𝑅 (mm) 1 

Contact angle, 𝜃 (°) 0°~150° 

Viscosity of wetting phase (m2/s) 5.93×10-7 

Viscosity ratio, 𝜇w/𝜇nw(-) 0.38 

Density of wetting phase, 𝜌𝑤  (kg/m3) 997 

Density of non-wetting phase, 𝜌𝑛  (kg/m3) 11.69 

Density difference, ∆𝜌 (kg/m3) 985.31 

Void ratio, e (-) 2.65 

Gravity acceleration,g (m/s2) 9.81 

Surface tension, 𝛾 (N/m) 0.064 

 

Before the detailed simulation of drainage processes, we have performed sensitivity 

studies on the mesh discretization and domain size to identify the cost-efficient mesh 

density and representative model size. A compromise between the level of 

discretization and size of computational domains has to be found. To this end, we tested 

several cases including three computational domains and four levels of discretization, 

defined by the ratio of disc diameter to typical mesh cell size (i.e., 2𝑅/∆=16, 27, 32, 
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41). The benchmark is defined in terms of the residual saturation at the end of 

gravitational drainage process, and all cases are conducted under the same porosity and 

pore structure, with 𝜃=30° and Bond number of 0.36. Based on these results (shown 

in Table 6.2 and Table 6.3), we decided to select the case with medium domain size of 

70×96.13 mm2 with 400 solid discs and discretisation of 2𝑅/∆=27 (meshes) (see 

Figure 6.1) , which ensures that differences with the results obtained with the finest 

mesh discretization and largest domain size are within 3%.  

Table 6.2 Sensitivity study on the domain size based on the same discretization 

(2𝑅/∆=27).  

 Small Medium Large 

Dimensions (mm2) 35×52.32 70×96.13 140×193.25 

Number of discs (-) 100 400 1600 

Number of meshes (-) 825,547 2,975,769 11,990,042 

Porosity (-) 0.704 0.705 0.704 

Degree of residual saturation 17.73% 16.90% 14.94% 

 

Table 6.3 Sensitivity study on discretization based on the medium-sized domain. 

 
Discretisation, 2𝑅/∆ 

16 27 32 41 

Number of meshes (-) 1,080,298 2.975,769 5,268,631 6,662,617 

Porosity (-) 0.704 0.705 0.705 0.708 

Degree of residual saturation  15.86% 16.90% 17.11% 16.93% 

6.2 Effects of disorder index, 𝑰𝐯  

We first demonstrate the reliability of disorder index 𝐼v  by characterizing the effect of 

disorder degree of pore topology on the liquid-holding capacity defined as the residual 

volume of wetting phase normalized by the solid volume. Note that, the volume of 
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residual liquid within the top one row and bottom two rows of discs are removed during 

image processing to exclude upper and lower boundary effects in the calculation. Fig. 

6.2(a)-(d) show the spatial distributions of liquid zones (i.e., the entrapped saturated 

zones) in four samples with different pore topologies after drainage, which correspond 

to disorder index: 𝐼v =0 (ordered distribution), 𝐼v =0.0056, 𝐼v =0.015 and 𝐼v =0.055 

(highly-disordered topology), respectively.  

 

Figure 6.1 The medium-size geometry (70×96.13 mm2, 400 solid discs) and 

computational mesh discretisation of2𝑅/∆=27 selected in the drainage simulations. 

The morphological characteristics of entrapped saturated zones are significantly 

different in the four samples. Such variations in the morphology of the entrapped 

saturated zones at pore-scale will be analyzed in detail in next Section. In the 

macroscopic scale, the numerical results demonstrate that the degree of disorder has a 

monotonously increasing relationship with the volume of entrapped saturated zones, as 

shown in Fig. 6.2(e), in which the solid line is for a guiding purpose. 

