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Abstract 

Multiphase flows in porous media, featured by distributed fluid-fluid interfaces, are commonly 

seen in nature and daily life. In this dissertation, we focus on effects of the heterogeneity in 

porous media on multiphase flow processes with the purpose of obtaining further knowledge 

regarding flow patterns to benefit a range of engineering applications, such as enhanced oil 

recovery, CO2 sequestration, and transfer printing. Followed by the background introduction 

and related literature review in Chapters 1 and 2, the main body of this dissertation is composed 

of three parallel parts investigating multiphase flow processes in porous media with different 

types of heterogenous structures.  

Chapter 3 focuses on continuum modelling of spontaneous imbibition in porous media 

containing heterogeneous features. We firstly develop a numerical framework aiming to handle 

porous material heterogeneity at continuum scale by combining a new interface integral 

method and the classical Richard’s equation. After validating against some experimental results, 

the spontaneous imbibition processes in various heterogeneous porous media, e.g., layered and 

mixed one, are investigated and we emphasise the movement of the liquid front when crossing 

the material interfaces. 

In Chapter 4, we study fluid displacement and fingering instability in hierarchical porous media. 

We provide a further understanding on how geometric heterogeneity influences the fluid-fluid 

displacement processes in porous media at pore scale, and moreover indicate a possible way to 

suppress the interfacial instability by adjusting the hierarchical geometry. Through numerical 

and theoretical analysis, we demonstrate and quantify the combined effects of wettability and 

hierarchical geometry highlighting the crossover of displacement patterns from fingering to 

compact mode. 
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In Chapter 5, we focus on the spreading and imbibition of droplets adhered on porous surfaces, 

as a typical scenario coupling free surface flow and porous media flow. Both flows are 

dominated by capillary effects and thus strongly depend on the characteristic length of the 

respective domain. In this study, we characterise the droplet spreading on and imbibition into 

fixing or moving porous tips, with special focus on such interaction between two flows with 

distinct physical lengths. 

In summary, this dissertation provides a fundamental research on the multiphase flows in 

porous media highlighting the heterogeneity effects across various length scales. The acquired 

results can shed light on the design of microfluidic devices of high flow controllability and 

optimising configuration of geothermal energy systems. 
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Chapter 1 Introduction 

1.1 General background 

Multiphase flow, referring to the flow of immiscible fluids, is significantly different from the 

single-phase flow due to the existence of fluid-fluid interfaces and fluids-solid contact angles. 

Firstly, besides external forces applied on each phase, the surface tension at the interface and 

its induced capillary effect mostly control the flow pattern; then, problems involving 

multiphase flow generally cover a wide physical scales because of the complexity of interface 

topology, especially within porous media.  

Multiphase flow through a porous matrix is of crucial importance in a wide range of 

natural phenomena and industrial applications crossing different scales. Despite its importance, 

there is limited understanding of how the porous structure impacts the multiphase flow, 

especially in a heterogenous porous medium. One challenging aspect of heterogenous porous 

media is the complex geometry (Singh and Shin Myong, 2018; Wang et al., 2007), i.e., 

geometric interfaces, across which the material properties change abruptly, distribute randomly 

or orderly and the dynamics of fluid-fluid interfaces strongly depend on this distribution and 

property difference. Another challenging aspect is that the multiphase flow process in 

heterogeneous porous media can involve various time and length scales (Juanes et al., 2020; 

Odier et al., 2017; Tahmasebi et al., 2016). Generally, a heterogeneous porous media may show 

different structures at different lenses. Considering the capillary force is sensitive to pore-scale 

structures, the interaction among different-level porous structures can result in diverse 

multiphase flow patterns. Simultaneously, the difference of physical length results in different 

time scales, especially for capillary-related events like pore filling, burst, touch and coalesce 

own different characterised time and triggering conditions (Hu et al., 2019; Primkulov et al., 
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2019). This asynchronism also contributes to the diversity of multiphase flow phenomena in 

heterogeneous matrix. 

1.2 Methodology and objectives 

Due to the opaqueness of obstacles, the direct visualisation of flow processes inside the porous 

media is eluded or mostly just limited to 2D Hele-Shaw cells (Roman et al., 2016; Trojer et al., 

2015; Zhao et al., 2016), and let alone the scale-crossing (time and length) observations of 

fluid-fluid interfaces. Even though the XCT measurement can be adopted (AlRatrout et al., 

2018; Scanziani et al., 2018), its limited space resolution and non-real-time observation still 

hinder the utilisation in capturing dynamics of interfaces. To investigate the flow pattern inside 

and provide a full picture of how the fluid-fluid interface evolution can be impacted by 

heterogeneity of porous matrix, numerical methods are therefore adopted as a main tool.  

The objectives of this dissertation include 1) developing some techniques to exactly model 

the interfacial dynamics in various porous media based on proper numerical schemes; 2) 

demonstrating flow patterns and pattern transition under a wide range of flow conditions; 3) 

clarifying the underlying mechanisms involving capillary and viscous effects through a scale-

crossing analysis. 

1.3 Thesis outline 

This thesis is organised as follows:  

Chapter 2 provides a literature review centred by multiphase flow in porous media: 1) The 

features of multiphase flow and its applications and potentials; 2) Types of heterogeneity of 

porous media and experimental and numerical investigation regarding its impacts on 

multiphase flows; 3) Current numerical frameworks developed for multiphase flow situations. 
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Then, five published or submitted papers are followed in the next chapters. In Chapter 3, a 

numerical framework combining nonlinear Richard’s equation and a novel geometric interface 

treatment, i.e., the interface integral method, is established, and we investigate spontaneous 

imbibition processes in porous media with material heterogeneity at continuum scale by the 

assistance of the proposed numerical method. In Chapter 4, we focus on the fluid-fluid 

displacement in hierarchical porous media and from pore scale present how the 2nd-order 

porous structures determine the flow patterns at different flow conditions, i.e., viscous- and 

capillary-dominated flows. Chapter 5 discusses the multiphase flow in a free surface and 

porous matrix coupled domain, and specifically demonstrates how a droplet behaves on a static 

or moving porous matrix, including adhering, spreading, imbibition and rupture and to what 

extent the porous structures can control the behaviours of a droplet. Finally, a summary of this 

thesis is drawn in Chapter 6 as well as possible extensive works for future.  
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Chapter 2 Literature review 

In this chapter, existing works regarding multiphase flow in porous media are reviewed. 

Besides general features of multiphase flow, the impacts of heterogeneity in porous media are 

emphasised here. As shown in Figure 2.1, a porous medium can possess multiple structures 

under different scopes, including field, REV, and pore scales. Correspondingly, multiphase 

flows within porous media present intrinsic multi-scale characteristics. To exactly characterise 

the flow phenomena at different length scales, numerical schemes based on various governing 

laws are developed, which are reviewed as the last section in this chapter. Generally speaking, 

for the field and REV scale, Darcy-based methods are typically adopted; and Navier-Stokes 

equations are generally considered to solve pore-scale flow problems.  

 

Figure 2.1 Physical scales of porous media, i.e., (a) the field scale; (b) REV scale; and (c) pore 

scale. 

