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Abstract A phase-field model can continuously smear sharp cracks into diffusive zones with finite width in which the critical energy
release rate is commonly determined as constant. However, such an assumption may be insufficient in the case of rock-like materials
since the energy release rate can be different for modes I and II cracks. If not accounted for, this could compromise the accuracy of the
correct propagation of both wing and secondary cracks. This study proposes an extended, modified phase-field model for simulating a
series of Brazilian discs made of a three-dimensional (3D)-printed rock-like material through a time-independent plane strain model.
The phase-field model accounts for the splitting of different energy release rates for modes I and II to capture the complex fracture
behavior. The novelty of this study lies in not only the theoretical development of the distinction of surface energy release rates but
also the qualitative and quantitative assessment of mixed-mode fracture behaviors, which guarantees good predictive capabilities for
the location of crack initiation and the direction of crack propagation in various practical applications. Moreover, the modified phase-
field model can be implemented easily and fast without introducing new parameters. The numerical results are first validated against
experimental data. The impact of the modified energy release rate on crack propagation, particularly on wing cracks, is then
numerically investigated. The results show that wing cracks become more dominated by tensile stresses with a decrease in the ratio of
modes I and II energy release rates. The phase-field simulations with the modified energy release rate proposed here can reproduce the
experimental results both qualitatively and quantitatively with respect to crack propagation patterns, peak loads, crack coalescence
loads and coalescence type.
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1. Introduction
Pre-existing flaws in a rock mass can result in a catastrophic early
failure of significant complexity due to the geometric characteristics
of the flaws [1]. The development of numerical models that can
predict the behavior requires the handling of crack initiation,
propagation, branching and coalescence. Simulating cracking using
finite element methods may remain challenging as the discontinuous
fields may require special numerical treatment [2], which can be
handled by adding extra governing equations and by utilizing other
methods to avoid sharp discontinuities in the model [3�5]. The
existing numerical methods can be based on discontinuous and
continuous approaches. The former group simulates the material
separation explicitly by the crack evolution [5�7]. This group
originates from the early remeshing methods [8] in which the crack
propagates along the element boundary. In contrast, the develop-
ment of the extended finite element method (XFEM) and the
cohesive zone method could overcome this problem by using
enrichment techniques [3, 7], which allows the simulation of crack
propagation, coalescence, branching and nucleation. On the other
hand, a sharp crack can be represented by a smeared zone of
degraded solid with a finite width by using continuous approaches
such as phase-field method [4, 9].

The phase-field method has been attracting great interest in the last
10 years [10�12]. The key feature of this method is that the crack is
represented by a phase-field variable, which varies between 0 and 1.
The diffusion of a sharp crack is achieved by using an exponential
function where a length parameter controls the width of the smeared
crack path [10, 11]. The initial development of the phase-field method
was based on the variational approach proposed by Francfort and
Marigo [13], which can be regarded as an improvement from the
classical Griffith’s theory [14, 15]. In the phase-field method, the
creation of a new crack surface is described by the relation between
the strain energy stored in the material and the surface energy
[10�13]. The phase-field method is relatively easy to implement
and can predict cracking even in the presence of a complex topology
[4, 10�13, 16]. Due to its inherent advantages, the phase-field method
has been further extended for dynamic fracture [17], fracture of
elastic-plastic materials [18], and hydraulic fracture [19].

One main characteristic of brittle rock-like materials is that their
tensile strength is significantly lower than their compressive
strength, and the investigation of fracture behavior of the tension-
sensitive rock-like materials includes not only the position of
crack initiation but also the accurate propagation paths [14, 17,
20�22]. For pre-flawed rock mass and rock-like materials, it can be
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observed in many studies that both primary wing cracks and sec-
ondary shear cracks generally initiate at flaw tips, which are impacted
by the flaw inclination and the material type [24]. In addition, the
crack coalescence of rock specimens with double or multiple flaws are
always of great importance to be characterised for revealing fracture
behaviors of natural rocks Brazilian discs with or without pre-existing
flaws, have been widely adopted as one of the standard tests for
assessing the fracture behavior of rocks and rock-like materials,
including the determination of the tensile strength [23�27]. Various
numerical methods, such as the discrete element method (DEM),
were used to support the analysis and interpretation of data on those
tests [30, 39]. The energy release rate in the phase-field method was
usually assumed as a constant to control both modes I and II cracks
simultaneously [28, 29, 33]. However, it is worth noting that the
energy release rate gc of rock-like materials for mode I fracture is
usually much smaller than that for mode II cracks, and their ratio
varies for different materials [31, 32]. The observed results of Brazilian
tests were very different for different rock-like materials with different
energy release rate ratios, even though the geometric characteristics of
the discs were similar [32]. The considerable difference between these
experimental observations may result from the intrinsic properties of
thematerials, which indicates the importance of the energy release rate
ratio for different materials. Zhang et al. [31] proposed a modification
scenario for the distinction of energy release rates for the phase-field
approach and tested the model with a single-flawed square plate and
double-flawed rectangular plates. Another phase-field model with
consistent kinematic modes for anisotropic rocks was proposed by
Bryant and Sun [40], which was based on modified G-criterion. In
their study, a search algorithm for crack direction was introduced for
dealing with the local energy dissipation maximization problem. In
addition, Wang et al. [41] proposed a phase-field model with a unified
tensile fracture criterion [41], where the ratio of the critical shear stress
to critical tensile stress was introduced for linking the two energy
release rates for modes I and II.
This study aims to develop a modified quasi-static phase-field