It is obvious that 𝐼v varying in the range from 0 to 0.02 has a more significant impact 

on the residual volume than the rest range. Absorbed droplets are rapidly connected 

into liquid bridges and even saturated clusters with the increasing degree of disorder 

within this range, which are more efficient to enhance the liquid-holding capacity than 
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the other 𝐼v  range that mainly contains clusters. Note that 𝐼d  in the corresponding 

range keeps nearly zero when 𝐼v  varies from 0 to 0.02 (see Figure 5.4), failing to 

capture this transition region. These results indicate that the parameter 𝐼v  is effective 

to quantitatively evaluate the influence of the topological disorder on the liquid holding 

capacity. In addition, the increase of the disorder index is unfavorable for drainage 

efficiency in porous media.  

 

Figure 6.2 Simulation results of four different samples with increasing disorder index: 

(a) 𝐼v=0, (b) 𝐼v= 0.0056, (c) 𝐼v =0.015 and (d) 𝐼v=0.055. (e) Liquid-holding capacity 

(the residual volume of wetting phase normalized by the solid volume; the unit is 1) as 

a function of disorder index 𝐼v . The scale shows the range of liquid-holding capacity 

varying from 0.41 to 0.68.  
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6.3 Distribution of residual saturation cluster  

In this section, the study aims to find a relationship between the disorder degree and the 

morphological characteristics of entrapped saturated zones after drainage. The spatial 

information of the saturated clusters is extracted by image processing. In statistics, the 

area of liquid bridges range from 0.8 mm2 to 4 mm2, and other zones of smaller or larger 

areas correspond to absorbed droplets and saturated clusters, with typical examples 

shown in Fig. 5.1(b). In the post-processing, the extremely small liquid volume with a 

size smaller than one-tenth of a solid disc area ( 𝜋 mm2) volume is neglected. The 

probability density distribution of saturated zones volume after drainage processes are 

plotted in Fig. 4. The distributions of zone area using a uniform bin-width of 0.4 mm2 

are extracted from four samples with different disorder degree (i.e., 𝐼v=0, 𝐼v =0.0056, 

𝐼v =0.015 and 𝐼v =0.055), corresponding to the pore topologies in Fig. 6.2(a)-(d), 

respectively.  

Fig. 6.3(a) shows that, when the solid discs are assigned regularly (𝐼v=0), the maximum 

probability of cluster area is possessed by the bin from 0.4 mm2  to 0.8 mm2 , which 

is mostly consisted of the absorbed droplets. In Fig. 6.3(b) and Fig. 6.3(c), the span of 

the size distribution of saturated zones becomes wider with increasing disorder of pore 

structure. Specifically, the three kinds of wetting phase morphology (absorbed droplet, 

liquid bridge and saturated cluster) simultaneously exist at the final drainage stages. 

When disorder index arrives the approximately maximum value ( 𝐼v =0.055), the 

maximum area of one saturated zone in the highly-disordered porous media is reached 

at 40 mm2  as well as the minimum number of absorbed droplets and liquid bridges 

(see Fig. 6.3(d)). These results demonstrate that the increase of disorder contributes to 

the packaging of solid discs, which is advantageous for the merging of absorbed 

droplets into liquid bridges and further into residual saturated clusters.  

Li et al. (2017) demonstrated that the dataset can be characterized by employing the 

lognormal distribution function, which has been employed in interpreting 
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experimentally observed saturation clusters as 

𝑓(𝑋|𝜇, 𝜎2) =
1

√(2𝜋𝜎2 )𝑋
𝑒𝑥𝑝 [−

(𝑙𝑛𝑋−𝜇)2

2𝜎2 ].             (6.1) 

  

Figure 6.3 Probability density function (PDF) and lognormal distribution of saturated 

zones area and maps of morphological characteristics with the four disorder parameters: 

(a) 𝐼v=0, 𝜇=-0.061, 𝜎=0.59; (b) 𝐼v=0.0056, 𝜇=0.24, 𝜎=0.85; (c) 𝐼v=0.015,𝜇=0.38, 

𝜎=1.04; (d) 𝐼v=0.055, 𝜇=0.66, 𝜎=1.20. Note that the different colours in the inserted 

morphological character map represent the disconnected wetting phase zones.  