 

2.1 Multiphase flow in porous media 

Multiphase flow in porous media, featured by capillary-driven interface dynamics, is 

commonly encountered in various natural and industrial processes, including field-scale 
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processes such as agricultural irrigation (Brooks and Corey, 1966; Scovazzo et al., 2001), 

groundwater contamination by nonaqueous phase liquids (NAPLs) (Fortin et al., 1997; Pak et 

al., 2020), enhanced oil recovery (Akai et al., 2018; Li et al., 2016b; Lifton, 2016), and carbon 

dioxide (CO2) sequestration (Bandara et al., 2011; Herring et al., 2013; Zhang et al., 2011a); 

chip-scale applications like paper-based medical tests (Gong and Sinton, 2017; Kong et al., 

2017; Shay et al., 2020) and water management in fuel cells (Farzaneh et al., 2021; Niblett et 

al., 2020; Wang et al., 2011; Weber et al., 2014). According to the wettability of solid surfaces 

and invading direction, the fluid-fluid displacement in porous media can be classified as 

imbibition and drainage. Specifically, imbibition refers to the situation where the wetting phase 

displaces the non-wetting phase while drainage refers to the opposite situation. 

Modelling multiphase flow in porous media is of great complexity not only because of the 

natural irregularity of solid surfaces but also complicated interface dynamics. At the field scale, 

e.g., oil recovery from reservoirs, single-phase flow in porous media can be well characterised 

by Darcy’s law; however, for multiphase flow, it still remains quite challenging. A widely 

accepted way is to generalise the Darcy’s law by introducing relative phase permeability (Abd 

et al., 2019; Alyafei et al., 2016; Khan et al., 2018; Schmid et al., 2016), and specifically for 

two-phase flow, the saturation 𝑆, a ratio of the invading phase volume over the local pore 

volume, is set as a basic variable and its evolution can be expressed as, 

𝜙
𝜕𝑆

𝜕𝑡
= −𝛻 ⋅ 𝒒,                                                            (2-1) 

and according to the Richards’ equation, 

𝒒 = −
𝑘(𝑆)

𝜇
[𝛻𝑃𝑐(𝑆) + 𝜌𝑔].                                                     (2-2) 

In Eq. (2-2), local permeability 𝑘 and capillary pressure 𝑃𝑐 are functions of saturation 𝑆, which 

are determined by porous structures, and related models and their comparison can be referred 
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to (Li and Horne, 2006). The above scheme can provide a good estimation on two-phase 

imbibition situations, not limited in geotechnical problems, e.g., co/counter-current flows 

(Khan et al., 2018; Meng et al., 2016) but also adopted for tracking the liquid front in paper-

based microfluidic devices (Liu et al., 2018b; Perez-Cruz et al., 2017). However, since it is 

implicitly assumed in this scheme that the microstructure is homogeneous and the entry 

capillary pressure, i.e., the minimum applied pressure to force the invading phase to wet a 

porous matrix at Darcy scale or to enter a pore body through a pore throat at pore scale, cannot 

be exactly considered, the more complex flow phenomena, e.g., interfacial instability 

(Lenormand et al., 1988) and capillary-induced local jamming (Higdon, 2013), during drainage 

or viscous-dominated flows cannot be predicted. 

The pattern of multiphase flow in porous media is determined by the interaction between 

viscous and capillary effects which are sensitive to the micropore geometry and surface 

chemistry. Thus, to advance a fundamental understanding of fluid-fluid displacements, pore-

scale modelling attracts more and more focuses.  

For either imbibition or drainage, the displacement occurs as one of the following forms: 

1) viscous fingering, 2) capillary fingering, and 3) stable displacement. The existing research 

suggests that the transitions among different displacement patterns are mainly controlled by 

the competition of capillary and viscous effects characterised by two dimensionless numbers, 

i.e., capillary number Ca (the ratio of viscous force and capillary force of invading phase) and 

viscosity ratio M (the ratio between viscosity of invading phase and defending phase). The 

phase diagram of displacement patterns along Ca and M was originally proposed by 

Lenormand et al (Lenormand et al., 1988), which leads a series of experimental and simulation 

works (Bandara et al., 2013; Chen et al., 2017; Ferer et al., 2004; Zhang et al., 2011b) on 

exploring more exact phase boundaries, and recently an updated one was summarised in Ref 

(Chen et al., 2018) as shown in Figure 2.2. 
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Figure 2.2 (a) Phase diagram of fluid-fluid displacement patterns (Chen et al., 2018), including 

(b) viscous fingering, (c) capillary fingering, and (d) stable displacement (Chen et al., 2017). 

Recently, wettability, measured by the contact angle, is demonstrated as another factor 

determining the invasion morphology since it is directly related to capillary-induced invasion 

events (Cieplak and Robbins, 1990). It is generally observed in experimental works (Holtzman, 

2016; Jung et al., 2016; Trojer et al., 2015) that increasing the affinity of the invading phase to 

solid surfaces can stabilise the invasion advancing front. This observation has been reproduced 

in simulations (Holtzman and Segre, 2015; Jung et al., 2016) suggesting that cooperative pore 

filling that drives separated interfaces to coalesce is promoted by increasing wettability. 

However, based on the direct visualisation of various fluid-fluid displacements covering a wide 

range of contact angles (7° ~ 150°), Zhao et al (Zhao et al., 2016) pointed that high-level 

wettability, i.e. strong imbibition, may lead to another type of instability induced by corner 
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flow, i.e., the invading fluid advances much faster in leading films along solid surfaces than in 

the fluid bulk. This phenomenon is also investigated by simulation work (Bakhshian et al., 

2020; Hu et al., 2018; Primkulov et al., 2018). Besides, additional field or external force, such 

as gravity (Chau and Or, 2006; Cueto-Felgueroso and Juanes, 2008; Cui et al., 2019; Zhao et 

al., 2014) and electric field (Gao et al., 2019; Yang et al., 2016), and special fluid properties, 

like viscoelasticity, shear shining etc. (De et al., 2018; Nilsson et al., 2013), also cast a 

significant impacts on multiphase flow in porous media. 

Generally, multiphase flows in porous media are convoluted multiscale processes. As the 

pore size decreases to micro/nano scale, the solid surfaces play a critical role. Specifically due 

to the boundary slippage, diffusion effects and chemical reactions, the traditional understanding 

based on the continuity assumptions, e.g., the Darcy’s law and even the Navier-Stokes 

equations, would breaks down (Yu et al., 2020), and thus an extensive modelling of transport 

phenomena based on the micro/nano-scale observation is needed. For a partially saturated 

porous media, e.g., liquid-rich shale reservoirs which is composed of fine-grained minerals and 

organic matters, the existing forms of liquid in nanochannels is determined by combining 

factors. Roughly speaking, the water prefers to form films attached on inorganic walls while 

clusters between organic walls (Wang et al., 2018; Zhan et al., 2020; Zhou et al., 2020). 

However, besides the wall chemicals, the wettability is also sensitive to ambient pressure, 

temperatures and flow conditions (Huang et al., 2019; Liu et al., 2018a). Especially, liquid 

bridges may form in clay nanopores due to the self-generated electric field (Hao et al., 2019; 

Xiong et al., 2020). The component transport in nanochannels highly depends on the liquid 

forms, which leads to a complex flow patterns. Focused on the gas transport in nanopores, Ho 

et al. (Ho and Striolo, 2015) suggested that the gas flow follows Darcy’s law when liquid bridge 

forms while such linear relationship is beyond when liquid film forms which mitigate the wall 

frictions. Along with the above research, Liu et al. (Liu et al., 2018a) indicated that the transport 
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of liquid is always non-Darcian flow due to the inhomogeneous liquid-wall interactions. 