model to numerically investigate the effect of energy release rate on
the fracture behaviors of the pre-flawed Brazilian discs made from
rock-like three-dimensional (3D)-printed materials. The simulation
cases are based on the experiments conducted by Sharafisafa et al.
[24], which include tests on discs with single- and double-inclined
flaws. The impact of the energy release rates for modes I and II
cracks on both the pattern of wing cracks and the development of
secondary shear cracks is investigated. Moreover, the fracture
mechanism and, in particular, the coalescence of inner cracks in rock
bridge zone in the double-flawed Brazilian tests is studied.
The remaining sections of the paper are given as follows. The

foundation of the phase-field model is introduced in Sec. 2, which is
followed by the details of the finite element implementation of the
proposed model, as well as the modification of the energy release
rate ratio in Sec. 3. The numerical simulation setup is presented in
Sec. 4. In Sec. 5, the experimental results for Brazilian tests are
reproduced by the proposed model. Five examples containing single-
and double-inclined flaws are simulated. The comparison of the
crack initiation, propagation and coalescence between the exper-
imental and the numerical results is given. The concluding remarks
are given in the final section.

2. Phase-Field Model for Brittle Fracture
The main feature of the phase-field model is that the state of the
crack is represented by the smooth transition of a scalar variable ’

called the phase-field. As introduced by Miehe et al. [10], an ex-
ponential function is used as a typical approximation of a non-
smooth crack, of which the one-dimensional (1D) illustration is
shown in Fig. 1. Here, lc is the characteristic length parameter which
dominates the width of the diffusive zone.

Consider an arbitrary 3D solid body � � Rd (d 2 f1; 2; 3g) with
a crack surface �, as shown in Fig. 2(a), where the intact part is
represented by a phase-field variable ’ ¼ 0 while ’ ¼ 1 indicates a
sharp crack. The external boundary @� is composed of the Dirichlet
boundary @�u and the Neumann boundary @�t . The diffusion of
the sharp discontinuities by the phase-field is illustrated in Fig. 2(b).

Based on the classical Griffith’s theory, the total energy includes
the strain energy stored in the undamaged solid and the surface
energy required for creating the crack surface [14]. A variational
approach proposed by Francfort et al. [12] improves the original
Griffith’s theory into the problem of energy minimization. A brief
description of this variational principle is given below, and more
details of the derivation can be found in Refs. 12 and 13. The

Fig. 1. 1D smeared crack topology.

(a)

(b)

Fig. 2. Schematic illustration of a solid body with (a) a sharp crack �; (b) a
smeared crack represented by the phase-field for approximating sharp
discontinuities.
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functional of the total energy is given by

Wð�;uÞ ¼
Z
�

 ðu; ’Þd�þ
Z
�

gcd�

�
Z
�

b � ud��
Z
@�t

t � udS: ð2:1Þ

The first two components at the right-hand side of the previous
equation are the strain energy and surface energy, respectively, while
the other two negative components represent the work done by the
body force and traction on the boundary. Here, u,  , gc, b and t are
displacement, elastic energy density, energy release rate, body force
and traction on the boundary, respectively. In addition,

R
�
d� is the

crack surface density. Based on the work by Miehe et al. [11], the
crack functional can be approximated as:Z