According to the maximum likelihood estimation method, two determinative 

parameters, i.e., the scale parameter 𝜇  and shape parameter 𝜎 , can be obtained by 

fitting the probability density distribution of liquid zone areas. It is clearly seen from 

Fig. 6.3(a)-(d) that the 𝜇  and 𝜎  have a positive relationship with the disorder index, 

indicating the increase of the mean and variation of residual liquid areas of high degree 

of disorder by enhancing the formation of saturated clusters. The reason is that a large 

𝐼v  improves the solid phase gathering, individual liquid bridges and absorbed droplets 
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merging and eventually leading to the formation of large saturated zones in those dense 

regions. This further illustrates why the liquid-holding capacity is gradually enhanced 

with the increase of disorder degree and how the disorder of porous media statistically 

varies the total volume and morphological characteristics of residual wetting phase after 

the gravity-driven drainage process. 

6.4 Liquid retention under varying Bond number 

During the gravity-driven drainage process, the interplay between the gravity and 

capillary forces has a significant effect on the fluid displacement behaviors. In order to 

quantify the relative magnitude of these two forces, a dimensionless parameter, i.e., the 

Bond number, Eq. (4.1), is introduced in the previous work (Méheust et al. 2002, 

Moebius and Or 2014). The characteristic length is usually defined as the throat size 

(Blunt and Scher 1995) or the radius of pore (Birovljev et al. 1991, Løvoll et al., 2005). 

However, because the disorder degree introduces non-uniform solid disc separations, 

the throat size is not easy to quantify. Here we adopt the uniform radius of solid discs 

as the characteristic length. In order to consider the variation due to the void ratio, we 

introduce the volumetric ratio between the pore and solid phase into the traditional form 

Eq. (4.1) and obtain the modified Bond number: 

𝐵𝑜
′ =

∆𝜌𝑔𝑅2

𝛾
∙ 𝑒,                           (6.2)                                                             

where R is the radius of the solid disc and 𝑒 = 𝑉P/𝑉S  is the void ratio, in which 𝑉P 

and 𝑉S are the total volume of pore and solid phase, respectively.  

To demonstrate the validity of the modified Bond number, the parameters (i.e.,  

density difference, gravity acceleration, radius of solid disc and void ratio) are 

individually adjusted with the surface tension to keep the Bo
'  the same at 0.37. Fig. 6.3 

demonstrates that the degree of saturation is similar when the Bo
'  is kept the same for 

given contact angle, across a range of wettability. In the following analyses, we will 

focus on the combined effects among the modified Bond number, disorder and 
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wettability. 

To elucidate the combined effect of disorder degree and the modified Bond number, 

Bo
' , simulations are performed for the four disordered samples as shown in Fig. 6.2(a)-

(d) with a broad range of Bo
'  from 0.011 to 7.70. The liquid-holding capacity of the 

disordered samples is plotted in Fig. 6.4 as a function of Bo
' . The results demonstrate 

that, based on the influence of disorder, the drainage process can be divided into two 

categories, the capillary regime and adsorbed regime. The Bo
'  threshold separating 

these two categories is approximately 1.0, beyond which the gravitational force 

overtakes capillary force in drainage process, resulting in the disappearance of 

saturation clusters and capillary bridges. 

 

Figure 6.4 Degree of residual saturation as a function of wettabilities at Bo
' =0.37 with 

a different combination of density difference, gravity acceleration, disc radius, void 

ratio and surface tension.  

When Bo
'  is less than the threshold, capillarity dominates the fluid-fluid displacement. 

Based on comparison between the ordered and the highly disordered medium (see Fig. 

6.5(a) and 6.5(b)), higher disorder can dramatically improves the liquid-holding 

capacity of porous media with the same Bo
' ; in contrast to the only small absorbed 
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droplets in the ordered system, high disorder leads to large entrapped saturated zones, 

which demonstrates that disorder degree has a significant effect on the capillary 

interaction during drainage. In addition, it can be clearly seen that there is a 

morphological transformation from saturated zones (Fig. 6.5(a)) to liquid bridge (Fig. 

6.5(c)) with the increasing gravitational force, which was validated by the previous 

experiment from Li et al. (2017). 