Related discussions can be also referred to (Gong et al., 2020; Xu et al., 2020; Yang et al., 2020) 

2.2 Heterogeneity in porous media  

Heterogeneity, as opposite to homogeneity, refers to consisting of elements with 

dissimilar properties. For a heterogeneous porous medium in this study, it is composed of 

certain components with various geometric characteristics, e.g., permeability, tortuosity, throat 

size, pore volume, etc. (Simmons et al., 2001; Warren and Price, 1961; Werth et al., 2006) 

More and more research indicated that besides the above factors, the heterogeneity of the 

porous matrix also significantly impacts the multiphase flow patterns. Heterogeneity of a 

porous medium can be characterised as different forms including but not limited to the 

demonstrated ones in Figure 2.3.  

 

Figure 2.3 Various porous structures including (a) random ones, e.g. fibrous (Khetabi et al., 

2019), cement-based materials (Hilal, 2016) and grains; (b) layered ones, e.g., soils, rocks and 

electrode materials (Zhu et al., 2019); (c) hierarchical ones, e.g., leaves, woods and bones 

(Charles, 2011). 
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Firstly, randomness can be regarded as a typical form of heterogeneity and its effects on 

multiphase flow have been widely discussed in current research. Although certain works 

discuss the effects of property non-uniformity, such as wettability (Zhao et al., 2018) and 

obstacle angularity (Osei-Bonsu et al., 2018), main focus regarding randomness in porous 

media lies in topological disorder, i.e., non-uniform spatial distribution of obstacle or throat 

size. For regular-obstacle (round particle or straight capillary tubes) based model, it is basically 

concluded that the increment of disorder can result in increasing the probability of interface 

instability and therefore lowering the displacement efficiency, but such sensitivity to the 

disorder can be weaken by improving the wettability of invading phase (Holtzman, 2016; Wang 

et al., 2019; Wolf et al., 2020). Thus, fingering occurs more possibly during drainage (Hu et 

al., 2019), especially for the vuggy media within which there are certain pores with significant 

larger size than other pores (Xu et al., 2014). However, for irregular-obstacle based model, the 

conclusion seems to be unclear, i.e., not only the wettability determines the sensitivity, other 

conditions like viscosity ratio also matter (Aziz et al., 2020; Lacey et al., 2017). Besides, 

structured gradient, as a special disorder, become appealing to research attention. As reported 

recently, the capillary (Lu et al., 2019) and viscous (Rabbani et al., 2018) fingering can be 

suppressed in a designed porous medium with throat size gradient along with the injection 

direction. 

Layered structure is commonly encountered or naturally formed in nature, e.g., soils and 

oil reservoirs, where properties, e.g., permeability, wettability, and pore size distribution for 

porous media, change abruptly across neighboring layers. Notably, an extreme situation of 

layered structure is a porous matrix coupled with a free-surface region or channel where there 

is no obstacles, e.g., water-oil counter current flow in fractured rocks (Gu et al., 2019; Liu et 

al., 2020) and droplet imbibition on a porous matrix (Ezzatneshan and Goharimehr, 2020; 

Pham and Kumar, 2019). For the flow parallel to the layers, mass exchange between layers is 
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crucial during fluid displacement. During spontaneous imbibition, the liquid front generally 

advances faster in the layer with narrow pores and wetting phase flow into the small-

permeability layer from the large-permeability layer due to the pressure difference between 

interfaces in neighboring layers (Ashraf and Phirani, 2019a, b). During neutral displacement 

and drainage, the flow pattern is more sensitive to viscosity ratio M and capillary number Ca, 

specifically, smaller M and larger Ca both lead to exacerbating channeling effect in the high-

permeability layer (Amiri and Hamouda, 2014), and it is observed from experiments (Zhang et 

al., 2011a) and simulations (Liu et al., 2014) that in comparison to co-current flow, the layer-

crossing mass exchange can be neglected. For the flow crossing the layers, certain experimental 

observation reveal that during imbibition, advancing of liquid front can be resisted when 

crossing the material interface to some extent (Reyssat et al., 2009). However, it is still unclear 

regarding the displacement mechanism and effects of other flow conditions.  

In particular, counter-current spontaneous imbibition, as known as a major mechanism of 

oil recovery in naturally fractured reservoirs, has been well investigated (Abd et al., 2019). A 

typical element in oil reservoir consists of a low-permeability rock matrix separated by a high-

permeability fracture channel (Andersen et al., 2014). The oil recovery within rock matrix 

mainly depends on the spontaneous imbibition at the post-breakthrough stage. To illustrate the 

relationship between recovery efficiency and flow conditions, a series of pore-scale simulation 

(Gu et al., 2019; Gunde et al., 2013; Jafari et al., 2017b) and experimental (Hatiboglu and 

Babadagli, 2008; Jafari et al., 2017a) works  have been reported. Specifically, the displacement 

pattern is directly related to the injection rate and can be classified as the squeezing regime, 

jetting regime and dripping regime (Gu et al., 2019); furthermore, there exist an optimal 

injection rate to maximise the oil recovery for a given situation while the fracture aperture casts 

little influence on the recovery efficiency (Jafari et al., 2017b). Besides, since this is a capillary 

dominated process, any other factors that can improve capillary effects, such as wettability, 
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surface tension, and pore-scale geometry, also contribute to the oil recovery (Gu et al., 2019; 

Liu et al., 2020; Rokhforouz and Akhlaghi Amiri, 2017).  

Another typical scenario of this kind is a droplet spreading on and infiltrating into the 

porous surface. The spreading shape controlling technique directly determine the resolution of 

inkjet printing (Zhou et al., 2017) and dip-pen nanolithography (Urtizberea et al., 2015). Lately, 

by the help of neutron imaging technique, a direct visualisation of a droplet outside the porous 

matrix but also a wet zone inside was reported in Ref (Léang et al., 2019). Also, some numerical 

studies regarding a sessile droplet on porous surfaces have been conducted (Alleborn and 

Raszillier, 2004; Das et al., 2018; Frank and Perre, 2012; Meng et al., 2014; Pham et al., 2018; 

Yin et al., 2018) so far. However, the competing mechanism between imbibition and spreading 

remains an open question and worth a further investigation, especially the effects of surface 

geometry or roughness.  

Besides the above two types of heterogeneity, porous media with hierarchical structures 

are also commonly encountered in natural and synthetic materials, such as fractured rock 

formations (Geiger-Boschung et al., 2009), dual-porosity media (Lewandowska et al., 2005; 

Liu et al., 2019), fibrous fabric materials (Spaid and Phelan, 1998), and silica monoliths 

(Svidrytski et al., 2018). In such materials, the microstructure can be considered as two or more 

interacting pore systems in different length scales, which collectively have a strong influence 

on fluid transfer properties. However, the effect of hierarchical structure on multiphase flow 

remains unexplored. 

In summary, heterogeneity is a common attribute of porous media, and a better 

understanding on its effects on multiphase flow can benefit a wide range of applications. 
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2.3 Pore-scale numerical methods 

Multiple numerical schemes have been developed to simulate the multiphase flow in 

porous media at pore scale. The key issues of a numerical method for multiphase flow problems 

mainly include the interface tracking technique, surface tension induced phase separation and 

the wetting condition of solid boundaries. According to the way of geometry characterisation, 

two types of methods are involved, i.e., one that models the pore space explicitly, such as 

volume of fluid method (VOF), phase field method (PFM), lattice Boltzmann method (LBM), 

smoothed particle hydrodynamics (SPH) and molecular dynamics (MD), and the other that 

simplifies the pore space as a topological network, i.e., pore-network method (PNM). The 

related numerical methods in this thesis are reviewed, as shown in Figure 2.4. 