�

d� ¼
Z
�

�ð’;r’Þd�; ð2:2Þ

in which �ð’;r’Þ is the crack surface density given by

�ð’;r’Þ ¼
Z
�

1
2lc
’2 þ lc

2
jr’j2

� �
d�: ð2:3Þ

Accordingly, the surface energy function can be rewritten asZ
�

gcd� ¼
Z
�

gc �
1
2lc
’2 þ lc

2
jr’j2

� �
dV: ð2:4Þ

The elastic energy density  0 for the intact elastic solid is directly
dependent on elastic strain, which can be given by [10]:

 0ðeeðuÞÞ ¼
1
2
eeTC0ee ¼

�htrðeeÞi2
2

þ �trðee2Þ; ð2:5Þ

where C0, � and � are the linear elastic stiffness matrix, elastic bulk
modulus and shear modulus, respectively. The stress tensor is cal-
culated as

¾ ¼ gð’ÞC0ee; ð2:6Þ
where the degradation function gð’Þ is commonly chosen as
[11, 34]:

gð’Þ ¼ ð1� ’Þ2: ð2:7Þ
Since the phase-field directly indicates the crack as well as the solid
degradation, the elastic energy density of the damaged solids is given
by

 ðu; ’Þ ¼ gð’Þ 0ðeeðuÞÞ: ð2:8Þ
In Eq. (2.8), the degradation can be caused by both tension and
compression. As a result, the crack initiation may be triggered by
compressive strain, which may not be realistic [11, 30]. In addition,
cracks can be reversible if the energy degradation in tension and
compression is not separated [11, 31, 34]. Accordingly, the previous
equation can be further expanded by splitting the strain tensor into
positive and negative parts as follows:

 0ðeeÞ ¼  þ
0 ðeeþÞ þ  �

0 ðee�Þ; ð2:9Þ
where the energy degradation is controlled by the tensile strain,
which is further given by

 ðee; ’Þ ¼ ð1� ’Þ2 �  þ
0 ðeeþÞ þ  �

0 ðee�Þ: ð2:10Þ
More details of the strain decomposition can be found in Refs. 10, 11
and 34.

Finally, the total energy functional shown in Eq. (2.1) can be
rewritten as

Wð�;uÞ ¼
Z
�

½ð1� ’Þ2 �  þ
0ðeeþÞ þ  �

0 ðee�Þ�d�

þ
Z
�

gc �
1
2lc
’2 þ lc

2
jr’j2

� �
dV

�
Z
�

b � ud��
Z
@�t

t � udS: ð2:11Þ

With the description of the phase-field approximation for the frac-
ture energy at hand, the governing equations can be determined
next. Since the key feature of the variational approach is to calculate
the crack by minimizing the energy functional [12, 13], the first-
order variation of the total energy functional �W should be zero.
Accordingly, the equations in the strong form are written as

r � ¾þ b ¼ 0 in �; ð2:12Þ
¾ � n ¼ t on @�t ð2:13Þ

Along with the Dirichlet boundary condition

u ¼ �u on @�u; ð2:14Þ
where n is the normal vector pointing outward of the boundary.

As for the phase-field

r’ � n ¼ 0 on @�: ð2:15Þ
To prevent crack recovery, the elastic energy density in Eq. (2.8) is
substituted by a history field H. According to Miehe et al. [11], H
describes the maximum reference energy attained, which is

H ¼ max þ
0 ðeeþÞ; ð2:16Þ

and the strong form of the phase-field problem can be written as

2ð1� ’ÞH� gc
lc
’þ gc lcΔ’ ¼ 0: ð2:17Þ

Therefore, the governing equations of the phase-field method are
summarised as follows:

r � ¾þ b ¼ 0 in �;

¾ � n ¼ t on @�t ;

2ð1� ’ÞH� gc
lc
’þ gc lcΔ’ ¼ 0

u ¼ �u on @�u;

r’ � n ¼ 0 on @�:

8>>>>>>>><
>>>>>>>>:

; ð2:18Þ

3. Numerical Implementation and Modification
In this study, the phase-field method is implemented by using the
finite element approach to discretise the solid domain. All the
functionals mentioned in the previous section are dependent on
the vector displacement field u and the scalar phase-field ’. The
discretization using nodal variables is given by

u ¼
Xn
i

Nuui; ð3:1Þ

’ ¼
Xn
i

N’’i: ð3:2Þ

For a brittle solid domain discretised with n nodes, Nu and N’ are the
shape functions of displacement u and phase-field ’, respectively,
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while ui and ’i represent the nodal values. Their derivatives can be
written as