In the second regime, i.e. Bo
'  >1.0, the gravitational force has overcome the capillary 

counterpart. Fig. 6.5(d) indicates that only the absorbed droplets exist on the surface of 

solid discs instead of the saturated patch and liquid bridges between discs in Fig 6.5(b) 

and 6.5(c), respectively. The absorbed volume gradually declines with the increase of 

Bond number. Since the absorbed liquid phase is only proportional to the total surface 

area (length in 2D) of the solid phase, there is no observed difference for ordered and 

disordered pore spaces, exhibiting similar relationship as shown in Fig. 6.5.  

 

Figure 6.5 Liquid-holding capacity as a function of Bond number with four different 

disorder indices and maps of wetted cluster distribution at contact angle θ=30° : (a) 

𝐼v =0.055, Bo' =0.073, (b) 𝐼v =0, Bo' =0.073, (c) 𝐼v =0, Bo' =1.10, (d) 𝐼v =0.027, 

Bo'=7.65.  
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The van Genuchten equation originally describes the relationship between the degree 

of saturation and matric suction in the soil-water characteristics curves (SWCCs) (Zhou 

et al., 2016). As an analog, here the residual volume is governed by the interaction 

between the capillary and gravitational forces (characterized by Bond number). Thus, 

we replaced the suction term in the original format with the Bond number： 

𝑆r =
1−𝑆r

res

[1+(Bo
' /𝛼)𝑛]

1−1/𝑛 + 𝑆r
res,                     (6.3)                                

where 𝑆r  is the degree of saturation, 𝑆r
res  the adsorbed saturation, 𝛼  the scaling 

parameter positively proportional to the air-entry value, and 𝑛  is the characteristic 

curve index controlling the slope of SWCC (Fredlund et al., 2012). Fig. 6.6 shows that 

the liquid retention curve can be quantitatively predicted by the van Genuchten equation 

(i.e., Eq. (6.4)). Furthermore, we conclude that with the same porosity and solid disc 

diameter, the increase of disorder index 𝐼v  decreases the curve index n. During the 

curve fitting process, we used 𝛼=0.055 and 𝑆𝑟
𝑎=0.20, since the former was found to 

be insensitive to 𝐼v  and latter can be measured at Bo
' = 1 . Thus, the potential 

relationship between the disorder of pore space and liquid characteristic curves can be 

evaluated quantitatively by the application of 𝐼v  under the framework of unsaturated 

soil mechanics. 

6.5 Surface wettability 

It is well known that the wettability of porous media can dramatically change the liquid-

liquid displacement behavior during both drainage and imbibition processes (Zhao et 

al. 2016), but whether the disorder alters such influence of wettability has yet been 

explored. To this end, a series of simulations were performed on the disordered porous 

samples with the wettability of solid surface varying over a broad range from 0 °  to 

150° at the same Bond number of 0.37. The results are plotted in Fig. 6.7. It is clearly 

seen that, with the increase of disorder index 𝐼v , the volume of liquid retention is 

gradually elevated at the same wettabilities, which indicates the influence of the 
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wettability on retention can be controlled by adjusting the disorder index (see Fig. 6.7(a) 

and 6.7(b)). Meanwhile, as for varying wettability, it is relatively more efficient to alter 

the residual volume when the disorder index is within 𝐼v ∈ (0-0.02), than the larger 

degree regime, 𝐼v ∈ (0.02-0.06). Due to the disorder-induced reinforcement of liquid-

holding capacity, the maximum and minimum relative difference, compared to the 

ordered configuration at the same wettability, are 108% at the hydrophilic (θ=60°) and 

716% at hydrophobic (θ=150°) samples, respectively.  

 

Figure 6.6 Degree of residual saturation as a function Bond number fitted by van 

Genuchten equation (with 𝛼=0.055, 𝑆𝑟
𝑎 =0.20): (a) 𝐼v =0, n=16.07, (b) 𝐼v =0.0056, 

n=6.80, (c) 𝐼v=0.015, n=3.75, (d) 𝐼v=0.055, n=2.54.  

In addition, when the surface wettability of porous media varies from hydrophilic to 

hydrophobic, wetting phase begins to flow out more and the liquid-holding capacity 

drastically decreases until approximately the inflection point (i.e., θ~110°). During this 

transition, in terms of high disorder degree, the morphological characteristics of final 

drainage clearly transforms from a variety of liquid clusters to only entrapped droplets 

between the circular solid phase (see Fig. 6.7(c)). Such entrapment can be noticeably 
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strengthened in high disorder samples and eventually keeps the residual volume of 

wetting phase nonzero. When the contact angle is within 0° to 110°, the effect of 

wettability on drainage efficiency is more obvious. 