 

Figure 2.4 Pore-scale numerical schemes and their typical application scenarios, including (a) 

VOF (Das et al., 2018), (b) PFM (Akhlaghi Amiri and Hamouda, 2013), (c) LBM (Akai et al., 

2020), and (d) PNM (Raeini et al., 2017) 

 

1) Volume of fluid method (VOF) 

The VOF method, as a mature direct numerical simulation (DNS) solution, has been validated 

against experimental observations (Raeini et al., 2015; Yin et al., 2019) and widely adopted in 
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various two-phase flow situations (Raeini et al., 2014; Raeini et al., 2012). The basic 

assumption of VOF formation is that two immiscible fluids occupy each cell in the domain at 

the same time and a passive scalar equation regarding volume fraction 𝜗 is used to discriminate 

the phases and thus 𝜗 ranges from 0 to 1 for two-phase flows. The governing equations in 

conventional VOF formation, including mass and momentum conservation equations and 

volume fraction advection equation (Hirt and Nichols, 1981; Welch and Wilson, 2000), are as 

follows 

𝛻 ⋅ 𝒖 = 0,                                                                                                           (2-3) 

𝜌 [
𝜕𝒖

𝜕𝑡
+ (𝒖 ⋅ 𝛻)𝒖] − 𝛻 ⋅ (𝜇𝛻𝒖) = −𝛻𝑝 + 𝑭𝒔𝒕,                                                  (2-4) 

𝜕𝜗

𝜕𝑡
+ 𝛻 ⋅ (𝒖 ⋅ 𝜗) = 0,                                                                                         (2-5) 

where 𝒖 is the velocity field, 𝜌 and 𝜇 represent the weighted average of density and viscosity 

separately, i.e., 𝜌 = 𝜗 ⋅ 𝜌𝑓1 + (1 − 𝜗) ⋅ 𝜌𝑓2 and 𝜇 = 𝜗 ⋅ 𝜇𝑓1 + (1 − 𝜗) ⋅ 𝜇𝑓2, 𝑝 is the pressure. 

The capillary force, 𝑭𝒔𝒕 in Eq. (2-4), can be expressed as per the continuum surface force model 

(CSF) (Brackbill et al., 1992) 

𝑭𝒔𝒕 = 𝜎𝜅𝛿𝒏,                                                                   (2-6) 

where 𝜎 is the surface tension and 𝛿 is a numerical Dirac delta function. Thus, an essential 

component in VOF is to estimate the morphology of the interface, i.e., the curvature 𝜅 and 

normal 𝒏. Accordingly, two types of methods have been developed (Scardovelli and Zaleski, 

1999), including geometric VOF (GVOF), i.e., the interface is explicitly reconstructed by 

lines (2D) or planes (3D) based on the volume fraction 𝜗; and algebraic VOF (AVOF), i.e., 

the interface is approximated by a function. Although GVOF, represented by the piecewise-

linear interface calculation (PLIC) scheme (Tryggvason et al., 2011), is featured by the sharp 

interface tracking and thus high resolution numerical results, it is difficult to be generalised 
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to 3D cases and compatible with unstructured mesh approaches. Compared to GVOF, AVOF 

is a more flexible alternation as well as friendly to the computation resources (Gopala and 

Van Wachem, 2008). Considering AVOF is naturally of diffuse-interface type, it may suffer 

from numerical diffusion around the interface and various strategies (Cassidy et al., 2009; So 

et al., 2011; Ubbink and Issa, 1999) to limit the interface thickness have been proposed 

currently. In the leading open source code OpenFoam, the AVOF-based solver, i.e., 

interFoam, has been assembled as a basic component and an additional “interfacial 

compression velocity” term is included in Eq. (2-5) to sharpen the interface, specifically 

𝜕𝜗

𝜕𝑡
+ 𝛻 ⋅ (𝒖 ⋅ 𝜗) + 𝛻 ⋅ [𝒖𝒓(1 − 𝜗)𝜗] = 0,                                   (2-7) 

where 𝒖𝒓 = 𝒖𝟏 − 𝒖𝟐 is the relative velocity between phases. Through a proper discretisation 

of this additional term, the numerical diffusion can be controlled and minimised (Berberović 

et al., 2009) and more details regarding interFoam can be referred to (Deshpande et al., 2012). 

The wettability condition of solid boundaries can be implemented by modifying the local 

normal to the interface contacting the solid boundaries, and specifically  

𝒏 = 𝒏𝑠 cos(𝜃) + 𝝉𝑠 sin(𝜃),                                         (2-8) 

where 𝜃 is the contact angle; 𝒏𝑠 and 𝝉𝑠 are the normal and tangent vector to the solid boundary, 

separately. A typical example of VOF can be found in Figure 2.3(a), in which the process of a 

droplet spreading on and imbibed into a porous matrix is simulated. 

2) Phase field method (PFM) 

Phase field method, originally emerged as a simulation tool for microstructure evolution 

in material science (Chen, 2002; Hong and Viswanathan, 2020; Li et al., 2017; Steinbach, 

2009), currently has been developed for solving multiphase flow problems (Kim, 2012). 

Similar to the VOF method, the phase field method (PFM) also combines Navier-Stokes 
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equation with scalar equation to track the interface evolution. Traditionally, the scalar equation 

should be either Allen-Cahn or Cahn-Hilliard equation (Badalassi et al., 2003; Yang et al., 2013; 

Yang et al., 2014; Yang et al., 2016). However, the Allen-Cahn equation regarding 𝜗 is in a 

nonconservative form so that it does not suit two-phase flow originally though some 

rectification measures are proposed (Kim et al., 2014). Currently, coupling with Cahn-Hilliard 

equation is more popular and it is defined as 

𝜕𝜗

𝜕𝑡
+ 𝛻(𝒖𝜗) = 𝛻 ⋅

𝛾𝜆

𝜀2
𝛻𝜓,                                                              (2-9) 

𝜓 = −𝛻 ⋅ 휀2𝛻𝜗 + (𝜗2 − 1)𝜗,                                                      (2-10) 

where 𝜗 here is the phase variable ranging in [-1, 1], i.e., 𝜗 = 1 in the pure first phase and 𝜗 =

−1 in the pure second phase; 𝛾 is the mobility parameter; 𝜓 is a modified chemical potential 

that decomposes a fourth-order equation into two second-order equations; 𝜆 is the mixing 

energy density; and 휀  is a control parameter for the interface thickness that scales with 

thickness of the interface. The parameters 𝜆 and 휀 are related to surface tension σ through the 

equation, 

𝜎 =
2√2𝜆

3𝜀2 ,                                                                                (2-11) 

and the surface tension effect can be considered as a body force 𝑭𝑠𝑡, 

𝑭𝑠𝑡 =
𝜆𝜓

𝜀2 𝛻𝜗.                                                                           (2-12) 

In the phase field model, the interfacial thickness 휀 and mobility 𝛾 are two particularly 

important parameters. A smaller interfacial thickness 휀 requires typically a much finer mesh, 

thus leading to a great increase in computational cost and causing difficulties in convergence 

with the phase field method, though it would be close to the solution with sharp-interface 

assumption. Therefore, the value of 휀  should be related to the current mesh size and 
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recommended to be half of the maximum mesh size. For any given value of 휀, according to the 

expression of surface tension 𝜎, the mixing energy density 𝜆 can be obtained by Eq. (2-11). 