ee ¼ ru ¼
Xn
i

Buui; ð3:3Þ

r’ ¼
Xn
i

B’’i; ð3:4Þ

where Bu and B’ are the derivatives of Nu and N’, respectively.
The weak form of the phase-field modeling is expressed by

r u ¼ F u;ext � F u;int

¼
Z
�

BT
u�d��

Z
�

NT
ubd�þ

Z
@�t

NT
u � tdS; ð3:5Þ

r � ¼
Z
�

gc
lc
’� 2ð1� ’ÞH

� �
NT
� þ gc lcB

T
�r�

� �
d�; ð3:6Þ

where r u and r � are the residual vectors of displacement and phase-
field, and F u;ext and F u;int are the external and the internal forces,
respectively. As proposed by Moln�ar and Gravouil [34], a staggered
algorithm is used here for calculating the displacement and phase-
field separately. At each time step, the displacement field is updated
first by freezing the phase-field, which is followed by updating the
phase-field using the updated displacement. Accordingly, the frac-
ture problem can be iteratively solved with the Newton�Raphson
method [34], which is written as

�
u

� �
nþ1

¼ �
u

� �
n
� K �� 0

0 K uu

� �
r �

r u

� �
n
; ð3:7Þ

where the tangent stiffness matrices are calculated as [30, 34, 38]

K �� ¼
Z
�

gc lcB
T
�r�þ gc

lc
þ 2H

� �
N T
�N�

� �
d�; ð3:8Þ

K uu ¼
Z
�

½gð’ÞBT
uC0Bu�d�: ð3:9Þ

To solve the minimization problem indicated by Moln�ar and Gra-
vouil [34], the phase-field is determined as

’ ¼
2H
gc

1
lc
þ 2H

gc

: ð3:10Þ

Notably, the difference of the energy release rates of rock-like ma-
terials for modes I and II cracks cannot be neglected. Indeed, gc;I for
mode I cracks is usually significantly smaller than gc;II for mode II
cracks [31, 32]. Therefore, the utilization of a single constant for gc is
unrealistic and will not be acceptable in most cases. As proposed by
Zhang et al. [31], the two components of the elastic energy in
Eq. (2.7) correspond to mode I and mode II cracks, respectively.
Hence, two energy release rates should be assigned to these two
components separately to distinguish the different failure modes.
Accordingly, the history field is modified as follows:

HI ¼ max
� trðeeÞh i 2þ

2

� �
; ð3:11Þ

HII ¼ maxð�trðee2þÞÞ: ð3:12Þ
Then the governing equation (2.18) becomes

2ð1� ’Þ HI

gc;I
þ HII

gc;II

� �
� 1

lc
’þ lcΔ’ ¼ 0: ð3:13Þ

For the minimization problem, the phase-field in Eq. (3.10) is cor-
respondingly rewritten as

’ ¼
2 HI

gc;I
þ HII

gc;II

� 	
1
lc
þ 2 HI

gc;I
þ HII

gc;II

� 	 : ð3:14Þ

4. Numerical Simulation Setup
Based on the equations provided in the previous section, a two-
dimensional (2D) time-independent phase-field model is im-
plemented for simulating the brittle fracture of a series of single- and
double-flawed Brazilian discs. The numerical simulation is carried
out after the implementation of the user-defined element (UEL) and
user-defined material (UMAT) routines in ABAQUS 2018 [42].

The proposed model is validated by the experiments conducted by
Sharafisafa et al. [24] in which the crack propagation and coalesc-
ence in the rock-like pre-flawed Brazilian discs were investigated.
The schematic of the specimen geometry is illustrated in Fig. 3. The
diameter and the thickness of the discs are 40 and 15mm, re-
spectively. The pre-existing flaw is 8mm long and 0.6mm wide. The
3D-printed discs are made of calcium sulphate hemihydrate
CaSO4

1
2 H2O. It is worth noting that the range of Young’s modulus

of this 3D-printed material can vary from less than 100MPa to over
1GPa, which may depend on printing orientations, nozzle pattern of
the printed head, powder supply method, printing speed and so on
[24, 35, 36]. In addition, the stress�strain curves from experiments
are usually non-linear and a secant modulus is commonly chosen for
calculating the material’s Young’s modulus [24, 35]. Accordingly,

(a)

(b)