 

Figure 6.7 Liquid-holding capacity as a function of wettability for the different disorder 

degree and morphological patterns of drainage results with different wettability 

conditions as inserts: (a) 𝐼v=0.055, 𝜃=10° (b) 𝐼v=0, 𝜃=10°; and (c) 𝐼v=0.055. 

6.6 Discussion 

Our numerical results have shown that the disorder parameter 𝐼v  is reliable to 

quantitatively characterize the influence of disorder degree on liquid retention in porous 

media after the gravity-driven drainage process. The residual volume has a 

monotonously increasing relationship with the disorder index under the same porosity 

and radius of solid discs. It demonstrates that highly-disordered media is 

disadvantageous for drainage efficiency, however, the efficiency can be more 

sensitively controlled within the range of disorder index 𝐼v  (0-0.02) than the larger 

range (0.02-0.06). 

For representing the morphological characteristics, we employed the lognormal 
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function to fit the probability density distribution of saturated areas. The scale 

parameters 𝜇  and shape parameter 𝜎  are positively correlated with disorder index 𝐼v , 

which indicates that enhancing disorder is advantageous for the formation of large fluid 

clusters. Due to the reinforcement of solid phase gathering, a large quantity of absorbed 

droplets and liquid bridges can be gradually connected into liquid clusters. 

In addition, a modified Bond number, including the void ratio, is introduced. Based on 

the magnitude of gravitational and capillary forces, the drainage process is divided into 

two categories and the transition point of is approximately Bo
' =1.0. When the 

gravitational force dominates the drainage process ( Bo
' >1.0), only absorbed droplets 

exist on the solid surface without the presence of saturated clusters and liquid bridges, 

resulting in almost the same liquid-holding capacity for different disorder degree; on 

the other hand, when capillary force is larger than gravitational force ( Bo
' <1.0), the 

relationship between the degree of saturation and Bond number can be well represented 

by van Genuchten equation, in which disorder index 𝐼v  has a positive relationship with 

the characteristic curve index n. 

Finally, the study of fluid drainage characteristics with various surface wettability 

demonstrates that the effect of microstructural disorder on residual volume is clearly 

weakened with the increase of hydrophobicity. In addition, when the surface wettability 

vary from hydrophilic to hydrophobic, morphological characteristics of highly-

disordered topology have an obvious transformation from various saturated zones to 

only entrapped droplets.  

6.7 Summary 

Based on Voronoi tessellations, the disorder index 𝐼v  has been introduced to describe 

the drainage characteristics in disordered porous media. With the help of this index, we 

studied the gravity-driven drainage with different pore configurations exhibiting a 

broad range of disorder degree. The results demonstrate that 𝐼v is able to quantitatively 

characterize the influence of the disorder of porous media on the residual volume and 
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morphological characteristics of residual saturated zones. Among other factors 

(capillarity, gravity, wettability, porosity and characteristic size), this study highlights 

the correlations between the disorder index to the following drainage behavior: (1) 

residual saturation, (2) morphological features and (3) statistical distribution of residual 

wetting phase.  
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Chapter 7 

Conclusions and Outlook 

This thesis systematically investigated the residual volume and morphological 

characteristics of entrapped wetting phase (i.e., absorbed droplet, liquid bridge and 

saturated cluster) during gravity-driven drainage process. The wetted zone is 

determined by the pore topologies (i.e., disorder degree), properties of porous media 

and liquid (i.e., wettability, viscosity and capillary forces, respectively) and 

gravitational force. We employed direct numerical simulation combing the volume of 

fluid method to perform a series of drainage processes. The main results are obtained 

as follows: 

(1) The entrapment of wetting phase is systematically studied during drainage 

process under different wettability, viscosity and surface tension conditions. The 

results demonstrate that the process can be divided into three regimes: (A) with 

increasing of wettability, the volume of entrapped liquid keeps approximately 

the same quantity under the strong-wet regime; (B) the residual volume begins 

to remarkably decrease under the intermediate-wet condition until contact angle 

110°; (C) due to the strong hydrophobicity, entrapped volume has a slight 

increase under the drainage regime. In addition, the results demonstrate that, the 

entrapment of wetting phase is more strongly influenced by the capillary force 

compared with the effect of viscosity ratio.    