The mobility parameter 𝛾  determines the time scale of the Cahn-Hilliard diffusion, and it 

thereby governs the diffusion-related time scale for the interface. A suitable value for 𝛾 is the 

maximum velocity magnitude occurring in the model and a higher mobility is helpful to obtain 

the correct pressure variation crossing the interface while the simulations may suffer from 

numerical convergency issues if 𝛾 is chosen to be too large. Additionally, the above scheme 

may suffer from detrimental mass losses, e.g., a spurious shrinkage of droplet (Yue et al., 2007). 

However, this drawback can be partially compensated by properly choosing mobility 𝛾 and 

interfacial thickness 휀 (Jamshidi et al., 2019; Yue et al., 2007) so that mass loses slowly enough 

compared with the duration of interest. 

A performance comparison (Mirjalili et al., 2017) between the VOF and PFM suggests 

that with the similar computation cost, a more accurate solution can be achieved by the PFM; 

whereas, with the same spatial resolution, the VOF is more accurate than the PFM. More 

comparison study regarding these two numerical schemes can be referred to (Jamshidi et al., 

2019) and (Mirjalili et al., 2019). As an example shown in Figure 2.3 (b), PFM was adopted to 

capture the interfacial dynamics during fluid-fluid displacement.  

 

3) Lattice Boltzmann method (LBM) 

Different from the above numerical methods which are based on the Navier-Stokes 

equation (NSE), lattice Boltzmann method (LBM) originates from Boltzmann kinetic 

molecular dynamics and can be regarded as an explicit discrete scheme for solving the 

Boltzmann transport equation (BTE) (Krüger et al., 2017). Besides such microscopic kinetic 

principles inherited from BTE, lattice Boltzmann scheme also can recover the macroscopic 
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hydrodynamics by certain multiscale tools, e.g., Chapman-Enskog expansion (Alexander et al., 

1993), asymptotic expansion (Junk et al., 2005), etc. This scale-bridge nature of LBM leads to 

the following features: 

• All macroscopic quantities, i.e., velocity and pressure, can be naturally recovered from 

microscopic particle populations, rather than separately solved on NSE. 

• Difficult to apply exact open boundaries at inlets or outlets correspondingly, i.e., complex 

procedures are needed to transform the macroscopic quantities to particle populations. 

• Ideal to implement a parallelised computation due to the locality of major operations, i.e., 

collision and streaming. 

• Easy to treat solid boundaries, the solid node can be regarded as a special lattice and assign 

a corresponding value.  

• Difficult to adapt to the curved surfaces since the spatial discretisation is determined by the 

discrete velocity set to meet the paramount requirement of rotational isotropy.  

Due to its high computational efficiency and easy programming, LBM has been developed 

into a powerful simulation tool in the CFD community. With around three decades of 

development, many multiphase flow models based on LBM have been proposed, which can be 

categorised into four types, i.e., colour-gradient (aka RK) model (Gunstensen et al., 1991; 

Latva-Kokko and Rothman, 2005; Rothman and Keller, 1988; Xu et al., 2017), pseudopotential 

(aka Shan-Chen) model (Li and Luo, 2013; Shan, 2006; Shan and Chen, 1993), free-energy 

model (Inamuro et al., 2000; Swift et al., 1996) and phase-field coupling model (He et al., 1999; 

Lee and Liu, 2010). Here, only the colour-gradient and pseudopotential model, which have 

been widely adopted in porous media flows, are reviewed as follows. 

The colour-gradient model is firstly proposed by Rothman and Keller (Rothman and 

Keller, 1988), in which different fluids here are distinguished by “colours”, i.e., red and blue 
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fluid, and characterised by two distribution functions, i.e., 𝑓𝑖
𝑟(𝒙, 𝑡) and 𝑓𝑖

𝑏(𝒙, 𝑡). This model is 

further developed by Gunstensen et al. (Gunstensen et al., 1991), Latva-Kokko and Rothman 

(Latva-Kokko and Rothman, 2005) and Reis and Phillips (Reis and Phillips, 2007) through 

adding a perturbation collision operator Π𝑝𝑖
𝑟,𝑏

 which functions within the interfacial region and 

is related to the surface tension. To prevent the numerical diffusion and solving the “lattice 

pining” issue, a recolouring step is introduced after collision (Latva-Kokko and Rothman, 

2005). So, a standard loop of the well-developed colour-gradient model basically consists of 

original collision, perturbation collision, recolouring, and streaming, as shown in Table 2.1. 

 

Table 2.1 Expressions of each loop step in the colour-gradient model 

Expressions Notes 

𝑓𝑖
𝑘(𝒙 + 𝒆𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) = Ω𝑘(𝑓𝑖

𝑘(𝒙, 𝑡) + Π1𝑖
𝑘 + Π2𝑖

𝑘 )    (2-13) Collision and streaming 

steps where 𝑘 = 𝑟, 𝑏. 

Π1𝑖
𝑘 = −𝜔𝑘(𝑓𝑖

𝑘 − 𝑓𝑖
𝑘,𝑒𝑞)                                        (2-14) 

𝑓𝑖
𝑘,𝑒𝑞 = 𝜌𝑘𝑤𝑖 [1 +

𝒆𝑖⋅𝒖

𝑐𝑠
2 +

(𝒆𝑖⋅𝒖)2

2𝑐𝑠
4 −

|𝒖|2

2𝑐𝑠
2]                 (2-15) 

BGK collision operator, 

where 𝜔𝑘 is the 

relaxation rate. 

Π2𝑖
𝑘 =

𝐶𝑘

2
|𝒒𝑐| [𝑤𝑖

(𝒆𝑖⋅𝒒𝑐)2

|𝒒𝑐|2 − 𝐵𝑖]                          (2-16) 

𝒒𝑐 = ∑ 𝒆𝑖[𝑓𝑖
𝑟(𝑥) − 𝑓𝑖

𝑏(𝑥)]𝑖                              (2-17) 

Perturbation collision 

operator (Reis and 

Phillips, 2007), where 

𝐶𝑘 determines the 

surface tension. 

Ω𝑟(𝑓𝑖
𝑟∗) =

𝜌𝑟

𝜌
(𝑓𝑖

𝑟∗ + 𝑓𝑖
𝑏∗) + 𝛽

𝜌𝑟𝜌𝑏

𝜌2 𝑓𝑖
𝑒𝑞(𝜌, 0) cos(𝜑𝑖) (2-18) 

Ω𝑏(𝑓𝑖
𝑏∗) =

𝜌𝑏

𝜌
(𝑓𝑖

𝑟∗ + 𝑓𝑖
𝑏∗) + 𝛽

𝜌𝑟𝜌𝑏

𝜌2 𝑓𝑖
𝑒𝑞(𝜌, 0) cos(𝜑𝑖) (2-19) 

Recolouring step, where 

𝜑𝑖 is the angle between 

𝒒𝑐 and 𝒆𝑖; the interface 

thickness can be 

adjusted by 𝛽.  