Fig. 3. Schematic illustration of the numerical setup of (a) a single-flawed
Brazilian test; (b) a double-flawed Brazilian test.
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the selection of the secant line on the stress�strain curve can also
influence the calculation of Young’s modulus. Young’s modulus and
Poisson’s ratio for the simulations here are chosen to be 400 and
0.285MPa, respectively. In addition, the tensile strength of 1.85MPa
and the plane strain toughness of 0:47m0:5 � MPam0:5 are adopted.
A 2D finite element model with the proposed phase-field model is
established to simulate the single- and double-flawed Brazilian discs
under compression. The element type of CPS4R is adopted.
As mentioned above, one characteristic of the phase-field model is

that the sharp crack is diffused to a 2D zone with finite width, which
is dependent on the length parameter and mesh size. Therefore, the
mesh size of the cracked part (the “critical zone” illustrated in Fig. 3)
should be fine enough to obtain relatively accurate results. Note the
size of the critical zone with a finer mesh is dependent on the
orientation of the inclined flaw to include the potential crack paths.
The mesh sizes of the critical and non-critical zones are set to be 0.1
and 1mm, respectively, after a first convergence study. According to
Miehe et al. [11], the ratio of the length parameter and mesh size
should be sufficiently small to capture accurate crack paths but
should not be less than two times the mesh size to achieve an
accurate crack topology approximation. Therefore, the length pa-
rameter is determined to be lc ¼ 0:2mm. Unlike the experiments
where the discs are compressed by directly contacting with steel
plates, the flattened boundaries are directly applied to the top and
bottom surfaces of all models, and the top load is distributed along
the horizontal chord. The contact angle between the steel bar and
the disc usually ranges between 10� and 20� in several previous
experiments depending on Young’s modulus of the material [24�27,
37]. Therefore, the contact angle for the simulation is chosen to be
15� and the corresponding length of flattened loading arcs is 5.2mm.
The compressive load is simulated by increasing the vertical dis-
placement on the top surface with the bottom boundary pinned in
both x- and y-directions. Following the experiments, the total ver-
tical displacement is set to be 1mm and the displacement increment
is Δu ¼ 1� 10�3 mm.

5. Simulation Results and Discussion

5.1. Brazilian discs with single flaw
A series of single-flawed Brazilian discs under quasi-static com-
pressive load is simulated first. The first disc has a single 45� inclined
flaw. The width of the critical zone is set to be 11mm to include the
potential crack paths, and a total of 55,000 quadrilateral elements (4-
nodes bi-linear type CPS4R) are used in this model. This test is
firstly simulated using the standard phase-field model as a bench-
mark, where gc;I ¼ gc;II ¼ 0:1N/mm. The convergence study on
mesh size is shown in Fig. 4, which leads to the selection of a size of
0.1mm with the ratio of mesh size to lc being 0.5. The crack evol-
ution process is illustrated in Fig. 5. Two symmetric cracks initiate at
each tip of the pre-existing flaw, where the value of the phase-field
reaches 1.0 first. With increasing tensile and shear strains, the crack
propagation is first almost perpendicular to the pre-existing flaw,
then gradually changes to the vertical direction and finally reaches
the top and bottom of the disc.
The curved crack pattern results from the effect of the mixed-

mode fracture. However, the experimental results confirm that most
parts of the crack paths are nearly vertical, hence dominated by
mode I [24]. Therefore, the model should account for the difference
in energy release rates for modes I and II cracks. Two additional
values of the energy release rate ratio gc;I

gc;II
of 0.5 and 0.1, are con-

sidered in the simulations. The final crack patterns of these two

simulations and the one with gc;I
gc;II

¼ 1 are shown in Figs. 6(a)�6(c),
while Figs. 6(d) and 6(e) are the simulated "xx contour for direct
comparison with the experimental result in Fig. 6(g). It can be seen
from the figures that the initial crack propagation is nearly identical
in all cases. However, the crack path with a smaller energy release
rate ratio tends to be vertical earlier than that with a larger ratio,
which is expected. Based on the comparison between the final crack
patterns and the strain contour from the experiment (shown in
Fig. 6(g)), the energy release rate ratio of gc;I

gc;II
¼ 0:1 is chosen to

depict the fracture behavior of this type of 3D-printed material. To
better compare the results, the crack patterns from three simulations
are represented in Fig. 6(h), where the origin is the point of crack
initiation point at the tip of the bottom flaw.