(2) Based on Voronoi tessellations, the disorder index 𝐼v  is introduced to 

characterize the fluctuation of local porosity compared with global mean 

porosity. The gravity-driven drainage processes of saturated porous media with 

different pore topologies are performed, which corresponds to a broad range of 

disorder degree. The results demonstrate that 𝐼v  is able to quantitatively 
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characterize the influence of disorder degree on the residual volume and 

morphological characteristics of saturated zones. Due to the presence of solid 

phase gathering, absorbed droplet and liquid bridge are connected into liquid 

cluster with an increasing of disorder degree in porous media.  

(3) Based on the modified Bond number considering the effect of void ratio, 

drainage process can be divided into two categories: (A) when the gravitational 

force dominates ( Bo
' >1.0), disorder degree has no clear impact on residual 

volume; (B) when capillary force is larger than gravitational force (Bo
' <1.0), the 

disorder index presents a positive relationship with the characteristic length n in 

van Genuchten equation. In terms of wettability, the impact of disordered 

microstructure on entrapped liquid volume is obviously weakened at strong 

hydrophobicity condition. When surface wettability varies form hydrophilic to 

hydrophobic, morphological characteristic of highly-disordered pore structure 

has an obvious transformation from various saturated zones to only entrapped 

droplets. 

In conclusion, the thesis provides a fresh perspective into significant applications of 

drainage processes in porous media. For example, decreasing disorder degree can 

control the drainage process, which improves the displacement efficiency of water 

during drying of food and soil aeration process, and enhances the recovery of 

contaminants and CO2 geosequestration. On the contrary, increasing disorder enlarges 

interfacial area, which is advantageous for the subsurface remediation, fluid-gas mixing 

and reaction in microfluids. The results contribute to fundamentally understand the 

physical principles behind multiphase flow in disordered porous media and to improve 

applications related to optimization of drainage and injection processes. 

Based on the research, we have a promising suggestion for future work: The parallel 

computing can be employed to simulate two-phase flow in three-dimensional topology. 

2D simulation is more efficient to quantitatively evaluate the effects of Bond number, 
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wettability, viscosity and surface tension on multiphase flow. However, two-

dimensional model is hard to study the intricate fluid behaviour in three-dimensional 

geometry and 3D simulation may improve our understanding of porous media. In the 

future work, the proposed disorder index can be related to a more generally accepted notion 

of pore size distribution index. 
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Appendix 

Image Processing 

In this appendix section, the specific program is written to trim the boundaries of the 

image and remove small components, which is used to calculate the area of trapped 

saturated zones and count up its number finally shown in a histogram. 

ClearAll["Global`*"]; 

$HistoryLength = 0; 

 

smallSize = 677;    

realV=1000000*((1.07175-1.00175)*(1.05783-1.00630))/(3000*(((1.05783-

1.00630)/(1.07175 - 1.00175)))*3000);         

img = ImageTrim[image, {{.26, .313}, {.74, .9255}}, DataRange -> {{0, 1}, {0, 1}}]; 

img = ImageResize[img, {3000, ((1.05783-1.00630)/(1.07175-1.00175))*3000}];            

img1 = DeleteSmallComponents[Binarize[ColorSeparate[img, "R"]], smallSize]; 

img2 = MorphologicalComponents[img1] // Colorize             

 

data1 = Tally[Flatten[MorphologicalComponents[img2, CornerNeighbors -> False]]];              

d = data1[[All, 2]]*realV; 

wettedArea = Delete[d, 1];    

toatalWettedArea = Sum[wettedArea[[i]], {i, Length[wettedArea]}] 

 

dataL[i] = Histogram[wettedArea, {0.3}, "PDF", PlotRange -> {{0, 15}, {0, 0.8}}, 

   Frame -> True]   
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