𝜌𝑘 = ∑ 𝑓𝑖
𝑘

𝑖                                                   (2-20) 

𝜌 = ∑ 𝜌𝑘
𝑘                                                     (2-21) 

𝜌𝒖 = ∑ ∑ (𝑓𝑖
𝑘𝒆𝑖)𝑖𝑘                                         (2-22) 

Macroscopic density 

and momentum  

 

From current literatures, this model is commonly used in the situation where two fluids 

share the identical or similar density, e.g., the oil-water displacement (Gu et al., 2018; Liu et 

al., 2020), droplet motion and deformation in microfluidic devices (Montessori et al., 2019; 
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Wang et al., 2020). Nevertheless, the colour-gradient model is not suggested to be adopted in 

high density ratio cases because the recovered macroscopic hydrodynamic equations contains 

unwanted terms which may cause significant errors when two fluids have distinct density 

(Huang et al., 2013), though some methods (Ba et al., 2016; Leclaire et al., 2011) are reported 

for enabling this model suitable to high density ratio situations.  

The pseudopotential model (Shan and Chen, 1993) is featured by its conceptual simplicity 

and high efficiency, and thus becomes most popular in the LBM community. This model adopts 

so-called “bottom-up” construction. Specifically, the microscopic molecular interaction is 

directly mimicked by the so-called pseudopotential determined by the local density and at 

macroscale the non-ideal pressure tensor is correspondingly recovered to some extent. By the 

help of pseudopotential, the phase/component segregation and interfacial migration proceeds 

automatically without resorting to any other tracking techniques used in the colour-gradient 

model or VOF. Here, the numerical schemes for multi-component flow (e.g., oil-water) are 

listed in Table 2.2 for comparing with the colour-gradient method.  

The above scheme can be easily extended to multi-component multiphase flows (e.g., air-

water-vapor) by including the interphase force in the component with multiple phases, i.e.,  

𝐅𝑠𝑐(𝐱) = −𝜓(𝐱)𝐺 ∑ 𝑤𝑖𝑖 𝜓(𝐱 + 𝐞𝑖)𝐞𝑖,                                                       (2-23) 

where 𝜓  can be determined by the equation of state (EOS), e.g., Peng-Robinson EOS, 

Carnahan-Starling EOS etc. and the performance comparison among different EOS can be 

referred in (Yuan and Schaefer, 2006). The pseudopotential model has the potential for 

adapting to the situation with high density and viscosity ratio. By adopting appropriate EOS 

and modified forcing scheme, a successful simulation of droplet moving in flow channel with 

realistic fluid properties (kinematic viscosity ratio = 16.152, density ratio ≥ 1000) is reported 

(Deng et al., 2019). Also, instead of standard BGK model, adopting a complex collision 
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operator, e.g., multiple-relaxation-time collision (Ammar et al., 2017), entropic model 

(Mazloomi et al., 2015), and nonorthogonal central-moments collision (Gharibi and 

Ashrafizaadeh, 2020), is suggested to be helpful to enlarge the applicable range of density and 

viscosity ratio. 

Table 2.2 Expressions of each loop step in the multi-component Shan-Chen model 

Expressions Notes 

𝑓𝑖
𝑘(𝒙 + 𝒆𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) = 𝑓𝑖

𝑘(𝒙, 𝑡) + Π𝑖
𝑘 + 𝑆𝑖

𝑘                (2-24) 

𝑆𝑖
𝑘 = (1 −

𝜔𝑘

2
) 𝐹𝑖

𝑘                                                   (2-25) 

Collision and streaming 

steps where 𝑘 = 𝑟, 𝑏; Π𝑖
𝑘 is 

the same as Eq. (2-14). 

𝐹𝑖
𝑘 = 𝑤𝑖 [

𝒆𝑖−𝒖

𝑐𝑠
2 +

𝒆𝑖⋅𝒖

𝑐𝑠
4 𝒆𝑖] ⋅ 𝐅𝑘                                   (2-26) 

Guo’s forcing scheme (Guo 

et al., 2002) is shown here 

and also there are 

alternative schemes such as 

original Shan-Chen scheme 

(Shan and Chen, 1993)and 

exact difference method 

(Kupershtokh et al., 2009). 

𝐅𝑘 includes the external 

force, e.g., gravity and 

intercomponent force 𝑭𝑠𝑐,𝑘. 

𝑭𝑠𝑐,𝑘(𝒙) = −𝜓𝑘(𝒙) ∑ 𝐺�̄�𝑘 ∑ 𝜔𝑖𝜓
�̄�(𝒙 + 𝒆𝑖)𝒆𝑖𝑖�̄�≠𝑘        (2-27) Intercomponent force to 

realise the component 

segregation and the 

interfacial tension is related 

to 𝐺�̄�𝑘. 

𝜓𝑘 = 𝜌0 (1 − 𝑒
−

𝜌𝑘

𝜌0)                                            (2-28) 
Pseudopotential function 𝜓 

with 0  as stabilisation 

constant. 

𝜌𝐮 = ∑ (∑ 𝑓𝑖
𝑘𝐞𝑖 +

𝐅𝑘

2𝑖 )𝑘                                        (2-29) 
The macroscopic 

momentum shift due to the 

forces. 
 

With the increasing popularity of LBM, there have been certain excellent books (Huang 

et al., 2015; Krüger et al., 2017) and comprehensive reviews (Chen et al., 2014; Li et al., 2016a; 

O'Connor et al., 2016; Sharma et al., 2019) in this field. Also, it is worth mentioning some 

comparison studies, e.g., with SPH (Douillet-Grellier et al., 2019) and VOF (Ryu and Ko, 

2012). The ease of parallel computation enables LBM to simulate the REV-scale multiphase 

flows and it is widely used in reservoir engineering, as shown in Figure 2.3 (c).  
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4) Pore-network method (PNM) 

The pore-network method (PNM), distinguished by its high computational efficiency, not 

only has been well developed to predict the permeability of porous media (Bryant and Blunt, 

1992; Bryant et al., 1993; Thompson and Fogler, 1997) and solute transport problems (Ezeuko 

et al., 2011; Qin and Hassanizadeh, 2015; Thullner et al., 2002) but also extended to solve the 

multiphase flow issues (Blunt, 2001; Joekar-Niasar et al., 2010), even including phase change 

effects (Mottet et al., 2015; Surasani et al., 2009; Surasani et al., 2008).  

Due to the simplified representation of pore space in PNM, the credibility of this method 

depends on the correlation between realistic pore geometry for a given porous media and 

constructed topology of a pore network. At pore scale, most works generally assumed that 

throats are cylinders with circular cross-section and considered to be zero-volume while pores 

are spherical or cubical chambers (Bryant et al., 1993; Bryntesson, 2002; Oren et al., 1998; 

Thompson, 2002). However, for multiphase flows, the capillary effects, e.g., Haines jump or 

entry capillary pressure, are proved to be substantially dependent on the morphology of pore 

space, so recent works pay more attention on modelling pores and throats with irregular cross-

sections (Al-Gharbi and Blunt, 2005; Piovesan et al., 2019; Raoof and Hassanizadeh, 2012). 

Another challenge is how to characterise a given porous medium by pore-network modelling 

at mesoscale. One attempt is to map the real porous structure directly onto a pore-throat set. 