As presented in Fig. 6, the simulated fracture pattern with gc;I
gc;II

¼
0:1 matches the experimental result better for the single-flawed disc
with α ¼ 45�. Firstly, only two wing cracks initiate at the flaw tips
and propagate until the ultimate failure takes place, and there are no
secondary cracks in either the experiment or the simulations. Based
on the crack opening displacement and the failure pattern contour
from the experiment [24], not only the crack initiation but also the
propagation of crack at failure from the model with gc;I

gc;II
¼ 0:1 are

consistent with the experimental observation. More importantly, the
end point of crack from the model with gc;I

gc;II
¼ 0:1 locates at the

boundary right below the flaw tip, which is in good agreement with
the experiments. The occurrence of the secondary cracks in pre-
flawed tests is deemed to be dependent on the material properties
and the topological characteristics of the specimen. There are no
other diagonal shear zones being observed in the phase-field contour
to trigger the propagation of the secondary shear cracks, which is
consistent with the experiment as well. As for the propagation path
of the two primary wing cracks, the energy release rates for modes I
and II have a considerable impact on the propagation path. With the
decrease of gc;I , the degradation of corresponding elements at the
crack tips is more influenced by the normal strain than the shear
strain. As a result, the crack path in the modified model becomes
almost vertical towards the loading points at an earlier stage, while
that in the unmodified model is more curvilinear. On the other
hand, the modified gc;I and gc;II have little impact on the crack
initiation: the orientation of the initial crack at the two tips from
Figs. 6(a)�6(c) are almost identical. Referring to Eqs. (2.11)
and (2.17), the crack evolution is dominated by the relations

Fig. 4. Convergence study on mesh size (with the ratio of mesh size to lc
being 0.5).
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between energy history (related to maximum strain energy) and
surface energy, where the relationship is reflected by the ratio H

gc
.

Therefore, whether the crack is dominated by tension or shear
can be quantitively visualised by comparing the ratio H

gc
for modes I

and II.

To further investigate the mechanism of crack initiation, the
simulated maximum principal stress, and maximum shear stress, as
well as the ratio H

gc
, for modes I and II at the crack initiation stage, are

given in Fig. 7. From the magnified image of the tip of the bottom
flaw, the maximum value of the maximum principal stress is located

Fig. 5. Crack evolution for a Brazilian disc with a 45� inclined single flaw for the displacement at (a) u ¼ 0:49mm; (b) u ¼ 0:72mm; (c) u ¼ 0:81mm from
the unmodified phase-field model with gc;I ¼ gc;II ¼ 0:1N/mm.

Fig. 6. The final crack patterns for the disc with a single 45� inclined flaw from (a)�(c) the phase-field contour from the modified model using different
energy release rate ratios; (d) and (e) the "xx contour from modified model; (g) failure pattern represented by "xx contour measured in experiment [24]; (h)
Crack paths extracted from (a)�(c).
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at the tip of the initiated crack, which drives the subsequent
propagation. The maximum principal stress at the right-hand side of
the tip of the bottom flaw is significantly larger than the maximum
shear stress, which indicates that the tensile rather than the shear
stress dominates the crack initiation. This is consistent with the
experiment [24], where the crack initiation results from tension and
the displacement vectors are along the flaw edge. The maximum
shear stress concentrates on the left-hand side of the bottom tip, but
the value is not large enough to initiate a crack before the propa-
gation of the primary wing crack. In addition, the ratio H

gc
dominates

the critical state of the crack initiation. Based on the fracture
mechanics theory, the energy release rate of the brittle material is
determined as gc ¼ K 2

E , where gc, K and E are energy release rate,
toughness and Young’s modulus, respectively [15]. Based on
Eq. (3.13), a smaller value of gcI means that the mode I toughness is
also smaller, so that H1

gcI
increases faster. As shown in Fig. 7, H1

gcI
is

nearly seven times larger than H2
gcII
, which indicates that the ratio H

gc
for

mode I increases faster, and consequently the mode I fracture occurs
first.

The test of the specimen with a vertical pre-existing flaw
(α ¼ 90�) is also simulated using the modified model with gc;I

gc;II
¼ 0:1.

The progressive propagation results are shown in Fig. 8. As the
potential crack paths are vertical, the width of the critical zone is set
to be 6mm with a total of 30,000 elements to reduce the compu-
tational cost in this case. The crack pattern is not influenced by
adjusting the energy release rates. In this case, the two cracks initiate
at both tips of the pre-existing flaw and propagate vertically until
reaching the top and bottom surfaces.