Typical algorithms include media axis based methods (Al-Raoush et al., 2003; Lindquist et al., 

1996; Lindquist et al., 2000) and maximum ball algorithm (Al-Kharusi and Blunt, 2007; Dong 

and Blunt, 2009; Silin and Patzek, 2006), and especially for granular materials, some Voronoi 

based methods have been proposed (Catalano et al., 2011; Li et al., 2018; van der Linden et al., 

2018). The other way is to build a statistically equivalent network based on distribution 

functions of geometry parameters (de Vries et al., 2017; Nguyen et al., 2006; Qin and 

Hassanizadeh, 2015; Sun et al., 2016). 
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For immiscible two-phase flows, the pore space is filled with two types of fluids, i.e., the 

wetting or non-wetting phase, which have their own pressure, i.e., 𝑝𝑤 and 𝑝𝑛𝑤 respectively. 

These two pressures are connected by a local capillary pressure-saturation relationship in pore 

bodies, i.e.,  

𝑝𝑛𝑤 = 𝑝𝑤 + 𝑝𝑐,                                               (2-30) 

where 𝑝𝑐 is the capillary pressure determined by pore geometry, surface tension, wettability, 

etc. It can be estimated according to the Young-Laplace equation in some works (Hinebaugh 

and Bazylak, 2010; Joekar-Niasar et al., 2008; Sinha and Wang, 2007) as 

𝑝𝑐 =
2𝜎𝑐𝑜𝑠𝜃

𝑟𝑐
,                                                  (2-31) 

where 𝑟𝑐 is the characteristic size, e.g. pore size or throat size. However, some studies (Cheng, 

2004; Held and Celia, 2001) suggested that the capillary pressure 𝑝𝑐 in a pore body presents 

a complex relationship with the saturation 𝑆𝑤. So, Joekar-niasar et al. (Joekar-Niasar et al., 

2010) provided a simplified estimation of 𝑝𝑐 for cubic pore bodies, i.e.,  

𝑝𝑐 =
2𝜎

𝑟𝑐(1−𝑒−6.83𝑆𝑤)
.                                           (2-32) 

A low limit 𝑆𝑤,𝑚𝑖𝑛 is assumed for Eq. (2-32) to consider the corner flow effect as well as 

avoid singularity. According to the mass conservation law, the controlling equation of each 

pore are built as (Thompson, 2002), 

∑ [(𝑘𝑖𝑗
𝑤 + 𝑘𝑖𝑗

𝑛𝑤)(𝑝𝑖
𝑤 − 𝑝𝑗

𝑤) + 𝑘𝑖𝑗
𝑛𝑤(𝑝𝑖

𝑐 − 𝑝𝑗
𝑐)]𝑗 = 0,                 (2-33) 

where 𝑘𝑖𝑗
𝑤  and 𝑘𝑖𝑗

𝑛𝑤  are the wetting and non-wetting phase conductivities of the throat 

connecting the pore 𝑖 and the pore 𝑗. Then, the two-phase pressure field can be solved through 

a set of linear algebraic equations whose unknowns are wetting phase pressure 𝑝𝑖
𝑤, as shown 

in Eq. (2-33). Finally, the state of each pore and throat is updated by 

𝑉𝑖
𝛥𝑆𝑤

𝛥𝑡
= ∑ 𝑞𝑖𝑗

𝑤
𝑗 ,                                                      (2-34) 

𝑞𝑖𝑗
𝑤 = 𝑘𝑖𝑗

𝑤(𝑝𝑗
𝑤 − 𝑝𝑖

𝑤),                                               (2-35) 

where 𝑞𝑖𝑗  is the flow rate of throat 𝑗 connected with pore 𝑖; 𝑉𝑖  is the volume of pore 𝑖. A 

typical PNM sample can be found in Figure 2.3 (d). 
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2.4 Summary 

The hydrodynamic interactions in multiphase flows result in rich phenomena and multiscale 

physics, and capturing the dynamics of interfaces is an essential task. In porous media, the 

theoretical solution to explain and predict multiphase flow processes may encounter particular 

challenges due to the complex porous structures composed of length-crossing pore space. 

From existing research works on multiphase flow in porous media, besides experimental 

observations, numerical simulation techniques have become an efficient tool with remarkable 

advantages. With the help of numerical simulations, exact interfacial dynamics can be 

explicitly demonstrated and specific implicit quantities, e.g., energies and interfacial areas, 

can be easily measured to assist in understanding the underlying mechanisms finally. More 

and more works suggest that surface properties and geometries cast a significant influence on 

the multiphase flow. A further understanding of heterogeneity effects on multiphase flow in 

natural or artificial porous media can benefit various engineering applications and product 

optimising. 
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Chapter 3 Spontaneous imbibition in porous 

media with material heterogeneity 

Liquid imbibition is ubiquitous in nature and various engineering applications, such as 

primary oil recovery in fractured reservoirs (Behbahani et al., 2006), paper-based medical test 

(Sharma et al., 2018), agricultural irrigation (Scovazzo et al., 2001), etc. The evolution of 

liquid interface, characterised by the capillary pressure and relative permeability, strongly 

depends on the local properties of porous matrix. In this chapter, we highlight the impact of 

the matrix heterogeneity, i.e., material interface distribution, on the spontaneous imbibition 

processes, and especially model the liquid interface dynamics when crossing the distinct 

materials at continuum scale. 

This work has been published in Transport in Porous Media in 2019, which is led by me and 

supervised by A/Prof. Yixiang Gan and Dr. Mingchao Liu, as,  

Suo, S., et al. (2019). "Modelling Imbibition Processes in Heterogeneous Porous Media." 

Transport in Porous Media 126(3): 615-631. 
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Chapter 4 Fluid-fluid displacement in 

hierarchical porous media 

Interfacial instabilities, i.e., fingering phenomena, are commonly observed during fluid-fluid 

displacements, and understanding the flow patterns is beneficial for controlling and even 

eliminating the fingerings, which severely limit the efficiency of oil production (Mehmani et 

al., 2019) and CO2 geologic storage (Wang et al., 2012). It is traditionally suggested that the 

displacement pattern is determined by the combination of viscosity ratio and capillary number. 

However, in addition to the above flow conditions, wettability and porous geometry have been 

proved to be other two determining factors. In this chapter, we investigate the viscous and 

capillary dominated displacement processes in porous media with hierarchical geometry, i.e., 

the 1st and 2nd porous structures are contained with distinct physical lengths and emphasise 

such heterogeneity effects on displacement patterns. Specifically, the fingering can be 

suppressed to some extent due to the interaction between two-order structures, and the pattern 

crossover from fingering to compact mode can be quantitatively characterised by the 

dimensionless analysis including hierarchical geometry effects and flow conditions. 

The main content of this chapter is based on two published works, as follows: 

(1) Suo, S., et al. (2020). "Fingering patterns in hierarchical porous media." Physical Review 

Fluids 5(3): 034301. 

(2) Suo, S. and Y. Gan (2021). "Tuning capillary flow in porous media with hierarchical 

structures." Physics of Fluids 33(3): 034107. 

I was the primary investigator and first author of these two papers and the works were 

conducted under the supervision of A/Prof. Yixiang Gan. 
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4.1 Viscous-dominated flow 
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4.2 Capillary-dominated flow 
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4.3 Summary 

In this chapter, we investigated the mechanisms of mode transition during fluid-fluid 

displacements in hierarchical porous media under combined conditions of flow and geometry 

features, and reach to the following conclusions, 

1. The mechanism of fingering suppressing is clarified, i.e., the wetted 2nd-order porous 

space may bring in extra connections within invading fluid leading to a more uniform 

distribution of capillary pressure, so that the interface advances in a rather stable mode. 

2. We proposed dimensionless number Hi to quantitatively estimate the involvement of 1st 

and 2nd-order pore space during the displacement by combining time scale ratio and 

driving-resistant pressure competition. Specifically, the driving pressure for viscous-

dominated flow is the external pressure while for capillary-dominated flow it is the self-

imbibition capillary pressure; the flow resistance for both conditions refers to the entry 

capillary pressure. 

3.  Finally, a comprehensive insight on interfacial instability control is provided, and 

specifically the capillary effects should be weakened to suppress the capillary fingering 

while inversely enhancing the capillary effects can benefit the suppression of viscous 

fingering. 
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Chapter 5 Coupled flows in free surface and 

porous domains 

In a range of engineering applications, such as transfer printing (O’Connell et al., 2014), film 

coating (Christodoulou et al., 2018), and even cultural heritage conservation (Bakhta et al., 

2019), understanding the mechanisms of droplet spreading on and imbibition into porous 

surfaces plays a crucial role. However, due to the largely different characteristic scales 

between two domains including a free surface and a porous matrix, modelling the behaviours 

of a droplet adhered on the porous surfaces is still a challenge. In this chapter, the evolutions 

of sessile droplets and dynamic liquid bridges interacting with various porous tips are 

numerically studied. We demonstrate how the capillary force, which strongly depends on the 

physical length, control the spreading and imbibition processes, and emphasise the effects of 

the outside geometry and inside porous structure on droplet behaviours.  

The main content of this chapter is based on two published works, as follows: 

(1) Suo, S., et al. (2020). "An LBM-PNM framework for immiscible flow: With applications 

to droplet spreading on porous surfaces." Chemical Engineering Science 218: 115577. 

(2) Suo, S. and Y. Gan (2020). "Rupture of Liquid Bridges on Porous Tips: Competing 

Mechanisms of Spontaneous Imbibition and Stretching." Langmuir 36(45): 13642-13648. 

I was the primary investigator and first author of these two papers and the works were 

conducted under the supervision of A/Prof. Yixiang Gan. 
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5.1 Sessile droplet spreading on porous surfaces 
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5.2 Rupture of liquid bridges on porous tips 
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5.3 Summary 

In this chapter, the dynamics of droplets adhered on porous surfaces are numerically 

investigated. In the first part, the droplet spreading and imbibition on porous surfaces are 

modelled and the competition between droplet spreading over and imbibition into the porous 

zone, especially for the non-flat porous surface, is demonstrated. In the second part, a detailed 

insight into the contact line dynamics inside and outside the porous zone during the rupture 

of a liquid bridge adhered with a porous tip is provided through pore-scale simulations. 

Combining findings of these two parts, we highlight that the droplet behaviors, including 

spreading, imbibition, and rupturing, can also be controlled by adjusting the macroscopic 

geometry of porous surfaces together with the inside porous structures. 
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Chapter 6 Conclusions 

6.1 Main conclusions 

This dissertation has numerically investigated multiphase flows in heterogeneous porous 

media across various length scales. The flow patterns at continuum scale, fingering 

phenomena at pore scale and couple flows at droplet scale are extensively studied and major 

conclusions are reached as follows: 

• Based on the nonlinear Richard’s equation, a numerical framework for tracking wetting 

front in porous media with material heterogeneity is proposed using a novel geometric 

interface treatment, i.e., interface integral method. By its assistance, we investigated the 

imbibition process in several typical heterogeneous REVs, e.g., layered or mixed porous 

media, and the simulation results demonstrate how the wetting front movement is 

controlled by the spatial distribution of material interfaces.  

• Fingering phenomena in hierarchical porous media are investigated at pore scale. The 

impacts of topology and wettability on flow patterns are comprehensively studied through 

pore-scale numerical simulations. Phase diagrams of viscous- and capillary-dominated 

regimes are provided to present the transition from fingering to compact mode depending 

on the wettability and hierarchical features. Also, a dimensionless number Hi combining 

the viscous and capillary effects in the 1st- and 2nd-order pore space is proposed to predict 

such pattern transition. Finally, we can provide a complete picture on fluid-fluid 

displacement control, and specifically if fingering is expected to be suppressed in a 

capillary-dominated situation, the capillary effects should be weakened; inversely, if in a 

viscous-dominated situation, the capillary effects should be enhanced. 

• A robust numerical framework is developed to solve multiscale and multiphase flows by 

concurrently coupling LBM for coarse-scale free surface flows and PNM for fine-scale 

porous flows. By the help of this proposed numerical framework, the competition between 

droplet spreading over and imbibition into the non-flat porous surfaces is investigated, 

and the diagram of surface wetting pattern can assist the design of capillary-driven 

microfluidic devices.  

• Rupture of a liquid bridge between a porous tip and a moving solid plate is studied and 

the post-rupture liquid retention is quantitatively investigated. Specifically, there are two 
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mechanisms contributing to liquid retention during liquid bridge rupture, i.e., one is the 

imbibition into the porous tip; the other is the contact line movement outside the porous 

tip. We then proposed a function for estimating the liquid retention ratio considering these 

two contributions based on the simulation results. Our results suggest a potential way to 

accurately control liquid transfer and manipulate droplets required by microfluidics and 

microfabrication. 

Together, our studies on multiphase flows crossing a wide range of length scales enable us to 

build good knowledge on how the heterogeneous structure in porous media impacts flow 

patterns. The proposed numerical approaches and dimensionless analysis can pave the way 

for potential industrial applications.  

 

6.2 Future outlooks 

Much work should be done to gain further understanding on multiphase flow in porous media. 

For future studies, the following perspectives can be considered: 

• The multiphase flows in porous media involving coupled heat transfer processes should 

be further studied. The thermal properties of unsaturated subsurface sediments play a 

crucial role in the geothermal energy recovery, but we still lack the knowledge on how 

the distribution of triple phases (air-water-grain) determines the effective thermal 

conductivity. Moreover, the topology of porous media generally evolves with the 

temperature change due to non-isothermal effects, e.g., thermal expansion, evaporation, 

or condensation, and inversely leads to a variation of thermal properties. How to 

characterise such coupled effect remains another challenging aspect.  

• Fluid-fluid displacement in this study is assumed to occurs in rigid and fixed porous media. 

However, in certain settings, e.g., granular materials and fiber-based substrates, the 

medium deformation induced by fluid flows cannot be ignored and can alter the flow 

patterns. Theoretical and numerical modelling of the interaction between multiphase 

flows and mechanics of soft media need to be systematically developed. Especially for 

the cross-scale situations as shown in Chapter 4, to provide a more general picture by 

involving particle movement and local deformation such as swelling or shrinkage remains 

unexplored. 
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• Current LBM-PNM coupled numerical framework can be extended to explore more 

multiscale settings. Fractured rocks are ubiquitous in natural or artificial reservoirs 

whereby the length scale of fractures is generally much larger than the pore size in the 

porous matrix. Pore-scale modelling based on the developed framework would forward 

the understanding of such cross-scale effects on the multiphase flow processes, and 

furthermore simultaneous heat transfer and contaminant transportation if relative physical 

models are incorporated. 

• Other possible extensions based on the study regarding liquid transfer in Chapter 5 

includes controllable design of liquid retention by optimising tip geometry, liquid 

management in wearable power devices, and so on. 
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