In addition, the comparison of the stress�strain curves for these
single-flawed discs with different inclination angles between the
experimental and numerical results is illustrated in Fig. 9. The results
from the simulation show a good agreement with the experimental
ones. The critical values of displacement for both simulation cases
are consistent with the corresponding experimental results. As for
the post-crack zone, the simulated failure load of the pure tension
test with vertical flaw matches well with the experiment. However,
the load of the simulation with α ¼ 45� drops considerably after the
peak value, while the experimental curve keeps nearly flat. Note that

Fig. 7. Stress distribution and strain energy of the 45� single-flawed case at crack initiation with gc;I
gc;II

¼ 0:1.
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the modification of the energy release rate may result in an over-
estimation of the load-carrying capacity. Overall, the model is
capable of predicting the force-displacement response with the
regulated value of the energy release rate.

5.2. Brazilian discs with two flaws
To further validate the capabilities of the modified phase-field model
and explore the crack coalescence behavior, a series of double-flawed
discs with various α (flaws angle) and � (bridge angle) under quasi-
static compressive loading are simulated. The setup of the problem,
including boundary conditions, mesh scenarios and load conditions,
is the same as that for the single-flawed discs models above.
A specimen containing double flaws with α ¼ 60�, � ¼ 90� is

modelled first to further investigate the effect of energy release rates
on wing cracks. The crack patterns represented by the phase-field at
crack initiation, inner crack coalescence and ultimate splitting in the
modified and unmodified models are shown in Figs. 10(a)�10(c)
and 10(d)�10(f), respectively. In both models, four wing cracks
initiate at all tips of the double-flaws. The two outer cracks pro-
pagate towards the top and bottom of the disc. However, the effect
of the modification on the coalescence of the inner cracks is

significant in this case. In the modified model, two inner cracks link
to each other at the centre of the disc. On the other hand, the
occurrence of the coalescence in the unmodified model is different,
where the two inner cracks propagate until connecting their
opposite flaws tips. The "xx contour at failure stage from both the
unmodified and modified model is shown in Figs. 10(g) and 10(h).
The crack pattern, especially the coalescence of the inner cracks,
from the modified model can reproduce the real crack paths, as
shown in Fig. 10(i).

For verifying the modified model’s capability of capturing the
secondary cracks, the specimen with two colinear pre-existing flaws
with α ¼ 45�, � ¼ 45� is also simulated. The progress of crack
evolution is shown in Fig. 11. Again, all the four wing cracks initiate
at the flaw tips. However, the propagation of the two inner wing
cracks tends to be slower, and a shear zone emerges in the bridge
zone, which connects the inner tips of two pre-existing flaws. Then,
the secondary shear cracks are observed in the shear zone, which
results in coalescence. Notably, the propagation of the shear cracks is
very unstable, and the two pre-flaws coalesce with a very small
displacement increment since the shear zone first emerges. The
simulated crack patterns are consistent with the experimental
results.

Fig. 8. Crack pattern for a Brazilian disc with a vertical single flaw at the displacement (a) u ¼ 0:65mm; (b) u ¼ 0:72mm; (c) u ¼ 0:75mm from the
modified phase-field model with gc;I

gc;II
¼ 0:1; (d) failure pattern represented by "xx contour measured in the experiment [24].

Fig. 9. Comparison of the load�displacement curves of the two specimens with a single central flaw between experimental results and numerical
simulations.
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Finally, the specimens containing overlapped double flaws with
α ¼ 45� & � ¼ 210� are also considered for studying more complex
fracture behaviors. As can be seen from Fig. 12, the crack initiates at
both tips of the two flaws. The two outer cracks propagate firstly,

and their behaviors are similar to those in the single-flawed case with
α ¼ 45�. The two outer cracks are initially almost perpendicular to
the pre-existing flaws, which are deemed to be in mixed mode, and
the initiation is dominated by shear. The orientation of the outer

Fig. 10. Crack evolutions for the specimen with α ¼ 60�, � ¼ 90� from (a)�(c) modified phase-field model with gc;I
gc;II

¼ 0:1; (d)�(f) unmodified phase-field
model; (g) and (h) "xx contour at failure from unmodified and modified phase-field model; (i) contour of "xx measured by DIC in experiment [24].

Fig. 11. Crack evolution for a double-flawed Brazilian disc with α ¼ 45�, � ¼ 45� for the displacement at (a) ¼ 0:36mm; (b) u ¼ 0:43mm; (c) u ¼ 0:52mm;
(d) u ¼ 0:54mm; (e) crack image from the experiment [24].
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crack propagation quickly becomes vertical as the cracks are
dominated by tensile strain, and finally, the cracks penetrate the top
and bottom surfaces of the disc. On the other hand, significant
propagation of the two inner cracks is observed right after the start
of the development of the outer cracks. The inner cracks develop
along the line nearly perpendicular to the pre-existing flaws until the
inner area is fully split. The observations of the crack paths from the
simulation and the experiment are consistent. The ultimate crack
pattern and sequence of the evolution of the outer and inner cracks
are reasonably reproduced. The evolution of the horizontal normal
strain "xx and the real surface crack pattern from the experiment are

also shown in Fig. 13. The length of the inner cracks observed in the
experimental data is shorter than that from the simulation. The
reason is deemed to be that the displacement of two sides of the
crack opening around the crack tip is too small to be observed even
if it is fully cracked with ’ ¼ 1. To better compare the results, the
evolution of horizontal normal strain contour at crack initiation and
failure from both the simulation and the experiment is shown in
Fig. 13. As observed, the horizontal normal strain is consistent with
the experimental results.

In addition, the comparison of the crack initiation load (peak
load) and coalescence load between the numerical results and the

Fig. 13. Comparison between the evolution of horizontal normal strain "xx contour for the double-flawed disc with α ¼ 45� & � ¼ 210� obtained from (a)
and (b) the phase-field model with gc;I

gc;II
¼ 0:1 and (c) and (d) the experiment [24].

Fig. 12. Crack evolution for the double-flawed disc with α ¼ 45� & � ¼ 210� at a displacement of (a) ¼ 0:62mm; (b) u ¼ 0:84mm; (c) u ¼ 1mm from the
modified phase-field model; (d) crack image from the experiment [24].

222 Journal of Micromechanics and Molecular Physics | VOLUME 7 . NUMBERS 3 & 4 . 2022

© World Scientific Publishing Company

Z. Cheng et al. ART ICLE



experimental data is shown in Table 1. The simulation results are in
good agreement with the experiment, and the differences among all
three cases are around 10%. Also, the coalescence types of these
three cases from the simulation are consistent with those from the
experiment. The simulated loads from the case with α ¼ 45� &
� ¼ 45� are larger than the experimental ones, while those from the
other two cases are smaller. This is believed to result from changing
the energy release rate to gc;I

gc;II
¼ 0:1. With a small value of gc;I

gc;II
, the

shear crack occurs with a higher value of stress and strain as the
mode II fracture toughness increases accordingly.

6. Conclusion
In this study, a phase-field method for quasi-static brittle fracture is
proposed and further modified by considering the distinction of
critical energy release rates for mode I and II cracks. The model is
implemented in ABAQUS with a user-defined subroutine and is
used to simulate the complex crack initiation, propagation,
branching and coalescence in several rock-like 3D printed Brazilian
discs with single or double flaws under quasi-static compression.
The simulation results are in good agreement with the experimental
observations both qualitatively and quantitively.
The impact of modified energy release rates on wing cracks is

captured and analyzed in the case with 45� single flaw. The crack
propagation is dominated by tensile stress with a smaller gc;I , con-
sistent with the experiments. The double-flawed case with α ¼ 60�

& � ¼ 90� further investigates the effect of decreasing gc;I on wing
cracks. In particular, the coalescence of inner cracks in the rock
bridge zone differs significantly between the modified and unmo-
dified models. The capability of the modified model for capturing
the secondary shear crack is verified by the case with α ¼ 45� &
� ¼ 45� in which the shear crack at the disc centre reproduces the
experimental result. Furthermore, the crack initiation and propa-
gation of the disc with overlapped double flaws are captured in the
last case. It is observed that a decrease in the ratio gc;I

gc;II
reduces the

mode I toughness, which impacts the mixed-mode crack propa-
gation and coalescence. For the cases with inclined pre-existing
flaws, the effect is significant on the primary wing cracks. Hence, it is
necessary to consider the energy release rates for modes I and II
separately to capture their effects on the cracking behavior of
rock-like materials.
Despite of excellent performance of the proposed modified phase-

field model, it is worth noting that the current approach may have
certain limitations. The splitting of different energy release rates for
modes I and II is a relatively simplified method without determining
the direction of crack propagation which maximizes energy dis-
sipation. Even though the crack initiation, propagation and/or co-
alescence of single-flawed and double-flawed cases can be
successfully predicted, it may be still hard to predict the complex
mixed-mode fractures such as branching in some complicated cases.
In summary, this study demonstrates the significance of the energy
release rate ratio in the phase-field model for simulating the fracture

behaviors of rock-like materials, as well as the applicability and
capability of the proposed model in capturing complex brittle cracks.
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